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1

Density-based uncertainty quantification in a
generalized Logistic-type model

V. Bevia[,1 C. Burgos[, J.C. Cortés[ and R.J. Villanueva[

([) Instituto Universitario de Matemàtica Multidisciplinar,
Universitat Politècnica de València
Camı́ de Vera s/n, Valencia, Spain.

1 Introduction

The Logistic equation is a classical and widely used mathematical model which appears in several
areas of science such as in ecology, chemistry or artificial neural networks. However, in this
contribution the authors consider with the generalized Logistic ordinary differential equation
(ODE) model:

X ′(t) = α(t) rX(t)
(

1−
(
X(t)
K

)ν)
, t ≥ t0, X(t0) = X0. (1)

As usual, t is interpreted as the time, the parameter r is the growth rate and K is the carrying
capacity. The differential equation is generalized by adding two terms: a positive, monotonically
growing function α(·) and a constant positive term ν. The first term, α(·), allows to control the
so-called lag phase, which is the growth phase in which the population under study has not yet
achieved a fully exponential growth. The latter, ν, is a power that controls how fast the carrying
capacity K is approached and is termed as deceleration term. When ν = 1, the classical logistic
differential equation is obtained. And when ν tends to 0, the Gompertz equation is given. The
incorporation of both the function α(·) and the power ν allows for more flexible S-shaped curves
to model growth phenomena over time. Some examples of application include tumor growth [1–4],
bacterial culture growth [5] and diseases such as SARS [6,7], dengue fever [8], influenza H1N1 [9],
Zika [10], Ebola [11], and COVID-19 [12–15].
In order to represent and predict real world dynamics by means of Equation (1), it is necessary
to determine the initial state X0 and the model parameters r, K, ν and α(·) accounting for the
underlying uncertainty. Uncertainty may appear due to tolerance errors in measurement devices
when performing experiments and by the inherent uncertainty of factors such as the lag phase or
the deceleration term, which cannot be directly measured.
Since the objective is to analyze and predict real world behavior, the model is considered with
uncertainty at its parameters such as the initial condition, growth rate, etc. The first probability
density function (1-PDF) of the solution stochastic process is obtained by numerically solving its
related Liouville partial differential equation (PDE) as detailed in the following Section.

1vibees@upv.es
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2 Methods

Let (Ω,F ,P) be a complete probability space. Let X0 ∈ L2(Ω), that is, a random variable with
finite variance. Let g : Rn × [0,∞) → Rn verify a Lipschitz condition in the spatial variables.
Consider the following random ODE:{

X′(t, ω) = g(X(t, ω), t), t > 0,
X(0, ω) = X0(ω), ω ∈ Ω,

where the derivative may be interpreted in the path-wise or mean-square sense. It can be shown
(see [2,17]) that the 1-PDF of the solution stochastic process X(t, ω) verifies the Liouville equation
in the weak sense: {

∂tf(x, t) + Divx (g(x, t)f(x, t)) = 0, t > 0,
f(x, 0) = f0(x), x ∈ D ⊆ Rn.

Furthermore, at all points where the first derivatives of g are also Lipschitz continuous, a more
practical form of the equation is obtained just by computing the divergence of the product between
g and f : {

∂tf(x, t) + g(x, t) · ∇xf(x, t) = −f(x, t) Divx g(x, t), t > 0,
f(x, 0) = f0(x), x ∈ D ⊆ Rn.

In the particular case under study, the flow function and its divergence for the Liouville Equation
are, respectively,

g(x, t) = α(t) r x
(

1−
(
x

K

)ν)
, ∇x · g(x, t) = ∂xg(x, t) = α(t) r

(
1− (1 + ν)

(
x

K

)ν)
,

with x ∈ [0,K]. Despite the various choices available for α(·), the one chosen by [18] will be used:

α(t) := q

q + e−mt
, t ≥ 0, q, m > 0.

Now, in order to solve the Liouville Equation with the flow described by the generalized Logistic
Equation, the PDE will be considered through the characteristic curves:

d
dsx(s) = α(s)r x(s)

(
1−

(
x(s)
K

)ν)
, x(0) = x0,

d
dsf(x(s), s) = −f(x(s), s) ∂xg(x(s), s), f(x(0), 0) = f0(x0),

where x0 is any point of the initial discretized grid. The 1-PDF along the characteristic curves
has a closed form which can be computed by approximating an integral:

f(x(s), s) = f0(x0) exp
(
−
∫ s

0
∂xg(x(s), s)ds

)
;

Any ODE numerical solver can be employed. The authors have used a 4th order Runge Kutta
ODE solver.
Although this formulation may be not be very clarifying, it allows the use of the so-called la-
grangian numerical methods, in which initial points in a grid are treated as individual particles
whose positions and values change through time. However, not all points of a mesh are going to be
updated; a wavelet compression-based adaptive mesh refinement algorithm has been implemented
in order to select only those points that contain a higher variability and, therefore, have to be
tracked with higher precision.

2
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Another important question is the determination of the initial PDF from the known data at initial
time. The initial PDF has been assigned by the use of the so-called Principle of Maximum Entropy
(PME or MaxEnt):

f0 = argmax
{
−
∫
D
f(x) log(f(x))dx : f ∈ L1(D), f ≥ 0 a.e. D ⊆ R

}
When applied to this case, the constraints are given by the central moments up to any finite order
p, which is denoted by {µi}pi=1. It can be shown that the general form of the function obtained
by applying PME has the following form:

f0(x) = exp
(
−1−

p∑
i=0

λix
i

)
, x ∈ D,

where the terms {λi}pi=1, called Lagrange multipliers, are obtained by solving:∫
D f(x)dx = 1,∫
D x f(x)dx = µ1,

...∫
D x

p f(x)dx = µp,

Finally, the inverse problem of determining the parameters r, ν, K, q and m that best represent
our real world problem is tackled by making use of the Particle Swarm Optimization algorithm
(PSO) (see [19]). This optimization algorithm creates several parameter vectors and evaluates a
predefined fitness function for each of these parameter vectors. It then evolves these parameter
values according to the fitness function in the same way that a swarm of birds search for food.

3 Results

Only the case of real data is going to be shown due to the fact that it is the most interesting case.
The model consists of a biological culture growth experiment (see [20]), in which several samples
have been obtained at 28, approximately equidistant, time instants during the first 7 hours,
approximately. Tables 1 and 2 show the optimal multipliers and parameter values, respectively,
obtained by following the aforementioned techniques.

λ0 λ1 λ2
440.8872 -3112.2887 5434.2539

Table 1: Optimal multipliers

Parameters q m r ν K

Example 1 0.8085 0.001 1.1249 1 0.65

Table 2: Optimal Parameters given by PSO procedure.

As it can be seen, the simulation with optimal parameters is able to describe the microbial
growth evolution. The time step used for the numerical solution of the characteristic curves is
∆t = 0.005, and the simulation took 0.6 seconds to compute. The computation of the optimal
parameters through the PSO algorithm took around 5 minutes. All computations were performed
using MATLABő in a laptop with a Ryzen 7 5800H processor.

3
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Figure 1: Inital PDF obtained by PME, with the multipliers shown in Table 1. The inital grid is
4096 points. Adapted grid is obtained consisting of only 353 points.
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Figure 2: Mean and 2-standard deviations confidence interval with optimal parameters obtained
by PSO, as in Table 2.
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4 Conclusions

The random generalized Logistic equation has been studied through the time evolution of its first
probability density function, obtained as the solution of the related Liouville partial differential
equation. Several techniques, such as wavelet compression-based adaptive mesh refinement, the
principle of maximum entropy or the particle swarm optimization algorithm have been employed
in order to fine-tune the parameter values for a correct representation of a real world biological
culture growth experiment. The case of where, not only the initial condition of the equation, but
also its coefficients are considered as random variables is currently under study. Furthermore,
this same point of view can be applied to model consisting of 2 or more differential equations,
both coupled or uncoupled. Last but not least, the authors are also studying the computation of
the probability of events, by using the approximated probability density function, as well as the
computation of confidence intervals.
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Combined and updated H–matrices
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Universitat Politècnica de València
Camı̀ de Vera s/n, València, Spain.

(\) Institut de Matemàtica Multidisciplinar,
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Camı̀ de Vera s/n, València, Spain.

(♦) Instituto de Matemática,
Universidad Autonóma de Santo Domingo.

Ave. Alma Matér, Santo Domingo, Dominican Republic.

1 Introduction

We are going to study some properties of a given H–matrix when updating the original matrix by
a one rank matrix. Some results for invertible M–matrices and H–matrices in the invertible class
HI are given in [4]. Then, the corresponding results for singular M–matrices and H–matrices in
the mixed class are given. Some examples illustrate the results. Finally, the combined matrix
of an invertible H–matrix in the mixed class is considered to obtain the corresponding result for
matrices in the invertible class given in [10].
Let A be an n×n H–matrix. Recall the concept of an H–matrix for which we need the definition
of an M–matrix and a Z–matrix.

Definition 1. Let A be a real n× n matrix. A is called a Z-matrix if all off-diagonal elements
are non-positive.

Definition 2. Given the Z-matrix A, we say that A is called an invertible M-matrix if can be
written as A = sI −B, where B is a non-negative matrix and s > ρ(B).

Throughout this work ρ(·) stands for the spectral radius of a square matrix.

Definition 3. Given a square matrix A, the matrix

< A >= [mij ] =
{
mij = |aij | if i = j
mij = −|aij | if i 6= j

is called its comparison matrix.

Definition 4. Let A be a square matrix. Then, A is said to be an H-matrix if its comparison
matrix is an M -matrix.

1rbru@imm.upv.es
2mgasso@mat.upv.es
3msantana22@uasd.edu.do
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2 Results

Now, consider the updated matrix B = A+ uvT , where u and v are two arbitrary vectors. In [4]
some results are given in this context.

Theorem 1. Let A be a nonsingular M -matrix. Consider uvT ≥ 0 (either u ≥ 0 and v ≥ 0 or
u ≤ 0 and v ≤ 0) and that A+ uvT is a Z-matrix. Then the updated matrix

C = A+ uvT

is a nonsingular M -matrix.

Theorem 1 is given for invertible M–matrices. However, M–matrices can be singular. In this
case Definition 2 is valid just changing the strict inequality s > ρ(B) by the equality s ≥ ρ(B),
which means that the matrix A = sI − B is singular since s, equals the spectral radius of the
nonnegative matrix B (see [2]).
We have the corresponding result for singular M–matrices.

Theorem 2. Let A be a singular M -matrix. Consider uvT ≥ 0 (either u ≥ 0 and v ≥ 0 or
u ≤ 0 and v ≤ 0) and that A+ uvT is a Z-matrix. Then the updated matrix

C = A+ uvT

is an M -matrix.

The following two examples illustrate the result of Theorem 2.

Example 1. Consider the singular matrix

A =
[

1 −1
−1 1

]
.

Note that

A = 1 · I −B =
[

1 0
0 1

]
−
[

0 1
1 0

]
,

where ρ(B) = 1. Thus, s = 1 = ρ(B). Therefore, A is a singular M–matrix.

Now, take u = (1, 1) and v = (1, 1). Then, uvT =
[

1 1
1 1

]
and

A+ uvT =
[

2 0
0 2

]

is a Z–matrix. We can write

A+ uvT =
[

2 0
0 2

]
= 3 · I −G =

[
3 0
0 3

]
−
[

1 0
0 1

]
.

Thus, s = 3 > ρ(G) = 1. Therefore, A+ uvT is an invertible M–matrix.

Let us see a different example.

8



Modelling for Engineering & Human Behaviour 2021

Example 2. Let

A =
[

1 −1
0 0

]
.

Note that
A = 1 · I −B =

[
1 0
0 1

]
−
[

0 1
0 1

]
,

where ρ(B) = 1. Thus, s = 1 = ρ(B). Therefore, A is a singular M–matrix.

Take u = (1, 0) and v = (1, 0). Then, uvT =
[

1 0
0 0

]
and

A+ uvT =
[

2 −1
0 0

]
is again a Z–matrix. We can write

A+ uvT =
[

2 −1
0 0

]
= 2 · I −G =

[
2 0
0 2

]
−
[

0 1
0 2

]
.

Thus, s = 2 = ρ(G). Therefore, A+ uvT is a singular M–matrix.
Similar result to Theorem 1 can be done for invertible H–matrices ( [4]).
Theorem 3. Suppose that A is a nonsingular H-matrix. For every vector v, there exists a
vector u such that A+ uvT is a nonsingular H-matrix.
It is well known that H–matrices can be classified into three classes (see [3] for characterizations
of each class):

(i) The first class is known as the invertible class as is denoted by HI . The invertible matrix
A is an invertible H–matrix if its comparison matrix is a nonsingular M–matrix. In
this case there exists a nonsigular diagonal matrix W such that AW is strictly diagonally
dominant (see [6] and [7]).

(ii) The second class is named mixed class and is denoted by Hm. The invertible or not matrix
A with non–null diagonal entries is a mixed H–matrix if its comparison matrix is singular.
Again, there exists a nonsingular diagonal matrix W such that AW is diagonally dominant.

(iii) The remaining H–matrices belong to the third class and it is denoted by Hs. The singular
H–matrix A with at least a zero diagonal is a singular H–matrix if its comparison matrix
is singular. Also, there exists a nonsingular diagonal matrix W such that AW is diagonally
dominant.

Theorem 3 is given for H–matrices in HI . Then, we can extend this result to H–matrices in the
mixed class Hm.
Theorem 4. Suppose that A is an H-matrix of Hm. For every vector v, there exists a vector u
such that C = A+ uvT is an H-matrix.
To each vector u used in Theorems 3 and 4 the components of the vector v must satisfied the
following relations

ui ≤
|aii| wi −

∑
j 6=i |aij | wj∑n

k=1 |vk| wk
, for each i = 1, . . . , n, (1)

where wi, i = 1, 2, . . . , n, is the ith diagonal element of the diagonal matrix W such that AW is
(strictly) diagonally dominant.
Again the updated matrix C = A+ uvT can be in any class as the following examples show.

9
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Example 3. Let

A =
[

1 1
−1 1

]
.

Its comparison matrix < A >, is just the matrix of Example 1 and so it is a singular M–matrix.
All diagonal elements of A are different from zero. Then, A is an H–matrix of the mixed class.
Note that W = I.
Let v = (1, 1). Then the expression (1) for i = 1 and i = 2 gives

ui ≤
1− 1

2 = 0, i = 1, 2.

Then, u1 ≤ 0 and u2 ≤ 0. For instance, take u = (−1,−2). Then uvT =
[
−1 −1
−2 −2

]
. The

updated matrix is

A+ uvT =
[

0 0
−3 −1

]
,

which is an H–matrix of the singular class since one diagonal element is zero and

(A+ uvT )W =
[

0 0
−3 −6

]

is diagonally dominant, where W = diag(1, 6).

This is a second example.

Example 4. Consider the matrix

A =
[

2 2
−2 2

]
.

Its comparison matrix is

< A >=
[

2 −2
−2 2

]
= 2 ·

[
1 0
0 1

]
−
[

0 2
2 0

]
.

Then, < A > is a singular M–matrix and so A is an H–matrix of the mixed class.
Now, let v = (1, 1). Then the expression (1) for i = 1 and i = 2 gives

ui ≤
2− 2

2 = 0, i = 1, 2.

As in the other case, u1 ≤ 0 and u2 ≤ 0. For instance, take u = (−1, 0). Then uvT =[
−1 −1

0 0

]
. The updated matrix is the invertible matrix

C = A+ uvT =
[

1 1
−2 2

]
,

which is diagonally dominant and no diagonal entry is null, here W = I. Therefore, the updated
matrix C is an H–matrix in Hm.

10
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Now, consider the combined matrix, that is

C(A) = A ◦A−T .

of an invertible H–matrix, that is, A ∈ HI . In the above expression ◦ stands for the Hadamard
product.
In [10] it is studied the limit of limk→∞ Ck(A) when A is an H–matrix of HI . We can extend the
same result to invertible H–matrices.

Theorem 5. Let A be an invertible H–matrix in HI . Then limk→∞ Ck(A) = I.

The same result is valid for H–matrices in the mixed class.

Theorem 6. Let A be an invertible H–matrix in Hm. Then limk→∞ Ck(A) = I.

The idea of the proof is that the combined matrix of an H–matrix is more diagonally dominant
than the initial matrix A. In fact, we have the following result (see [5]).

Theorem 7. Let A be an H–matrix. Then

1. C(A) is strictly diagonally dominant and is in HI if A ∈ HI .

2. C(A) is diagonally dominant and is an H–matrix if A ∈ Hm.

3 Conclusions

In this work some results on updating general H–matrices are given. They are generalizations
of the well known results for invertible H–matrices to H–matrices of the mixed class Hm. In
particular, updating invertible H–matrices in classes HI and Hm remain in one of the three classes
of H–matrices. The same result is given for singular M–matrices. Further, some properties
of the combined matrix of an invertible H–matrix are studied. Based on the result that the
combined matrix of an invertible H–matrix is diagonally dominant if the matrix is in Hm or
strictly diagonally dominant if is in HI we have that the limit of computing k times the combined
of an invertible H–matrix converges to the identity matrix when k goes to infinity.
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1 Introduction

In this contribution, the authors extend the Laplace transform in mean square (m.s.) sense to solve
random fractional differential equations. Concretely they solve the following random fractional
initial value problem (RFIVP).

CDα
0+X(t) +AẊ(t) +BX(t) = 0, t > 0, 1 < α < 2,

X(0) = C0, Ẋ(0) = C1,
(1)

where A, B, C0 and C1 are second order random variables. Here, CDα
0+X(t) denotes the mean

square Caputo derivative of the stochastic process X(t), [1–3].
Firstly, some important results related with the Laplace transform in mean square sense are
presented in order to construct a solution stochastic process of the RFIVP (1). This solution is
described via a generalized power series. Mild conditions will be impossed into the random input
parameters to guarantee the convergence of the power series solution in the m.s. sense. Once
a convergent solution is obtained, we compute approximations for the main statistical moments:
the mean and the variance.

2 Main properties of the Laplace transform in m.s. sense

This section is devoted to introduce Laplace transform in m.s. sense and its main properties.

Definition 1. The Laplace transform of a 2-stochastic process, {X(t) : t ≥ 0}, is defined by

L{X(t); s} :=
∫ ∞

0
e−stX(t)dt, s ∈ S ⊂ R, (2)

provided the improper integral exists in L2(Ω).
Next, we compute the Laplace transform of a power function. This result will be useful to obtain
the solution of the RFIVP (1).

1clabursi@upv.es
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Example 1. Let X(t) = Utk be a 2-SP, then

L{X(t); s} = U
1

sk+1 Γ(k + 1), s > 0.

So far, the Laplace transform has been presented. Now we compute the Laplace transform for the
first, second and Caputo derivatives.

Proposition 1. Let {X(t) : t ≥ 0} be a 2-stochastic process satisfying the following conditions:

i) X(t) is mean square differentiable (so, continuous),

ii) Ẋ(t) is mean square piecewise continuous,

iii) X(t) is of exponential order s0 ≥ 0.

Then,
L{Ẋ(t); s} = sL{X(t); s} −X(0), s > s0 ≥ 0.

Remark 8. If the 2-stochastic process X(t) is twice mean square differentiable such that X(t)
and Ẋ(t) are both mean square continuous and of exponential order and Ẍ(t) is mean square
piecewise continuous, then applying twice Proposition 1, one obtains

L{Ẍ(t); s} = sL{Ẋ(t); s} − Ẋ(0) = s(sL{X(t); s} −X(0))− Ẋ(0)
= s2L{X(t); s} − sX(0)− Ẋ(0). (3)

Proposition 2. Let X(t) be a 2-stochastic process satisfying the hypotheses of Remark 8. Let
CDα

0+X(t), 1 < α < 2, denote its mean square Caputo fractional derivative. If the pathwise
integral

∫∞
0 e−sτ |Ẍ(τ)|dτ exists and is finite, then

L{CDα
0+X(t); s} = sαL{X(t); s} − sα−1X(0)− sα−2Ẋ(0),

and L{CDα
0+X(t); s} belongs to L2(Ω).

The following Theorem allow us to express the Laplace transform of the solution SP in a gener-
alized power series.

Theorem 9. Let A and B be bounded random variables, i.e. there exist MA > 0 and MB > 0
such that |A(ω)| ≤ MA and |B(ω)| ≤ MB, for all ω ∈ Ω. If 1 < α < 2 and s > K1 :=
max

{
M

1
α−1
A , (MA +MB)

1
α−1 , 1

}
, then for all ω ∈ Ω,

i) |A(ω)|s1−α < 1.

ii)
∣∣∣ B(ω)s−1

sα−1+A(ω)

∣∣∣ < 1.

iii) 1
sα+A(ω)s+B(ω) = ∑

n,m≥0
Γ(m+n+1)

Γ(n+1)Γ(m+1)(−A(ω))m(−B(ω))ns−(m(α−1)+α(n+1)).

3 Obtaining the solution SP of the RFIVP (1)

This section is devoted to compute the solution SP of the RFIVP (1) using the Laplace transform
and the results described in the last section.
Let us consider the RFIPV (1) given by

CDα
0+X(t) +AẊ(t) +BX(t). (4)
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Applying the Laplace transform, using its linearity and applying Propositions 1 and 2, one gets

L{CDα
0+X(t) +AẊ(t) +BX(t); s}

= L{CDα
0+X(t); s}+AL{Ẋ(t); s}+BL{X(t); s}

= sαL{X(t); s} − sα−1X(0)− sα−2Ẋ(0) +AsL{X(t); s} −AX(0) +BL{X(t); s}.
(5)

Isolating L{X(t); s} and taking into account that X(0) = C0 and Ẋ(0) = C1, one gets

L{X(t); s} = sα−1C0 + sα−2C1 +AC0
sα +As+B

. (6)

Applying Theorem (9) iii), we can express (6) as a power series. Let us define

φn,m(A,B) = (−B)n(−A)m Γ(m+ n+ 1)
Γ(m+ 1)Γ(n+ 1) = (−1)n+mBnAm

Γ(m+ n+ 1)
m!n! , (7)

so

L{X(t); s} =
∑

n,m≥0
φn,m(A,B)C0s

−((α−1)m+nα+1)

+
∑

n,m≥0
φn,m(A,B)C1s

−(m(α−1)+nα+2)

+
∑

n,m≥0
φn,m(A,B)AC0s

−(m(α−1)+(n+1)α). (8)

Taking into account Example 1 and applying the inverse of the Laplace transform we can obtain
the solution SP which is given by

X(t) =
∑

n,m≥0
φn,m(A,B)C0

tmν+nα

Γ(mν + nα+ 1)

+
∑

n,m≥0
φn,m(A,B)C1

tmν+nα+1

Γ(mν + nα+ 2)

+
∑

n,m≥0
φn,m(A,B)AC0

tmν+nα+α−1

Γ(mν + nα+ α) . (9)

This solution is m.s. convergent for all t > K2 if the following hypothesis fulfil.

• A and B are bounded random variables, that is, there are positive numbers MA and MB

such that |A(ω)| ≤MA and |B(ω)| ≤MB, for all ω ∈ Ω. So, A,B ∈ L2(Ω).

• C0 and C1 are second order random variables, i.e. C0, C1 ∈ L2(Ω).

• C0, C1, A and B are independent random variables.

• K2 := max
{

(2MB) 1
α , (2MA)

1
α−1 ,K1

}
, where K1 is defined in Theorem 9

4 Approximations for the two first statistical moments of the
solution SP

So far, a m.s. convergent solution of the RFIVP 1 has been obtained. This section is devoted
to obtain approximations for the mean and for the second order moment taking into account the
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solution SP obtained in (9). As (9) is m.s. convergent, the mean and the variance of the truncated
solution converge to the mean and the variance of the limit. Let us consider a trunctation of (9)

XN,M (t) =
N∑
n=0

M∑
m=0

φn,m(A,B)C0
tmν+nα

Γ(mν + nα+ 1)

+
N∑
n=0

M∑
m=0

φn,m(A,B)C1
tmν+nα+1

Γ(mν + nα+ 2)

+
N∑
n=0

M∑
m=0

φn,m(A,B)AC0
tmν+nα+α−1

Γ(mν + nα+ α) .

(10)

Applying the mean operator one gets.

E[XN,M (t)] =
N∑
n=0

M∑
m=0

(−1)n+mE[Bn]E[Am]Γ(m+ n+ 1)
Γ(m+ 1)Γ(n+ 1)

·
{
E[C0] tmν+nα

Γ(mν + αn+ 1) + E[C1] tmν+nα+1

Γ(mν + αn+ 2)

}

+
N∑
n=0

M∑
m=0

(−1)n+mE[Bn]E[Am+1]E[C0]

· Γ(m+ n+ 1)
Γ(m+ 1)Γ(n+ 1)

tmν+αn+α−1

Γ(mν + αn+ α) .

(11)

The second order moment is given by the following expression.

E[(XN,M (t))2] =
N∑
n=0

 M∑
m=0

((n+m)!
n!m!

)
E[B2n]

E[A2m]

E[C2
0 ]
(

tmν+αn

Γ(mν + αn+ 1)

)2

+ E[C2
1 ]
(

tmν+αn+1

Γ(mν + αn+ 2)

)2

+ 2E[C0]E[C1]
(

tmν+αn

Γ(mν + αn+ 1)

)(
tmν+αn+1

Γ(mν + αn+ 2)

)
M∑
n=0

}

+ E[A2m+2]E[C2
0 ]
(

tmν+αn+α−1

Γ(mν + αn+ α)

)2

+ 2E[C2
0 ]E[A2m+1]

(
tmν+αn

Γ(mν + αn+ 1)

)(
tmν+αn+α−1

Γ(mν + αn+ α)

)

+ 2E[C0]E[C1]E[A2m+1]
(

tmν+αn+1

Γ(mν + αn+ 2)

)(
tmν+αn+α−1

Γ(mν + αn+ α)

)
M∑
n=0

]

+ 2
M∑

m1=1

m1−1∑
m2=0

(−1)2n+m1+m2E[B2n] Γ(n+m1 + 1)
Γ(n+ 1)Γ(m1 + 1)

Γ(n+m2 + 1)
Γ(n+ 1)Γ(m2 + 1)

·
[
E[Am1+m2 ]

{
E[C2

0 ]
(

tm1ν+αn

Γ(m1ν + αn+ 1)

)(
tm2ν+αn

Γ(m2ν + αn+ 1)

)

+ E[C0]E[C1]
(

tm1ν+αn

Γ(m1ν + αn+ 1)

)(
tm2ν+αn+1

Γ(m2ν + αn+ 2)

)

+ E[C0]E[C1]
(

tm1ν+αn+1

Γ(m1ν + αn+ 2)

)(
tm2ν+αn

Γ(m2ν + αn+ 1)

)

16



Modelling for Engineering & Human Behaviour 2021

+ E[C2
1 ]
(

tm1ν+αn+1

Γ(m1ν + αn+ 2)

)(
tm2ν+αn+1

Γ(m2ν + αn+ 2)

)
22

1

}

+ E[Am1+m2+1]E[C2
0 ]
(

tm1ν+αn

Γ(m1ν + αn+ 1)

)(
tm2ν+αn+α+1

Γ(m2ν + αn+ α)

)

+ E[C0]E[C1]E[Am1+m2+1]
(

tm1ν+αn+1

Γ(m1ν + αn+ 2)

)(
tm2ν+αn+α−1

Γ(m2ν + αn+ α)

)

+ E[C2
0 ]E[Am1+m2+1]

(
tm1ν+αn+α−1

Γ(m1ν + αn+ α)

)(
tm2ν+αn

Γ(m2ν + αn+ 1)

)

+ E[C0]E[C1]E[Am1+m2+1]
(

tm1ν+αn+α−1

Γ(m1ν + αn+ α)

)(
tm2ν+αn+1

Γ(m2ν + αn+ 2)

)

+ E[C2
0 ]E[A2]

(
tm1ν+αn+α−1

Γ(m1ν + αn+ α)

)(
tm2ν+αn+α−1

Γ(m2ν + αn+ α)

)
M∑
n=0

])

+ 2
N∑

n1=1

n1−1∑
n2=0

M∑
m1=0

M∑
m2=0

(−1)n1+m1+n2+m2E[Bn1+n2 ] Γ(m1 + n2 + 1)
Γ(m1 + 1)Γ(n1 + 1)

· Γ(m2 + n2 + 1)
Γ(m2 + 1)Γ(n2 + 1)

[
E[Am1+m2 ]

{
E[C2

0 ]
(

tm1ν+αn1

Γ(m1ν + αn1 + 1)

)(
tm2ν+αn2

Γ(m2ν + αn2 + 1)

)

+ E[C0]E[C1]
(

tm1ν+αn1

Γ(m1ν + αn1 + 1)

)(
tm2ν+αn2+1

Γ(m2ν + αn2 + 2)

)

+ E[C0]E[C1]
(

tm1ν+αn1+1

Γ(m1ν + αn1 + 2)

)(
tm2ν+αn2

Γ(m2ν + αn2 + 1)

)

+ E[C2
1 ]
(

tm1ν+αn1+1

Γ(m1ν + αn1 + 2)

)(
tm2ν+αn2+1

Γ(m2ν + αn2 + 2)

)
M∑
n=0

}

+ E[Am1+m2+1]
{
E[C2

0 ]
(

tm1ν+αn1

Γ(m1ν + αn1 + 1)

)(
tm2ν+αn2+α−1

Γ(m2ν + αn2 + α)

)

+ E[C0]E[C1]
(

tm1ν+αn1+1

Γ(m1ν + αn1 + 2)

)(
tm2ν+αn2+α−1

Γ(m2ν + αn2 + α)

)

+ E[C2
0 ]
(

tm1ν+αn1+α−1

Γ(m1ν + αn1 + α)

)(
tm2ν+αn2

Γ(m2ν + αn2 + 1)

)

+ E[C0]E[C1]
(

tm1ν+αn1+α−1

Γ(m1ν + αn1 + α)

)(
tm2ν+αn2+1

Γ(m2ν + αn2 + 2)

)
M∑
n=0

}

+ E[Am1+m2+2]E[C2
0 ]
(

tm1ν+αn1+α−1

Γ(m1ν + αn1 + α)

)(
tm2ν+αn2+α−1

Γ(m2ν + αn2 + α)

)
M∑
n=0

]
. (12)

5 Numerical example

The aim of this Section is to illustrate the previous theoretical findings with a numerical example.
Let us consider that the order of the derivative α = 1.5. C0 and C1 are 2-RVs with mean 0.5
and second order moment 0.5. A and B are beta random variables, i.e. A ∼ Be(10, 20) and
B ∼ Be(20, 30).
To calculate the approximations of the mean and the variance of X(t), we will apply expressions
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Figure 1: Approximations of the mean (left panel) and for the variance (right panel) of the solution
stochastic process of the RIVP (1) considering different order of truncation (M,N).

(11) and (12) taking into account the following expressions for the moments of A and B [4]

E[Ak] =
k−1∏
r=0

10 + r

10 + 20 + r
, E[Bk] =

k−1∏
r=0

20 + r

20 + 30 + r
, k = 1, 2, . . . . (13)

Figure 1 shows the approximations for the mean and for the variance of the truncated solution
(10), XN,M (t), considering different values of M and N in the time interval [0, 3]. To easily
visualize the convergence, we zoom-up the results on the right-piece of the interval where it is
supposed the accuracy of approximations becomes worse. However, the plots show very good
results even taking small order of truncation M = N = 12.
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1 Introduction

Fractional derivatives have attracted increasing interest from the first steps of fractional calculus
in the XVII-th century up to now, when they have become an excellent tool to model physical
phenomena in porous media, for example.
However, fractional derivatives have been not been widely used, in general, to develop iterative
schemes for solving nonlinear problems. Recently, in [5], two fractional Newton-type methods
were proposed,

xk+1 = xk −
(

Γ(α+ 1) f(xk)
cDα

a+f(xk)

)1/α

, k = 0, 1, 2, . . . (1)

and

xk+1 = xk −
(

Γ(α+ 1) f(xk)
Dα
a+f(xk)

)1/α

, k = 0, 1, 2, . . . (2)

with employ Caputo and Riemann-Liouville derivatives respectively. The order of convergence of
these methods is α+1. Let us denote them as CFN and R-LFN, respectively. Let us remark that,
when α = 1, we obtain the classical Newton’s method for each case above.
The use of Caputo and Riemann-Liouville fractional derivatives require the evaluation of special
functions as Gamma and Mittag-Leffler functions, which both involve a high computational cost
to compute these fractional derivatives. Theoretically, the order of convergence of these methods
tends to be quadratic when α ≈ 1, but in the practice, the approximated computational order of
convergence (ACOC, see [5]) is linear if α is different from 1.
In order to design a new iterative scheme able to avoid these problems, we introduce the con-
formable fractional derivative. It can be seen in [1,2] that the left conformable fractional derivative
starting from a of a function f : [a,∞) −→ R of order α ∈ (0, 1], being α, a, x ∈ R, is defined as

(T aαf)(x) = lim
ε−→0

f(x+ ε(x− a)1−α)− f(x)
ε

. (3)

1giro.candelario@intec.edu.do
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Let us remark that, if f is differentiable, then (T aαf)(x) = (x−a)1−αf ′(x) and if f is α-differentiable
in (a, b), for some b ∈ R, then (T aαf)(a) = limx−→a+(T aαf)(x).
The left conformable fractional derivative holds the property of integer derivatives, T aαC = 0,
being C a constant. Conformable derivative is the most natural definition of fractional derivative,
also, it does not require the evaluation of special functions, which involves a low computational
cost compared with existing fractional derivatives.
In [6], a Taylor power series of f(x) is provided, where the conformal derivative is defined at a
different point from where it is evaluated, which is a key fact in the convergence analysis of our
proposed scheme.

Theorem 1 (Theorem 4.1, [6]). Let f(x) be an infinitely α-differentiable function for α ∈ (0, 1],
at the neighborhood of a1 with conformable derivative starting from a. The fractional power series
for f(x) is:

f(x) = f(a1) + (T aαf)(a1)δ1
α

+ (T aαf)(2)(a1)δ2
2α2 +R2(x, a1, a), (4)

being δ1 = Hα − Lα, δ2 = H2α − L2α − 2Lαδ1, . . . , and H = x− a, L = a1 − a.

It is easy to prove that δ2 = δ2
1 , δ3 = δ3

1 , etc.
In next Section, the conformable fractional Newton-type method is obtained from Taylor power
expansion (4).

2 Methods

To obtain a fractional Newton-type method from (4), let us regard the approximation of this
Taylor power series to order one evaluated at the solution x̄,

f(x) ≈ f(x̄) + (T aαf)(x̄)δ1
α

. (5)

As it is known that f(x̄) = 0, and δ1 = Hα − Lα, being H = x − a and L = a1 − a (a1 = x̄),
expression (5) can be rewritten as

f(x) ≈ (T aαf)(x̄)
α

[(x− a)α − (x̄− a)α] . (6)

Now, (x̄− a)α can be isolated as

(x̄− a)α ≈ (x− a)α − α f(x)
(T aαf)(x̄) . (7)

So, from (x̄− a)α, x̄ can be estimated as

x̄ ≈ a+
(

(x− a)α − α f(x)
(T aαf)(x̄)

)1/α
. (8)

Regarding the iterates xk and xk+1 as approximations of the solution x̄, we obtain the Conformable
fractional Newton-type method as

xk+1 = a+
(

(xk − a)α − α f(xk)
(T aαf)(xk)

)1/α
, k = 0, 1, 2, . . . (9)

Let us call this method TFN.
In the next result, the order of convergence of this method is stated. This is the first optimal
fractional method according to Kung and Traub’s conjecture (see [6]).
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Theorem 2. Let f : D ⊆ R −→ R be a continuous function in the interval D containing the
zero x̄ of f(x). Let (T aαf)(x) be the conformable fractional derivative of f(x) starting from a,
with order α ∈ (0, 1]. Let us suppose (T aαf)(x) is continuous and not null at x̄. If an initial
approximation x0 is sufficiently close to x̄, then the local order of convergence of the conformable
fractional Newton-type method

xk+1 = a+
(

(xk − a)α − α f(xk)
(T aαf)(xk)

)1/α
, k = 0, 1, 2, . . .

is at least 2, being 0 < α ≤ 1, and the error equation is

ek+1 = α(x̄− a)α−1C2e
2
k +O

(
e3
k

)
,

being Cj = 1
j!αj

(T aαf)(j)(x̄)
(T aαf)(x̄) for j = 2, 3, 4, . . .

Once the method has been designed and its convergence analyzed, it is necessary to test its
performance on some nonlinear problems.

3 Results

In this section, we make some numerical tests on nonlinear equations in order to check its efficiency
and reliability. We compare methods CFN and TFN with the classical Newton-Raphson scheme
is made (when α = 1).
For our test, we use Matlab R2019b with double precision arithmetics, |f(xk+1)| < 10−8 or
|xk+1−xk| < 10−8 as stopping criterium, and a maximum of 500 iterations. For CFN method we
use a = 0, the program made in [8] for computing the Gamma function, and the code provided
by Igor Podlubny in Mathworks for the calculation of Mittag-Leffler function. For TFN method
we consider a = −10. The initial estimation used is the same in each procedure.
Our test function is f1(x) = −12.84x6 − 25.6x5 + 16.55x4 − 2.21x3 + 26.71x2 − 4.29x − 15.21
with roots x̄1 = 0.82366 + 0.24769i, x̄2 = 0.82366 − 0.24769i, x̄3 = −2.62297, x̄4 = −0.584,
x̄5 = −0.21705 + 0.99911i and x̄6 = −0.21705 − 0.99911i. In Table 1, we can see that TFN
method requires less iterations than CFN method for the same values of α, even less than classical
Newton’s scheme when α ≤ 0.4. It can also be observed that ACOC is 1 if α 6= 1 in CFN method,
whereas ACOC keeps being 2 or even greater than 2 if α 6= 1 in TFN method.

CFN method TFN method
α x̄ |f(xk+1)| |xk+1 − xk| iter ACOC x̄ |f(xk+1)| |xk+1 − xk| iter ACOC
1 x̄3 4.16 · 10−12 3.47 · 10−8 11 2.00 x̄3 4.16 · 10−12 3.47 · 10−8 11 2.00

0.9 x̄3 7.96 · 10−5 8.11 · 10−9 68 0.98 x̄3 6.18 · 10−13 7.17 · 10−9 11 2.00
0.8 x̄1 1.94 · 10−5 9.99 · 10−9 123 0.99 x̄3 4.18 · 10−12 1.41 · 10−9 11 2.00
0.7 x̄2 1.1 · 10−14 9.94 · 10−9 389 1.00 x̄3 1.6 · 10−12 2.67 · 10−10 11 2.00
0.6 - - - 500 - x̄3 1.6 · 10−12 4.81 · 10−11 11 2.00
0.5 - - - 500 - x̄3 2.26 · 10−12 8.3 · 10−12 11 2.00
0.4 - - - 500 - x̄3 2.91 · 10−9 8.89 · 10−7 10 2.01
0.3 - - - 500 - x̄3 4.62 · 10−10 3.54 · 10−7 10 2.01
0.2 - - - 500 - x̄3 7.36 · 10−11 1.38 · 10−7 10 2.00
0.1 - - - 500 - x̄3 2.26 · 10−12 5.27 · 10−8 10 2.00

Table 1: CFN and TFN results for f1(x) with initial estimation x0 = −2.2

21



Modelling for Engineering & Human Behaviour 2021

In order to check also the stability of fractional Newton-type methods, we analyze the dependence
on initial estimates by using convergence planes as defined in [9] and used in [3] and [5].
To construct the convergence planes, we regard the initial estimates in horizontal axis and values
of α ∈ (0, 1] in vertical axis. Each color represents a different solution found, and it is painted in
black when no solution was found in 500 iterations. Each plane is made with a 400 × 400 grid,
and tolerance of 0.001.
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0.8

(a) CFN, −3 ≤ x0 ≤ 3, 13.73% convergence

-2 0 2

0.2

0.4

0.6

0.8

(b) TFN, −3 ≤ x0 ≤ 3, 99.92% convergence

Figure 1: Convergence planes of CFN and TFN on f1(x)
In Figure 1 we see that TFN method has a much higher percentage of convergence than CFN
method, and the convergence is guaranteed even for lower values of α for a wide range of initial
estimations.

4 Conclusions

As far as we know, we have proposed the first optimal fractional Newton-type method, by using
Conformable derivatives. The fractional derivative used has the most natural definition, so, in this
method is not required the evaluation of special functions, which involves a low computational cost
compared with the existing fractional Newton-type methods. Also, the order of convergence of this
method is quadratic, unlike the existing ones. Numerical tests were made, and the dependence on
initial estimates was analyzed, confirming the theory. It can be concluded that this method shows
a better numerical behavior than fractional Newton-type methods previously proposed, even than
classical Newton-Raphson method in some cases. It was also observed that is possible to obtain
both, real and complex roots, with real initial estimates, and that it is possible to get different
roots not only by choosing a different initial estimate, but also by choosing a different value of α.

Acknowledgement: This research was partially supported by PGC2018-095896-B-C22 (MCI-
U/AEI/10.13039/501100011033/FEDER Una manera de hacer Europa, UE) and by Dominican
Republic FONDOCYT 2018-2019-1D2-140.

References

[1] Khalil, R., Al Horani, M., Yousef, A., Sababheh, M., A new definition of fractional derivative, Journal
of Computational and Applied Mathematics, 264:65–70, 2014.

[2] Abdeljawad, T., On conformable fractional calculus, Journal of Computational and Applied Mathe-
matics, 279:57–66, 2015.

22



Modelling for Engineering & Human Behaviour 2021

[3] Akgül, A., Cordero, A., Torregrosa, J. R., A fractional Newton method with 2αth-order of convergence
and its stability, Applied Mathematics Letters, 98:344–351, 2019.

[4] Candelario, G., Cordero, A., Torregrosa, J.R., Multipoint Fractional Iterative Methods with
(2α + 1)th-Order of Convergence for Solving Nonlinear Problems, Mathematics, 8(3):452
https://doi.org/10.3390/math8030452, 2020.

[5] Cordero, A., Torregrosa, J.R., Variants of Newton’s method using fifth order quadrature formulas,
Applied Mathematics and Computation, 190(1):686–698, 2007.
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Abstract

A matrix A = (−aij) ∈ Rn×n is called totally nonpositive matrix if all its minors are nonposi-
tive and it is abbreviated as t.n.p. If all minors of A are nonnegative, then A is called totally
nonnegative matrix and it is abbreviated as TN.
The main goal of this contribution is to obtain an n×n t.n.p. matrix A with rank r and principal
rank p, that is, A is associated with a triple negatively realizable (n, r, p) given the sequence of
its first p-indices. For that, we will distinct between t.n.p. matrices with −a11 < 0 (type-I t.n.p.
matrices) and matrices with −a11 = 0, −a12 < 0 and −a21 < 0 (type-II t.n.p. matrices). We
will construct A as the product A = LDV , where L ∈ Rn×n is a nonsingular lower triangular TN
matrix for type-I t.n.p. matrices or a lower block triangular matrix for type-II t.n.p. matrices,
D ∈ Rn×n is a nonsingular diagonal matrix and V ∈ Rn×n is an upper echelon TN matrix.

1 Introduction

In this work we consider totally nonpositive square matrices. These matrices are characterized by
all their minors are nonpositive and they are abbreviated as t.n.p. If these matrices are nonsingular
then all their entries are negative except for −a11 ≤ 0 and −ann ≤ 0. To obtain them have been
used different factorizations [5,6]. The t.n.p. matrices are a generalization of the partially negative
matrices, that is, matrices with all its principal minors negative. The partially negative matrices
are called N -matrices in economic models. N -matrices have similar applications and properties
to P -matrices, i.e., matrices with all its principal minors positive.
Recall that if all minors of a matrix are nonnegative, then the matrix is called totally nonnegative
and it is abbreviated as TN. Numerous authors have studied TN matrices due to its theoretical and
important properties on the Gaussian and Neville elimination methods and its Jordan structure, as
well as their wide applications in different fields such as algebra, geometry, differential equations,
economics, biology, dynamic systems, combinatorics, approximation theory and computer-aided
geometric design, see for instance [1,8] and references therein. There exist some close relationships
between t.n.p. and TN matrices. For instance, in [10] some problems and unresolved properties
related to t.n.p. and TN matrices are given.
We distinct between t.n.p. matrices with −a11 < 0 and t.n.p. matrices with −a11 = 0, −a12 < 0
and −a21 < 0. We call type-I t.n.p. matrix the first one and type-II t.n.p. matrix the second one.

1bcanto@mat.upv.es
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Recall that the sequence of integers α = {1, i2, . . . , ip} ∈ Qp,n is the sequence of the first p-indices
of a type-I t.n.p. matrix A ∈ Rn×n, with rank(A) = r and p-rank(A) = p if for j = 2, . . . , p
we have that det(A[1, i2, . . . , ij−1, ij ]) < 0, and det(A[1, i2, . . . , ij−1, t]) = 0, ij−1 < t < ij . If A
is a type-II t.n.p. matrix, we say that the sequence of integers α = {1, 2, i3, . . . , ip} ∈ Qp,n is
the sequence of the first p-indices of a type-II t.n.p. matrix A ∈ Rn×n, with rank(A) = r and
p-rank(A) = p if for j = 3, . . . , p we have the above relations with i2 = 2 (see, [3]). Thus, a triple
(n, r, p) is called (1, i2, . . . , ip)-negatively realizable of the type-I (type-II) if there exists a type-I
(type-II) t.n.p. matrix A = (−aij) ∈ Rn×n with rank(A) = r, p-rank(A) = p, and {1, i2, . . . , ip}
(i2 = 2) as the sequence of the first p-indices.
The aim of this work is to give a method where type-I and type-II t.n.p. matrices are obtained
as a product of three matrices A = LDV , where L ∈ Rn×n is a nonsingular lower triangular
TN matrix for type-I or a lower block triangular matrix for type-II, D ∈ Rn×n is a nonsingular
diagonal matrix, and V ∈ Rn×n is an upper echelon TN. For that, in Section 2 we construct the
matrix V using a procedure different from the one given in [4], the corresponding algorithm and
the Example 1 to clarify it. Then, in Section 3 we obtain the type-I and type-II t.n.p. matrices
associated with a triple negatively realizable (n, r, p) with a given sequence of its first p-indices.

2 Procedure to obtain a TN matrix

In this section we construct Procedure 1 to obtain an upper block echelon TN matrix V ∈ Rn×n
with rank(V ) = r, p-rank(V ) = p and the sequence of its first p-indices given by {1, i2, . . . , ip}.
This procedure is different from that given in [4] and the matrices V obtained in both are also
different. The similarities and differences between the two procedures are
(a) In both procedures we use the nonsingular TN matrix “Min” of size q × q (see [2, 9]),

Mq = [min{i, j}]q =



1 1 1 · · · 1 1
1 2 2 · · · 2 2
1 2 3 · · · 3 3
...

...
...

...
...

1 2 3 · · · q − 1 q − 1
1 2 3 · · · q − 1 q


q×q

. (1)

This matrix is known because it is the inverse of a tridiagonal matrix and it is also TN. With this
matrix we obtain a procedure more technical and programmable than the one given in [7].
(b) If H = [1, 2, . . . , s, is+1, . . . , ip] is the sequence of the first p-indices, for j = s+ 1, s+ 2, . . . , p,
we define
[b.1.] tr(j) = H(j) − H(j − 1) and tc(j) = H(j + 1) − H(j), where tr and tc denote the space
between two consecutive indices.
[b.2.] t(j) = min(tr(j), tc(j)) and b = s+∑p

j=s+1 t(j).

If b ≥ r = rank(V ) we can apply the new procedure. Otherwise we apply the procedure given
in [4].
(c) With this procedure is not necessary to construct Ṽ to obtain V , but it is a particular case
of [4].
From now on and for simplicity, we use the following MatLab notation: A(i, :) and A(:, j) denote
the i-th row and j-th column of A, respectively; ones(n,m) denotes the n ×m matrix of ones;
triu(ones(n,m)) denotes the upper triangular part of ones(n,m); zeros(n,m) denotes the n×m
zero matrix. Moreover, we recall that a matrix is an upper echelon matrix if the first nonzero
entry in each row (leading entry) is to the right of all leading entry in the row above it and all zero
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rows are at the bottom. A matrix is a lower echelon matrix if its transpose is an upper echelon
matrix.

Procedure 1. We consider a triple (n, r, p) (1, i2, . . . , ip)-realizable. This process constructs an
upper block TN matrix V ∈ Rn×n with rank(V ) = r, p-rank(V ) = p and the sequence of its first
p-indices is H = (1, i2, . . . , ip).

• Calculate s as the number of the consecutive first indices of the sequence H.

• If s = p and n = H(p), then V = triu(ones(n, n))

• If s = p and n > H(p), then V = [triu(ones(s, n)); zeros(n− s, n)].

• If s 6= p then we obtain the sequence H = [H,n+1] and we use consecutive steps to construct
an upper block echelon matrix V in the following form,

V =



V11 V12 · · · V1,H(s+1) V1,H(s+1)+1 · · · V1,H(s+2) · · · V1,H(p) · · · V1n

0 0 · · · V2,H(s+1) V2,H(s+1)+1 · · · V2,H(s+2) · · · V2,H(p) · · · V2n

0 0 · · · 0 0 · · · V3,H(s+2) · · · V3,H(p) · · · V3n

...
...

...
...

...
...

...
...

...
...

...
0 0 · · · 0 0 · · · 0 · · · Vp−(s−1),H(p) · · · Vp−(s−1),n

0 0 · · · 0 0 0 · · · 0 · · · 0 · · ·
...

...
...

...
...

...
...

...
...

...
...

0 0 · · · 0 0 0 · · · 0 · · · 0 · · ·


.

1. Construct the s× n matrix,

[V11 V12 · · · V1H(s+1) V1H(s+1)+1 · · · V1H(p) · · · V1n] = triu(ones(s, n)).

2. Calculate q = r − p.

3. Assign b = s, for j = s+ 1, . . . , p, and calculate b using Steps [b.1.] and [b.2].

4. For i = 2, 3, . . . , p−(s−1), j = s+1, . . . , p, construct the matrices [Vi,H(j) Vi,H(j)+1 · · · Vin]

4.1. If q + 1 ≥ t(j)
4.1.1. obtain Mt(j) given in (1) and F = Mt(j)(:, t(j)) ∗ ones(1, n− t(j)−H(j) + 1);
4.1.2. construct [Vi,H(j) Vi,H(j)+1 · · · Vin] whose size is tr(j)× (n−H(j) + 1);

• if t(j) = tr(j) then [Vi,H(j) Vi,H(j)+1 · · · Vin] = [Mt(j) F ];
• if t(j) 6= tr(j) then [Vi,H(j) Vi,H(j)+1 · · · Vin] =[

ones(tr(j)− t(j), n−H(j) + 1)
Mt(j) F

]
;

4.1.3. rename q = q − (t(j)− 1).
4.2. If q + 1 < t(j)

4.2.1. if q = 0 then [Vi,H(j) Vi,H(j)+1 · · · Vin] = ones(tr(j), n −H(j) + 1), whose size is
tr(j)× (n−H(j) + 1);

4.2.2. if q = 1 then assign t(j) = 2 and apply Steps [4.1.1.] and [4.1.2.];
4.2.3. if q 6= 0 and q 6= 1 then assign t(j) = q + 1 and apply Steps [4.1.1.] and [4.1.2.];
4.2.4. rename q = 0.
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Now, we present a numerical example to clarify Procedure 1.
Example 1. Obtain an 14×14 upper block echelon TN matrix V with rank(V ) = 8, p-rank(V ) = 5
and the sequence of its first 5-indices is H = [1, 2, 6, 9, 13].
Note that s = 2, p = 5 and s 6= p, then H = [1, 2, 6, 9, 13, 15] and the upper block echelon matrix
V has this structure:

V =



V11 V12 V13 V14 V15 V16 V17 V18 V19 V1,10 V1,11 V1,12 V1,13 V1,14
0 0 0 0 0 V26 V27 V28 V29 V2,10 V2,11 V2,12 V2,13 V2,14
0 0 0 0 0 0 0 0 V39 V3,10 V3,11 V3,12 V3,13 V3,14
0 0 0 0 0 0 0 0 0 0 0 0 V4,13 V4,14
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0


.

We construct the first block matrices:
[V11 · · · V1,14] =

[
1 1 1 1 1 1 1 1 1 1 1 1 1 1
0 1 1 1 1 1 1 1 1 1 1 1 1 1

]
2×14

.

q = 3; j = 3, 4, 5,
tr(3) = 4, tc(3) = 3→ t(3) = 3;
tr(4) = 3, tc(4) = 4→ t(4) = 3;
tr(5) = 4, tc(5) = 2→ t(5) = 2;
b = s+ t(3) + t(4) + t(5) = 10.
For i = 2, 3, 4, j = 3, 4, 5
[1] q + 1 = 4 > 3 = t(3) 6= 4 = tr(3) [2] q + 1 = 2 < 3 = t(4), q = 1→ t(4) = 2

[V2,6 . . . V2,14] =


1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1
1 2 2 2 2 2 2 2 2
1 2 3 3 3 3 3 3 3


3×9

; [V39 . . . V3,14] =

 1 1 1 1 1 1
1 1 1 1 1 1
1 2 2 2 2 2


3×6

q = 3− (3− 1) = 1 q = 1− (2− 1) = 0

[3] q + 1 = 1 < 2 = t(5), q = 0

[V413 V4,14] =
[

1 1
1 1

]
2×2

;

q = 0.
Finally, the matrix V is constructed:

V =



1 1 1 1 1 1 1 1 1 1 1 1 1 1
0 1 1 1 1 1 1 1 1 1 1 1 1 1
0 0 0 0 0 1 1 1 1 1 1 1 1 1
0 0 0 0 0 1 1 1 1 1 1 1 1 1
0 0 0 0 0 1 2 2 2 2 2 2 2 2
0 0 0 0 0 1 2 3 3 3 3 3 3 3
0 0 0 0 0 0 0 0 1 1 1 1 1 1
0 0 0 0 0 0 0 0 1 1 1 1 1 1
0 0 0 0 0 0 0 0 1 2 2 2 2 2
0 0 0 0 0 0 0 0 0 0 0 0 1 1
0 0 0 0 0 0 0 0 0 0 0 0 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0



.
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Now, we present Algorithm 0 associated with Procedure 1 to obtain the TN matrix V ∈ Rn×n
with rank(V ) = r, p-rank(V ) = p and its p-indices given by the sequence (1, i2, . . . , ip).

Algorithm 1 V = TPV(n, r, p,H)
1: for i = 1 : q do
2: for j = 1 : q do
3: M(i, j) = min(i, j);
4: end for
5: end for
6: c = H − [1 : p]; g = c > 0; h = g ∗ ones(p, 1); s = p − h;; V=[triu(ones(s, n))]; H =

[H,n+ 1]; b = s;
7: if s == p then
8: if n > H(p) then
9: V = [V ; zeros(n− s, n)];

10: end if
11: else
12: for j = s+ 1 : p do
13: b = b+ min(H(j)−H(j − 1), H(j + 1)−H(j));
14: end for
15: b; q = r − p;
16: for j = s+ 1 : p do
17: tr = H(j)−H(j − 1); tc = H(j + 1)−H(j); t = min(tr, tc); z = zeros(tr,H(j)− 1);
18: if q + 1 >= t & t == tr then
19: W = M(t); V = [V ; z W W (:, t) ∗ ones(1, n− t− (H(j)− 1))]; q = q − (t− 1);
20: else if q + 1 < t & q == 0 then
21: V = [V ; z ones(tr, n− (H(j)− 1))];
22: else
23: if q + 1 < t & q == 1 then
24: t = 2;
25: else if q + 1 < t & q = 0 & q = 1 then
26: t = q + 1;
27: end if
28: W = M(t);
29: V = [V ; z [ones(tr − t, n− (H(j)− 1));W W (:, t) ∗ ones(1, n− t− (H(j)− 1))]];
30: if q + 1 < t then
31: q = 0;
32: else
33: q = q − (t− 1);
34: end if
35: end if
36: end for
37: V = [V ; zeros(n−H(p), n)];
38: end if
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3 Constructing the t.n.p. matrix A = LDV

In this section, using the results on t.n.p. given in [4] we calculate the product A = LDV , as a
type-I (type-II) t.n.p. matrix associated with a triple (n, r, p)(1, i2, . . . , ip)-negatively realizable,
where L ∈ Rn×n is a nonsingular lower triangular TN matrix for type-I (a lower block triangular
matrix for type-II), D is a nonsingular diagonal matrix and V = [vjk] is obtained from Procedure
1.
The matrix L is constructed differently if we want to obtain a type-I t.n.p. matrix or a type-II

t.n.p. matrix. In the first case L = tril(ones(n, n)) and in the second one is L =
[
L11 O
L21 L22

]

with L11 =
[

0 1
1 0

]
, L21 =


1 −1
1 −1
...

...
1 −1

 and L22 = tril(ones(n− 2, n− 2)).

The matrix D is constructed as D = diag(−d1, d2, 1, . . . , 1) with d1 ≥
∑ip
j=2 vjn, and d2 = 1 if we

want to obtain a type-I t.n.p. matrix or d2 = −1 if we want to obtain a type-II t.n.p. matrix.
The following example constructs a type-I and type-II t.n.p. matrices.
Example 2. Obtain an 14 × 14 type-I and type-II t.n.p. matrices A with rank(A) = 8, p-
rank(A) = 5 and the sequence of its first 5-indices is H = [1, 2, 6, 9, 13].
We use the matrix V constructed in Example 1. Now, A1 = LDV is a type-I t.n.p. matrix where
L = tril(ones(14, 14)) and D = diag(−15 1 1 1 1 1 1 1 1 1 1 1 1 1). That is,

A1 =



−15 −15 −15 −15 −15 −15 −15 −15 −15 −15 −15 −15 −15 −15
−15 −14 −14 −14 −14 −14 −14 −14 −14 −14 −14 −14 −14 −14
−15 −14 −14 −14 −14 −13 −13 −13 −13 −13 −13 −13 −13 −13
−15 −14 −14 −14 −14 −12 −12 −12 −12 −12 −12 −12 −12 −12
−15 −14 −14 −14 −14 −11 −10 −10 −10 −10 −10 −10 −10 −10
−15 −14 −14 −14 −14 −10 −8 −7 −7 −7 −7 −7 −7 −7
−15 −14 −14 −14 −14 −10 −8 −7 −6 −6 −6 −6 −6 −6
−15 −14 −14 −14 −14 −10 −8 −7 −5 −5 −5 −5 −5 −5
−15 −14 −14 −14 −14 −10 −8 −7 −4 −3 −3 −3 −3 −3
−15 −14 −14 −14 −14 −10 −8 −7 −4 −3 −3 −3 −2 −2
−15 −14 −14 −14 −14 −10 −8 −7 −4 −3 −3 −3 −1 −1
−15 −14 −14 −14 −14 −10 −8 −7 −4 −3 −3 −3 −1 −1
−15 −14 −14 −14 −14 −10 −8 −7 −4 −3 −3 −3 −1 −1
−15 −14 −14 −14 −14 −10 −8 −7 −4 −3 −3 −3 −1 −1


.

To obtain a type-II t.n.p. matrix A2, we consider the matrices L and D given by
L = [0 1 zeros(1, 12); 1 0 zeros(1, 12); ones(12, 1)− 1 ∗ ones(12, 1)tril(ones(12, 12))]
D = diag(−15 − 1 1 1 1 1 1 1 1 1 1 1 1 1).

Then, A2 = LDV is equal to

A2 =



0 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1
−15 −15 −15 −15 −15 −15 −15 −15 −15 −15 −15 −15 −15 −15
−15 −14 −14 −14 −14 −13 −13 −13 −13 −13 −13 −13 −13 −13
−15 −14 −14 −14 −14 −12 −12 −12 −12 −12 −12 −12 −12 −12
−15 −14 −14 −14 −14 −11 −10 −10 −10 −10 −10 −10 −10 −10
−15 −14 −14 −14 −14 −10 −8 −7 −7 −7 −7 −7 −7 −7
−15 −14 −14 −14 −14 −10 −8 −7 −6 −6 −6 −6 −6 −6
−15 −14 −14 −14 −14 −10 −8 −7 −5 −5 −5 −5 −5 −5
−15 −14 −14 −14 −14 −10 −8 −7 −4 −3 −3 −3 −3 −3
−15 −14 −14 −14 −14 −10 −8 −7 −4 −3 −3 −3 −2 −2
−15 −14 −14 −14 −14 −10 −8 −7 −4 −3 −3 −3 −1 −1
−15 −14 −14 −14 −14 −10 −8 −7 −4 −3 −3 −3 −1 −1
−15 −14 −14 −14 −14 −10 −8 −7 −4 −3 −3 −3 −1 −1
−15 −14 −14 −14 −14 −10 −8 −7 −4 −3 −3 −3 −1 −1


.

An algorithm to obtain type-I and type-II t.n.p. matrices is given in [4].
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Modeling excess weight in Spain by using
deterministic and random differential equations
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Abstract

In this work, the aim is to model the data from the Spanish National Health Survey (ENSE) 2017,
which gathers the percentage of overweight and obese adults in Spain along the last three decades.
A compartmental system of differential equations is employed, based on the classification “normal
weight”, “overweight” and “obese”. It is assumed homogeneous mixing, non–constant population,
and social transmission of excess weight due to peer pressure. The model is randomized by incor-
porating a discrete and uncorrelated Gaussian error (frequentist regression), random parameters
and errors (Bayesian inference), and a Gaussian white noise perturbation into the derivatives (Itô
stochastic differential equation). In all those cases, inverse parameter estimation is conducted.
Some remarkable results are obtained. For example, the long–term behavior of the system shows
that 37% and 24% of Spanish adults will be overweight and obese in the long run, respectively.
The sensitivity analyses from the different strategies agree and suggest that prevention strategies
are more important than treatment strategies to control adulthood obesity. This methodology
and the results are based on the recent papers [1] and [2].

1 Introduction

Yet most neglected, today excess weight causes more than 2.8 million deaths each year and a
significant economic burden. Paradoxically coexisting with malnutrition, the prevalence of obesity
has nearly tripled since 1975. In Spain, 7% health cost is due to excess weight. Due to these facts,
and the likely higher impact in the future, it is necessary to address the problem of obesity.
Mathematical models are an effective tool to understand the past history, forecast, and propose
targeted measures.
The classification between “normal weight”, “overweight” and “obesity” refers to BMI (weight
divided by height squared): BMI < 25, 25 ≤ BMI < 30, 30 ≤ BMI. (Malnutrition is not
considered.) When there are groups in the population, a compartmental model can be considered.
The flux between compartments is studied by means of ordinary differential equations, with no
spatial effects, and homogeneous mixing:

dX
dt = F (X),

1calatayj@uji.es
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XT (t) = (x1(t), . . . , xm(t)), F T (x) = (f1(x), . . . , fm(x)),
xi(t) = number of individuals in compartment i at instant t.

See [3, 4].
Some medical and sociological studies suggest that excess weight may be transmitted through
persons, similarly to an infectious disease. Random networks (graphs) were analyzed in [5]. The
authors concluded that the probability of becoming obese augments by 57% with an obese friend.
Similarly, if your partner is obese, the chance of obesity increases by 37%. On the other hand,
according to [6], excess weight is transmitted by imitation and social pressure. There are some
models that consider imitation and social pressure for different phenomena: alcohol, tobacco,
telecommunications, drugs, etc. [7–9].
The Spanish National Health Survey (ENSE) is a massive scale survey that collects transversal
data on health regarding the resident population in Spain. It started in 1987. The last sur-
vey appeared in 2017, with 23089 interviews. See https://www.mscbs.gob.es/estadEstudios/
estadisticas/encuestaNacional/encuesta2017.htm. The percentage of obesity has increased
from 7.4% in 1987 to 17.4% in 2017. Among children, it is maintained around 10%. The aim
is to model the prevalence of overweight and obesity from 1987 till 2017 in Spain, among the
adulthood Spanish population (older than 18 years old). We base on the papers [1, 2], and the
reader is referred to them for detailed information.

2 Deterministic model

According to the INE, the Spanish population has not been constant from 1987 until 2017. A
logistic model is fitted:

T (t) = Spanish adults (rescaled by ten million), t = 0 is 1987;

T ′(t) = µT (t)
(

1− T (t)
K

)
⇒

µ̂ = 0.0491843, K̂ = 4.47700; T (t) = 12.3654
2.76197 + 1.71503 e−0.0491843t .

Let S(t) and O(t) be the number of overweight and obese adults at year t since 1987 (t = 0).
These are rescaled by ten million. As described in the Introduction section, there is a social
pressure to become overweight. The model is:

S′(t) = µS(t)
(
1− T (t)

K

)
+ β T (t)−S(t)−O(t)

T (t) [S(t) +O(t)]− (ρ+ γ)S(t) + εO(t), t ≥ 0,
O′(t) = µO(t)

(
1− T (t)

K

)
+ γS(t)− εO(t), t ≥ 0,

S(0) = S0 = 0.902400,
O(0) = O0 = 0.208680,

where µ = 0.0491843 and K = 4.47700. The model may also be written with three compartments
(N = T − S −O):

N ′(t) = µN(t)
(
1− T (t)

K

)
− βN(t)

T (t) [S(t) +O(t)] + ρS(t),
S′(t) = µS(t)

(
1− T (t)

K

)
+ βN(t)

T (t) [S(t) +O(t)]− (ρ+ γ)S(t) + εO(t),
O′(t) = µO(t)

(
1− T (t)

K

)
+ γS(t)− εO(t),

N(0) = N0 = T (0)− S0 −O0,

S(0) = S0,

O(0) = O0.
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These systems are well-posed (existence, uniqueness and positivity). The parameters are inter-
preted as rates. These are assumed to be time independent, because there have not been strong
measures to face excess weight.
The mean-square error is minimized:

11∑
i=1

(S(ti|β, γ, ε, ρ)− si)2 +
11∑
i=1

(O(ti|β, γ, ε, ρ)− oi)2 .

This yields the parameter estimates

β̂ = 0.368989, γ̂ = 0.0222886, ε̂ = 0.0344076, ρ̂ = 0.240838.

The MAPE (mean absolute percentage error) is:

100
22

( 11∑
i=1

|S(ti|β̂, γ̂, ε̂, ρ̂)− si|
si

+
11∑
i=1

|O(ti|β̂, γ̂, ε̂, ρ̂)− oi|
oi

)
= 3.17554.

According to Lewis’ scale, the model is very accurate.
A sensitivity analysis consists in finding the parameter with the highest impact in the model,
to control and mitigate the problem. The analysis may be based on MAPEs (remove parameter
and recompute the MAPE) and on differentiation (local variation). It is derived that prevention
strategies are preferred over treatment strategies.
Asymptotically, it holds S(∞) = 1.64077 and O(∞) = 1.06286. That is, the prevalences are
36.65% and 23.74%, respectively.

3 Frequentist regression model

The model presents errors that are not controllable. If (S(t|β, γ, ε, ρ), O(t|β, γ, ε, ρ)) is the deter-
ministic solution, then consider the random variables

Si = S(ti|β, γ, ε, ρ) + ESi ,

Oi = O(ti|β, γ, ε, ρ) + EOi ,
i = 1, . . . , 11. The datums are realizations. The terms ESi , EOi are random errors with zero
expectation and constant variance σ2, all of them identically distributed and independent. The
normality of residuals is accepted by Kolmogorov-Smirnov and Shapiro-Wilk tests. Levene’s test
renders equality of variances.
Non-linear regression Y = g(q) + E , q = (β, γ, ε, ρ), is based on [10, chapter 7], as a generalization
of linear regression. The Jacobian matrix X(q) = Jg(q) gives a linear model. From the theory of
linear models, the estimates are:

σ̂2 = 0.00103513, Q̂ = (statistic of q) ≈ Normal(q,ΣQ̂),

q̂ = deterministic estimator, Σ̂Q̂ = σ̂2(X(q̂)>X(q̂))−1.

The sensitivity analysis is based on MAPEs (as before) and t-tests. The t-tests are conducted
from

(t-Student)i = q̂i

σ̂
√

(X(q̂)>X(q̂))−1
ii

,

with the interpretation

(t-Student)2 = R2
new −R2

old
(1−R2

old)/(n− np)
.
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The conclusions coincide with the previous section.
The asymptotic estimates (95% prediction intervals and expectations) for overweight and obesity
are the following: [34.22%, 39.08%] and [13.68%, 33.80%], 36.65% and 23.74%. Observe the wide
prediction interval when extrapolating.

4 Bayesian model

The parameters q are considered as random variables. A Bayesian model [10, chapter 8] is the
following:

Y |q, σ2 ∼
22∏
i=1

Normal
(
gi(q), σ2

)
,

q ∼ π(q) = π(β)π(γ)π(ε)π(ρ), σ2 ∼ π(σ2).

The Bayes’ formula for the posterior distribution of the parameters is the following:

π(q, σ2|y) = π(y|q, σ2)π(q)π(σ2)∫∞
−∞ π(y|q, σ2)π(q)π(σ2) d4q dσ2 .

Instead of quadratures, Markov Chain Monte Carlo algorithms are used, such as Metropolis and
Adaptive Metropolis. Each iteration requires the numerical resolution of the model. The Adaptive
Metropolis algorithm is the most efficient, as the covariance matrix of the proposal distribution
is changed on the fly.
The sensitivity analysis is based on the BIC and derivations (Savage-Dickey density ratio). The
conclusions coincide with the preceding section.
The asymptotic estimates (0.95 credible intervals and expectations) for overweight and obesity
are the following: [35.1%, 38.0%], [21.6%, 26.7%], 36.6% and 24.0%.

5 Model based on Itô stochastic differential equations

A model is the following:


dS(t) =

[
µS(t)

(
1− T (t)

K

)
+ β T (t)−S(t)−O(t)

T (t) [S(t) +O(t)]− (ρ+ γ)S(t) + εO(t)
]

dt+ σ1dB1(t),
dO(t) =

[
µO(t)

(
1− T (t)

K

)
+ γS(t)− εO(t)

]
dt+ σ2dB2(t),

S(0) = S0,

O(0) = O0.

Here B1(t) and B2(t) are independent standard Brownian motions. Gaussian white noise random
perturbations (formal derivatives of Brownian motions) have been added into the response deriva-
tives. It may be proved that the model possesses a unique solution on [0,∞) [11, theorem 3.6].
Strictly speaking, the response processes may take negative values, which does not make sense.
Nonetheless, the probability of such occurrence is, for the typical values of the parameters, negli-
gible.
From the Euler-Maruyama discretization, several strategies are utilized for estimating the param-
eters, based on the moments method and maximum likelihood estimation.
The sensitivity analysis is based on MAPEs. The same conclusions are obtained.
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equations. Chaos, Solitons & Fractals, 145(110786), 2021.

[3] Murray, J.D., Mathematical Biology. Berlin, Springer, 1993.

[4] Brauer, F., Compartmental models in epidemiology. In: Mathematical Epidemiology. Berlin, Springer,
2008. pp. 19–79.

[5] Christakis, N.A., Fowler, J.H., The spread of obesity in a large social network over 32 years. N. Engl.
J. Med., 357:370–379, 2007.

[6] Blanchower, D.G., Oswald, A.J., Landeghem, B.V., Imitative obesity and relative utility. J. Eur. Econ.
Assoc., 7:528–38, 2009.

[7] Santonja, F.J., Sánchez, E., Rubio, M., Morera, J.L., Alcohol consumption in Spain and its economic
cost: a mathematical modeling approach. Math. Comput. Model., 52(7–8):999–1003, 2010.

[8] Casabán, M.C., Cortés, J.C., Navarro-Quiles, A., Romero, J.V., Roselló, M.D., Villanueva, R.J., A
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1 Introduction

The main problem to study is to find the solution of F (x) = 0, where F : D ⊂ Rn → Rn is
a univariate function for n = 1 or multivariate when n > 1, defined on a convex set D. The
Newton’s scheme is the most employed iterative procedure to solve these kind of problems, its
iterative expression is

x(k+1) = x(k) − [F ′(x(k))]−1F (x(k)), k = 0, 1, . . .

where F ′(x(k)) denotes the Jacobian matrix of nonlinear function F evaluated on the iterate x(k).
For good convergence of Newton’s scheme an initial estimate ”close” to the solutions is necessary,
but this condition is not satisfied in the modeling of most technical problems. To deal with this
issue and enlarging the domain of convergence, a damped modification of Newton’s method was
proposed for equations in [1], [2] with the general form

xk+1 = xk − γk
f(x)
f ′(xk)

, k = 0, 1, . . .

being γk a sequence of real numbers determined by certain expression or algorithm. One of the
expressions that γk can take is the Kalitkin - Ermankov coefficient [1]

γk = ‖f(xk)‖2

‖f(xk)‖2 +
∥∥∥f(xk − f(x)

f ′(xk))
∥∥∥2 , k = 0, 1, . . . ,

where ‖ · ‖ denotes any norm.
In this paper, a new three step family is proposed. This scheme has classical Newton’s procedure
as the first step, and the corrector steps are composed by weight functions that slightly resemble
Kalitkin - Ermankov coefficient. The γk coefficient for equations (that is the weight function as
well) of this family has the form

γk = αf(xk)
αf(xk)− 2f

(
xk − f(x)

f ′(xk)

) , k = 0, 1, . . .

being α a parameter, and its extension to multivariate case is

Γ(k) = α
[
αI − 2

(
I − [F ′(x(k))]−1[x(k), y(k);F ]

)]−1
. (1)
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2 Basic definitions

Let {x(k)}k≥0 be a sequence in Rn which converges to ξ, being ξ the solution of certain nonlinear
system of equations, then the convergence is called of order p with p ≥ 1, if there exists M > 0
(0 < M < 1 if p = 1 ) and k0 such that

‖x(k+1) − ξ‖ ≤M‖x(k) − ξ‖p, ∀k ≥ k0,

or
‖e(k+1)‖ ≤M‖e(k)‖p,∀k ≥ k0, where e(k) = x(k) − α.

Moreover, being ξ such that F (ξ) = 0 and supposing that x(k−1), x(k), x(k+1) are three consecutive
iterations close to ξ, we introduce ρ as the approximated computational order of convergence that
can be estimated using the expression

ρ ≈ ln(‖x(k−1) − x(k)‖/‖x(k) − x(k−1)‖)
ln(‖x(k) − x(k−1)‖/‖x(k−1) − x(k−2)‖)

k = 2, 3, . . . (2)

Let F : D ⊆ Rn → Rn be a sufficiently Fréchet differentiable function in D, for ξ + h ∈ Rn lying
in a neighborhood of a solution ξ of F (x) = 0, applying Taylor expansion and assuming that the
Jacobian matrix F ′(ξ) is non singular, we have

F (ξ + h) = F ′(ξ)

h+
p−1∑
q=2

Cqh
q

+O(hp). (3)

where Cq = (1/q!)[F ′(ξ)]−1F (q)(ξ), q ≥ 2. We take into account that Cqhq ∈ Rn since F (q)(ξ) ∈
L(Rn × · · · × Rn, Rn) and [F ′(ξ)]−1 ∈ L(Rn). Therefore, we can express F ′ as

F ′(ξ + h) = F ′(ξ)
[
I +

p−1∑
q=2

qCqh
q−1
]

+O(hp−1), (4)

where I is the identity matrix and qCqh
q−1 ∈ L(Rn).

On the other hand, in accordance with the notation defined by Artidiello et al. in [3], if X = Rn×n
denotes the Banach space of real square matrices of size n × n, we can define a matrix function
H, H : X → X such that the Frechet derivative satisfies:

(a) H ′(u)(v) = H1uv, where H ′ : X → L(X) and H1 ∈ R,

(b) H ′′(u, v)(v) = H2uvw, where H ′′ : X ×X → L(X) and H2 ∈ R.

3 The proposed iterative family PMKE

In [4] it was presented a three step iterative class based on weight functions

y(k) = x(k) − F ′(x(k))−1F (x(k)),
z(k) = y(k) −H(t(k))F ′(x(k))−1F (y(k)), (5)

x(k+1) = z(k) −H(t(k))F ′(x(k))−1F (z(k)), k ≥ 0

being t(k) = I − [F ′(x(k))]−1[x(k), y(k);F ]. This class has six order of convergence, proven in the
next result.
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Theorem 10. Let F : D ⊆ Rn → Rn be a sufficiently Fréchet differentiable function in an open
neighborhood D of ξ ∈ Rn such that F (ξ) = 0, and H : Rn×n → Rn×n a sufficiently Fréchet
differentiable matrix function. Let us also assume that F ′(x) is non singular at ξ and x(0) is an
initial value close enough to ξ. Then, sequence {x(k)}k≥0 obtained from class (15) converges to ξ
with order 6 if H0 = I, H1 = 2 and |H2| < ∞, where H0 = H(0) and I is the identity matrix,
being its error equation

e(k+1) = 1
4
[
(H2

2 − 22H2 + 120)C5
2 + (−24 + 2H2)C2

2C3C2 + (−20 + 2H2)C3C
3
2 + 4C2

3C2
]
e(k)6

+O(e(k)7),

where Cq = 1
q! [F ′(ξ)]−1F (q)(ξ), q = 2, 3, . . . and e(k) = x(k) − ξ.

Considering (1) the multivariate extension of the coefficient γk for equations, we can write the
weight function as

H(t(k)) = Γ(k) = α
[
αI − 2

(
I − [F ′(x(k))]−1[x(k), y(k);F ]

)]−1
= α

[
αI − 2t(k)

]−1
(6)

that satisfies the conditions of Theorem 1 for α = 1.
With the help of (6) PMKE become

y(k) = x(k) − F ′(x(k))−1F (x(k)),

z(k) = y(k) − α
[
αI − 2t(k)

]−1
F ′(x(k))−1F (y(k)), (7)

x(k+1) = z(k) − α
[
αI − 2t(k)

]−1
F ′(x(k))−1F (z(k)), k ≥ 0.

4 Dynamical behavior comparison

In what follows, we construct and compare the dynamical planes of PMKE and Newton’s pro-
cedure acting on certain functions. The graphics are calculated following the routines described
in [5]. A grid with 400-point per axis is constructed, every initial estimation is iterated a maximum
of 50 times, checking its closeness to the root with a tolerance of 10−3. The points in mesh are
painted depending on the root reached, color is brighter when lesser are the iterations required for
achieving the root. If all the iterations are completed and no convergence to any root is reached,
then the point is painted in black.
For n = 1, the phase diagrams correspond to the equation f(x) = arctan(x), whose only root is
ξ = 0.
In the vectorial case, the dynamical planes represented correspond to the function F (x) = {x2

1 +
x2

2 − 5, x1x2 − 2}, whose zeros are ξ1 = (−2,−1), ξ2 = (−1,−2), ξ3 = (2, 1) and ξ4 = (1, 2).
An analysis of Figure 1 reveals that in case of f(x) the larger domain of convergence is roughly
[-4.5, 4.5] belonging to PMKE for α = 1.0 and the shorter correspond to α = −1.57 for real initial
estimations. In the first case the performance of the Newton method has been improved.
In Figure 2 the dynamical planes corresponding to the function F (x) for Newton and PMKE

are presented. Let us notice the good performance of the Newton procedure for functions of
polynomial type. With respect to the PMKE family represented in Figures 2b, 2c, 2d and 2e we
can say that it is very stable except for the α = 0.85 (Figure 2d) where it turns slightly chaotic.
In general, the PMKE sufficiently emulates Newton’s procedure with higher order of convergence
for the α values studied for the function of polynomial type F (x).
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(a) Newton, f(x)
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(b) PMKE , α = −3.5
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(c) PMKE , α = −1.57
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(d) PMKE , α = −0.85
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(e) PMKE , α = 1.0

Figure 1: Phase diagrams of Newton and PMKE procedures acting on f(x)
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(a) Newton, F (x)
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(b) PMKE , α = −3.5
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(c) PMKE , α = −1.57
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(d) PMKE , α = 0.85
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(e) PMKE , α = 1.0

Figure 2: Phase diagrams of PMKE and Newton procedures acting on F (x)

5 Numerical test

In this section, we compare the numerical performance of PMKE and Newton methods. To
make the comparative numerical experiments we use Matlab computer algebra system with
2000 digits of mantissa in variable precision arithmetics. The stopping criterion used is
‖x(k+1) − x(k)‖ < 10−200 or ‖F (x(k+1))‖ < 10−200. The initial values employed and the searched
solutions are symbolized as x(0) and ξ, respectively. For each nonlinear system one table is
displayed with the results of the numerical experiments. The given information is organized as
follows: x(0) is the initial approximation, k is the number of iteration needed to converge to the
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solution, the value of the stopping residuals ‖x(k+1)− x(k)‖ or ‖F (x(k+1))‖ and the approximated
computational order of convergence ρ (if the value of ρ for the last iterations is not stable, then
’-’ appears in the table). In this way, it can be checked if the convergence has reached the root
(‖F (x(k+1))‖ < 10−200 is achieved) or it is only a very slow convergence with a no significant
difference between the two last iterates (‖x(k+1) − x(k)‖ < 10−200 but ‖F (x(k+1))‖ > 10−200), or
both criteria are satisfied. The examples of nonlinear systems are the followings:

Example 1. The first nonlinear system is
x1 + 10x2 = 0,√

5(x3 − x4) = 0,
(x2 − 2x3)2 = 0,√

10(x1 − x4)2 = 0,

with solution ξ = (0, 0, 0)T and initial estimation x(0) = (3,−1, 0, 1), the results are given in Table
1. Note the large number of iterations involved to reach the solutions and almost null of resid-
uals ‖F (x(k+1))‖ for the given schemes. The minimum number of iterations in the performance
corresponds to PMKE for α = 0.85. The computational approximation order of convergence is
unstable in all the cases.

Table 1: Numerical results of the examined methods for the Example 1

x(0) Method k ‖x(k+1) − x(k)‖ ‖F (x(k+1))‖ ρ

(3, -1, 0, 1) N 335 35.0430× 10−102 2.5901× 10−201 -

PMKE{α=−3.50} 318 56.6818× 10−102 6.1163× 10−201 -
PMKE{α=−1.57} 274 6.6149× 10−102 3.7807× 10−201 -
PMKE{α=0.85} 90 221.9237× 10−102 847.3685× 10−204 -
PMKE{α=1.00} 141 105.8336× 10−102 1.9240× 10−201 -

Example 2. Finally, we test the proposed methods with a nonlinear system of variable size. It is
described as

arctan(xi) + 1− 2

 n∑
j=1

x2
j − x2

i

 = 0, i = 1, 2, . . . , n,

with n = 20 we employ the initial estimation x(0) = (0.75, . . . , 0.75)T . In this case, the solution is
ξ ≈ (0.1758, . . . , 0.1758)T and the obtained results can be found at Table 2.
In this case, the scheme PMKE provide excellent results as well as Newton’s with null residual
‖F (x(k+1))‖ for α = 0.85 and lower number of iterations in all the cases. When α = 1, the
theoretical order of convergence is very close to 6 in correspondence with the Theorem 10.

6 Conclusions

In this work, we have presented a parametric family that reaches sixth-order of convergence for
one value of the parameter equal to unity. The study carried out reveals good performance for
the family that improves the Newton method for some functions and emulates Newton’s method
on polynomial functions with n=2. The numerical experiments reinforces the latest thesis.
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Table 2: Numerical results of the examined methods for the Example 2

x(0) Method k ‖x(k+1) − x(k)‖ ‖F (x(k+1))‖ ρ

(0.75, . . . , 0.75) N 11 174.2412× 10−201 0.0 2.0

PMKE1{α=−3.50} 10 279.9073× 10−126 563.9181× 10−249 2.0
PMKE1{α=−1.57} 9 777.3794× 10−129 1.8215× 10−252 2.0
PMKE1{α=0.85} 8 66.8781× 10−201 0.0 2.0
PMKE1{α=1.00} 4 4.6966× 10−36 41.1062× 10−213 5.9493
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Universitat Politècnica de València,
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1 Introduction

Free boundary problems describe several phenomena in nature, engineering and society, among
others melting and freezing problems [1]. In these problems apart from determining the unknown
function of the diffusion partial differential equation, we have an additional challenge concerning
the calculus of evolution for the unknown moving boundary. In order to fit more realistically these
type of problems, in this work we extend them into a random scenario using the mean square
(m.s.) random calculus. We introduce known uncertainty, via considering random variables
and stochastic processes following a certain probability distribution and depending on a finite
degree of randomness [2, p.37]. In this work we study the following semi-infinite single-phase
random melting problem for which the corresponding deterministic problem has an available
exact solution [3, Chpts. 1 & 3]:

∂T (x, t, ω)
∂t

= D(ω) ∂
2T (x, t, ω)
∂x2 , D(ω) = κ(ω)

cp(ω) ρ(ω) , 0 < x = x(t, ω) < s(t, ω), ω ∈ Ω ,

(1)
with the following random boundary and initial conditions

T (0, t, ω) = Tw(ω) , t > 0 , ω ∈ Ω (wall temperature), (2)
T (s(t, ω), t, ω) = Tm(ω) , t > 0 , ω ∈ Ω (melting front temperature), (3)

T (x, 0, ω) = Tm(ω), x > 0 , ω ∈ Ω (initial temperature), (4)
s(0, ω) = 0 , ω ∈ Ω (initial position of the interface), (5)

and the velocity of the 2-stochastic process (2-s.p.) interface s(t, ω) is stated by a random Stefan’s
condition:

ds(t, ω)
dt = −Q(ω) ∂T (s(t, ω), t, ω)

∂x

∣∣∣∣
x→ s(t,ω)−

, Q(ω) = κ(ω)
L(ω) ρ(ω) , ω ∈ Ω . (6)

Here the unknown 2-s.p. T (x, t, ω), ω ∈ Ω, 0 < x < s(t, ω), t > 0, represents the temperature of
the material in the liquid phase, D(ω) > 0 in (1) represents the diffusivity random variable (r.v.)
involving the thermal conductivity r.v. κ(ω) > 0, the specific heat r.v. cp(ω) > 0 and the density

1e-mail: macabar@imm.upv.es
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r.v. of the material ρ(ω) > 0. The r.v. Q(ω) > 0 appearing in the Stefan condition (6) involves
the latent heat of fusion r.v. of the phase change material L(ω) > 0 and the r.v.’s κ(ω) > 0 and
ρ(ω) > 0. Since our purpose is numerical we assume a realistic random framework. In our models
the involved 2-s.p.’s T (x, t, ω), C(x, t, ω) and s(t, ω) are defined in a complete probability space
(Ω,F ,P) and have p degrees of randomness [2, p.37], i.e., they only depend on a finite number p
of random variables (r.v.’s)

g(x, t, ω) = g (x, t, B1(ω), B2(ω), . . . , Bp(ω)) , (7)

where

Bi(ω) , 1 ≤ i ≤ p , are mutually independent r.v.’s,
g is a differential real function of the variables x, t.

}
(8)

For the treatment of the random moving boundary s(t, ω) we propose a boundary immobilization
formulation or random front-fixing method based on a transformation of the original random
problem

z = x(t, ω)
s(t, ω) , ω ∈ Ω, t > 0 , (9)

where z becomes the deterministic spatial variable of the immobilized random boundary problem.
The new dependent variable

u(z, t, ω) = T (x(t, ω), t, ω) , ω ∈ Ω , (10)

is the solution s.p. of the random transformed problem

D(ω) 1
s2(t, ω)

∂2u(z, t, ω)
∂z2 +z s

′(t, ω)
s(t, ω)

∂u(z, t, ω)
∂z

= ∂u(z, t, ω)
∂t

, 0 < z < 1, t > 0 , ω ∈ Ω , (11)

u(0, t, ω) = Tw(ω) , t > 0 , ω ∈ Ω, (12)
u(1, t, ω) = Tm(ω) , t > 0 , ω ∈ Ω, (13)

s(0, ω) = 0 , ω ∈ Ω, (14)

s′(t, ω) = − Q(ω)
s(t, ω)

∂u(z, t, ω)
∂z

∣∣∣∣
z→ 1−

, t > 0, ω ∈ Ω, (15)

where s′(t, ω) denotes the first mean square derivative ds(t,ω)
dt , ω ∈ Ω. The mean square operational

calculus developed in (11) and (15) is legitimated when

∂2u(z, t, ·)
∂z2 ,

∂u(z, t, ·)
∂z

,
s′(t, ·)
s(t, ·) ,

1
s(t, ·) , and 1

s2(t, ·) (16)

lie in L4(Ω), see [4, Sec. 3].
With the immobilised boundary we can use a random finite difference method [5] constructing
random difference schemes for both unknowns the temperature s.p. and the melting interface.
Both difference schemes will be executed simultaneously because the melting interface is used to
compute the temperature. Let us consider the uniform partition of the spatial domain [0, 1] taking
a step size h in order to obtain equally spaced points zi = ih, 0 ≤ i ≤M , such that Mh = 1. For
a fixed time τ and a small initial time t0 > 0, we take a step size k and N + 1 intermediate time
levels are generated tn = nk + t0, 0 ≤ n ≤ N , with τ = Nk + t0.
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The random difference scheme for determining the approximation uni (ω) = un(zi, tn, ω) to the
unknown s.p. temperature u(z, t, ω), ω ∈ Ω, is given by

un+1
i (ω) = ani (ω)uni−1(ω) + bn(ω)uni (ω) + cni (ω)uni+1 , ω ∈ Ω ,

1 ≤ i ≤M − 1, 0 ≤ n ≤ N − 1 ,

un0 (ω) = Tw(ω) , unM (ω) = Tm(ω) , 0 ≤ n ≤ N ,

u0
i (ω) = Tm(ω)−Tw(ω)

erf(β) erf(β zi) + Tw(ω) , 0 ≤ i ≤M .


(17)

with the random coefficients

ani (ω) = k

h2(sn(ω))2

(
D(ω) + Q(ω) ∆n(ω)

4 zi

)

bn(ω) = 1− 2kD(ω)
h2 (sn(ω))2

cni (ω) = k

h2(sn(ω))2

(
D(ω)− Q(ω) ∆n(ω)

4 zi

)


1 ≤ i ≤M − 1, 0 ≤ n ≤ N − 1 , (18)

being ∆n(ω) = 3unM (ω) − 4unM−1(ω) + unM−2(ω). The random difference scheme for determining
the approximation sn(ω) = s(tn, ω) to the melting interface s.p. s(t, ω), ω ∈ Ω takes the form

sn+1(ω) = sn(ω)− k Q(ω) ∆n(ω)
sn(ω) 2h , 0 ≤ n ≤ N − 1 ,

s0(ω) = 2β(ω)
√
D(ω) t0 , t0 > 0 , ω ∈ Ω ,

β(ω) eβ(ω)2erf(β(ω)) = Q(ω) (Tw(ω)−Tm(ω))
D(ω)

√
π

.


(19)

For small enough values of the step-size h together with the hypothesis
k

h2 < 2 t0 β2
min , (20)

where βmin = min{β(ω) : ω ∈ Ω}, one guarantees the positivity and stability of the solution
s.p.’s of the random difference schemes (17)–(18) and the time increasing behaviour of the melting
interface s.p. obtained from (19).
In order to compute the mean and the standard deviation of the approximated solutions from (17)–
(19) firstly we need to overcome the trouble of solving the random non-linear equation appearing
on (19). Then we use a Monte Carlo technique taking a number K of realizations and solve
the corresponding sampling deterministic non-linear equations associated. Each sampled solution
β(ωK) will be taken in the difference scheme (19) as well as a number K of realizations of the
random data involved in (17)–(19) according to their probability distributions. Finally, the K
sampling deterministic difference schemes associated to (17)–(19) will be solved and the mean
and the standard deviation of the K results can be computed. Now in order to undo the variable
change for computing the mean and the standard deviation of the solution s.p. T (x, t, ω) of (1)
we use the transformation (9) which allows us to compute the mean of the r.v. x(t, ·) at a fixed
time t,

µ[x(t, ω)] = z µ[s(t, ω)] , 0 ≤ z ≤ 1 . (21)
Then the mean of the temperature s.p. above computed µ[u(z, t, ω)] is assigned to the mean of
the space variable µ[x(t, ω)] given by (21).
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In order to illustrate and validate the random solid-liquid phase change simulation results obtained
in our study, we are going to consider a block of ice of negligible thickness. The data taken have
been considered mutually independent and truncated r.v.’s., see Table 1.

Tw 10◦C
Tm 0◦C
Thermal Conductivity (κ(ω)) κ(ω) ∼ N[0.5,0.7](0.60, 0.10) W/moC
Density of the liquid (ρ) 1 kg/l
Specific heat (cp) 4.1868 J/g◦C

D(ω) = κ(ω)
cp ρ

D(ω) = 14.3308κ(ω) mm2/min

Latent heat of fusion (L(ω)) L(ω) ∼ N[0.31,0.35](0.33, 0.02) KJ/g

Q(ω) = κ(ω)
L(ω) ρ Q(ω) = 6 κ(ω)

L(ω) mm2/◦C min

Table 1: Thermophysical properties of water and other data of the example.

The study of the numerical convergence of these approximations has been treated by means of
the analysis of their absolute errors in two stages at a fixed time τ . Firstly, we have fixed the
step-sizes (h, k) verifying the sufficient stability condition (20) and we have varied the number K
of Monte Carlo realizations comparing their absolute differences, AbsDiff, between two successive
realizations {K`,K`+1} using the following expressions

AbsDiff
[
µ
(
uK`K`+1(zi, τ, ω)

)]
=

∣∣AbsErr
[
µ
(
uK`+1(zi, τ, ω)

)]
−AbsErr [µ (uK`

(zi, τ, ω))]
∣∣ ,

AbsDiff
[
σ
(
uK`K`+1(zi, τ, ω)

)]
=

∣∣AbsErr
[
σ
(
uK`+1(zi, τ, ω)

)]
−AbsErr [σ (uK`

(zi, τ, ω))]
∣∣ ,

AbsDiff
[
µ
(
sK`K`+1(tn, ω)

)]
=

∣∣AbsErr
[
µ
(
sK`+1(tn, ω)

)]
−AbsErr [µ (sK`

(tn, ω))]
∣∣ ,

AbsDiff
[
σ
(
sK`K`+1(tn, ω)

)]
=

∣∣AbsErr
[
σ
(
sK`+1(tn, ω)

)]
−AbsErr [σ (sK`

(tn, ω))]
∣∣ ,

(22)

where AbsErr represents the absolute error of the mean and the standard deviation between
the exact values, u(zi, τ, ω) and s(tn, ω), and the approximated ones denoted by uK(zi, τ, ω) and
sK(tn, ω). Figure 1 shows how the successive absolute differences (22) decrease as the number
of Monte Carlo realizations K` ∈ {10, 20, 40, 80, 160} increases for the fixed step-sizes (h, k) =
(0.05, 8e − 04). In the second stage about the study of the convergence of the approximations
to the both statistical moments, we have taken a fixed number of Monte Carlo realizations K,
K = 1280, and we have refined the step-sizes (h, k) according to the stability condition (20). The
approximations getting better due to the decreasing of the absolute errors as step-sizes decreasing
up to the values (h, k) = (0.025, 2e− 04). Table 2 collects the maximum value for these absolute
errors.

2 Conclusions and Future work

In this work a random free boundary problem has been addressed from the m.s. calculus point of
view for the first time to our knowledge. The methodology used combines a random front-fixing
method, random finite difference schemes and Monte Carlo technique. The random scheme com-
bined with the Monte Carlo method solves the computational problem associated with random
iterative methods as it avoids collapsing in the calculation of symbolic expressions to few tempo-
rary steps. In this way, it is possible the computation of the mean and the standard deviation of
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Figure 1: Absolute differences over the τ = 5.1 minutes for both statistical moments of the approximations
s.p. between two successive realizations {K`,K`+1}, K` ∈ {10, 20, 40, 80, 160}. The step-sizes (h, k) =
(0.05, 8e− 04) are fixed and tn = t0 + nk, 0 ≤ n ≤ N = 6250 in [t0 = 0.1, τ = 5.1].
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(h, k) (M,N) ‖AbsErr [µ (uK(zi, τ, ω))]‖∞ ‖AbsErr [σ (uK(zi, τ, ω))]‖∞
◦C ◦C

(0.1, 3.125e− 03) (10, 1600) 1.9464e− 02 1.1350e− 03
(0.05, 8.0e− 04) (20, 6250) 5.7560e− 03 5.4689e− 04
(0.025, 2.0e− 04) (40, 25000) 2.2727e− 03 4.0980e− 04

(h, k) (M,N) ‖AbsErr [µ (sK(tn, ω))]‖∞ ‖AbsErr [σ (sK(tn, ω))]‖∞
mm mm

(0.1, 3.125e− 03) (10, 1600) 1.3208e− 01 1.9869e− 02
(0.05, 8e− 04) (20, 6250) 2.0884e− 02 1.4453e− 02
(0.025, 2e− 04) (40, 25000) 7.4025e− 03 1.3079e− 02

Table 2: Maximum values of the absolute errors for both statistical moments of the approximate temper-
ature s.p. and the approximate melting interfaces s.p. from t0 = 0.1 up to τ = 5.1 minutes. The step-sizes
(h, k) are refined while the number of the Monte Carlo realizations is the fixed value K = 1280. The values
M and N are the spatial and temporal levels, respectively.

the approximate temperature s.p. and the approximate melting interface s.p. The numerical com-
parisons with the statistical moments of the exact solutions for the temperature and the melting
interface allow to check the reability of the approximations computed. This method is suitable to
be used to solve other types of Stefan problems.
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Modeling one species population growth with delay

B. Chen-Charpentier[,1

([) Department of Mathematics,
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1 Introduction

One population growth models based on first order ordinary differential equations with constant
coefficients have solutions that do not oscillate Some populations like the australian sheep-blow
fly [13, 14], lemmings [12], voles [19] oscillate. Delay differential equations may have oscillatory
solutions. But the question is whether the delays are causing the oscillations, and a second question
is how to introduce the delay in the models. If the delays are not causing the oscillations, is there
another way of getting oscillations? Many physical and biological processes, including gestation,
maturation, reproduction, and many others, take time to complete. These times introduce delays
in the processes. These delays can be modeled by using delay differential equations (DDE’s)
instead of ordinary differential equations (ODE’s). These delay times can change the dynamics
of the models and the effects of the delay times are highly coupled with the parameters of the
model. It is well known that introducing delays into a model described by ODE’s can change the
solutions. For example, delays may introduce discontinuities in the derivative of the solutions and
may introduce oscillations in the solutions. Also, there may not be uniqueness of the solutions
and the stability of the fixed points may change. But if the biological, physical and chemical
processes been modeled have delays, even small ones, the results are more realistic using models
based on DDE’s. [8, 9, 11]. In [10] a discrete delay is introduced into the logistic growth model in
order to explain the oscillations in the populations of the australian sheep-blow fly. This work is
widely cited ( [3, 8, 17] and many others). While this model produces oscillations , the period of
the observed oscillations does not agree with the predicted oscillation period corresponding to the
measured delay. This delay is the time of maturation of the larva into adult flies. It has also been
criticized as been not biologically realistic [5]. There are several modifications to Hutchinson’s
equation, for example [5,18], but the biological justification is not clear. In this paper we present
a biochemical reactions model equivalent to the logistic model to gain insight in how to introduce
the delay. Then we study the effect of nutrient or food availability on the population growth. We
present some results and end the paper with conclusions.

1bmchen@uta.edu
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2 Methods

The simplest population growth model was given by Malthus

dN

dt
= rN(t), (1)

where N(t) is the value of the population as a function of time, r = b− µ is the growth rate, and
b and µ are the birth and death rates respectively. A discrete delay τ can be introduced in three
ways:

• Model 1
dN

dt
= rN(t− τ)

• Model 2
dN

dt
= bN(t− τ)− µN(t)

• Model 3
dN

dt
= bN(t)− µN(t− τ)

All three linear delay differential equations can be solved exactly and none has oscillating solu-
tions.The reason is that DDE is linear so the solutions are of the form N(t) = c exp(λt), with c
a constant depending on the initial condition. Even though the equation for the eigenvalue λ is
trascendental, there is no pure imaginary solution.
A more realistic population growth model is given by the logistic equation

dN

dt
= rN(t)(1− N(t)

K
),

where N(t) is the population, r the growth rate, and K the carrying capacity. The term rN2/K
says that the interaction between members of the population reduces its growth. A different
perspective of the processes involved can be obtained by considering the equivalent model in
terms of biochemical reactions:

N
rN−−→ 2N

N
rN2/K−−−−→ .

(2)

The first reaction says that the rate of the population growth is given by rN and the second that
the population decreases at the rate rN2/K.
The delay τ can be introduced in different ways:

• Model 1 [10]
dN

dt
= rN(t)(1− N(t− τ)

K
)

• Model 2
dN

dt
= bN(t− τ)− N(t)2

K
− µN(t)

• Model 3
dN

dt
= bN(t− τ)− N(t− τ)2

K
− µN(t)
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• Model 4
dN

dt
= rN(t− τ)(1− N(t− τ)

K
).

Here r = b − µ as before. Model 1 has competition between population at times t − τ and
t, but not competition at time t, which doesn’t make biological sense. Model 2 has the birth
rate depending on t − τ and the competition and death terms on t, which is more realistic since
the number of individuals at time t depends on the number of larva at time t − τ . But the
competition for resources and the death terms depend on N(t). Model 3 has growth depending
on the actual population and not on the maturing population, and the competition is of the
population before maturing. Both assumptions are unrealistic. In model 4 nothing depends on
the current population, which is also unrealistic.
Other delayed models are:

dN

dt
= N(t)(a− bN(t)−N(t− 1))

[18],
dN

dt
= γµN(t− τ)
µ expµt) +K(expµt)− 1)N(t− τ) − µN(t)−KN(t)2,

which uses exact solution of non-delayed logistic equation [5] and

dxim
dt

= αXm(t)− γxim(t)− σ exp(−γτ)xm(t− τ)
dxm
dt

= α exp(−γτ)xm(t− τ)− βx2
m(t).

It is similar to model 2 [2]. This model

dx

dt
= b(x(t− τ))−m(x(t))

is similar but has Rickers birth rate and a linear death rate [6, 7]. Finally the next model,

dx

dt
= x(t− τ)ns(x(t− τ)n)−mx(t)

takes into account n number of eggs produced by an adult. Here s is a decreasing function of its
argument [16].
Instead of using a time delay to account for the mature and immature populations, an alternative
way of modeling is to explicitly introduce mature and immature populations. Consider two
populations, mature and immature, or adults and juveniles:

dx

dt
= ry −mx

dy

dt
= 1
τ
x− αy

or with logistic competition

dx

dt
= ry −mx

dy

dt
= 1
τ
x− αy

2

K
,

where x represents the juveniles,and y the adults [1, 4].
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In his experiments Hutchinson [10] produced data depending on the amount of food given to the
blowflies. This data is fitted in [15] to a discrete model of the form

N(t+ 1) = sN(t) + F (t− n)N(t− n)

with s the survival rate and F (t− n) a function of the number of eggs produced and the amount
of food available. So the amount of food is important and should be considered in the models.
Another interpretation of logistic equation considers the amount of food present

dN

dt
= R(N)N

R(N) = α(Fa − Fc),

where Fa is a fixed amount of food and Fc is the amount consumed by the population, Fc = βN

dN

dt
= αN(Fa − βN).

But since the amount of food is not constant, a better option is to consider a Lotka-Volterra type
of model similar to a predator-prey model [3]

dx

dt
= bxf −mx

df

dt
= εf − bxf/Yi,

where x is the size of the population, f the amount of food, b is the growth rate of the popula-
tion, m its death rate, ε is the rate of increase of the food supply, and Yi is the yield (mass of
population)/(mass of food). To also consider the mature and immature populations we can again
introduce as a delay the time of maturation. We will consider two models depending of how the
delay is introduced. Model 1 is given by

dx

dt
= bx(t− τ)f(t− τ)−mx(t)

df

dt
= εf(t)− bx(t)f(t)/Yi.

In this model the growth rate of the mature population, that is the population at time t, depends
on the amount of food consumed by the immature population x(t−τ), and the mature population
dies at a rate m. But the decrease in the amount of food happens as soon as it is consumed by
the population. Model 2 is

dx

dt
= bx(x− τ)f(x− τ)−mx

df

dt
= εf(t)− bx(t− τ)f(t− τ)/Yi.

The only difference iwith Model 1 is that the amount of food consumed at time=t − τ changes
the population at time=t. Only Model 1 makes sense biologically.
We can modify Model 1 by considering that the the birth rate saturates at high densities of the
population and food using, for example, a Beverton-Holt function. The new Model 1 is

dx

dt
= bx(t− τ)f(t− τ)

1 + c1x(t− τ) + c2f(t− τ) −mx(t)

df

dt
= εf(t)− bx(t)f(t)

Yi(1 + c1x(t) + c2f(t)) ,

where c1 and c2 give the effect of the population and the food respectively.
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3 Results

All the models given in terms of ordinary differential equations were solved using the numerical
routine ODE45 in matlab, and the delay differential ones using the routine DDE23 also in matlab.
For the logistic models with delay, only the numerical solutions for Models 1 and 3 oscillate. Model
1 has oscillations of similar amplitude as the real data, but the period does not agree. Model 3
has smaller amplitude oscillations than the real data But none of these two oscillating models are
based on biological reasonable hypotheses.
For the models that explicitly consider mature and immature populations, using Bendixson’s
criteria [3], since −m−α < 0 in the model with no competition and −m−αy/K < 0 in the model
with competition there are no periodic solutions. These results are also verified numerically. For
the models including the food supply, there are oscillations but not of the right amplitude of
period for the values of the parameters that correspond to the data by Hutchinson [10]. Including
also the delays, the models have smaller oscillations.

4 Conclusions

Delayed models are more realistic because they take into account the time of maturation of the
population. Introducing delays, the dynamics of the solutions change and the solutions may have
oscillations not present in the corresponding ordinary differential equation model. The delays can
be introduced in different forms but care needs to be used so that the delay models make sense
biologically. Unfortunately, the delay model that has oscillations that most closely resemble the
observed ones does not make biological sense. The alternative of explicitly considering mature
and immature populations does not produce oscillatory solutions, so it too needs to be discarded.
Models incorporating the effects of a varying food supply produce oscillations but not realistic
ones. Adding delays also has solutions with oscillations but again not close to the observed ones
for the values of the parameters that have been estimated. More work with more complex models
has to be done to obtain results better approximating the observations.
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1 Introduction

This work addresses the resolution of nonlinear equations of the form

f(x) = 0, with f : I ⊂ R −→ R,

by applying numerical iterative methods. To this days, Newton’s method, one of the classic
approaches, is still the most widely used way to find an approximated solution to this kind of
problems arising in many and diverse branches of science. However, usually this method requires
a “good and close enough” initial estimation to converge. Thus, finding complementary iterative
methods that converge when Newton’s does not work is a topic of interest.
Some of the aforementioned iterative methods have been designed aiming to enlarge the domain
of convergence (see [6] and [7]). In general, an iterative method that takes the form

xk+1 = xk − βk
f(xk)
f ′(xk)

, (1)

where βk is a sequence of real numbers is called a damped Newton’s method (notice that taking
βk = 1 for every step k leads to Newton’s method). In [5], V. V. Ermakov and N. N. Kalitkin
designed a fairly efficient iterative method that follows the above expression, taking the sequence
βk as:

βk = ‖f(xk)‖2
‖f(xk)‖2 + ‖f(xk − [f ′(xk)]−1f(xk))‖2

, k = 0, 1, ... (2)

From this, D. A. Budzko with the second and third author introduced in [2] the scheme of two-steps
iterative methods

yk = xk − α
f(xk)
f ′(xk)

,

xk+1 = yk −
f(xk)2

bf(xk)2 + cf(yk)2
f(yk)
f ′(xk)

, k = 0, 1, ...,
(3)

1chcogo@posgrado.upv.es
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where α, b and c are given parameters. This multiparameter family take its first step (predictor) as
a damped Newton’s method, and the second step (corrector) resembles the Ermakov and Kalitkin
formula 2 . It is proven that a method following this formula reaches third order of convergence
whenever

α /∈ {0, 1}, b = 1 + α2

2α2 and c = 1 + α

2(α− 1)α2 . (4)

So, this provides a one-parameter family (depending on α) of two step iterative methods for
solving nonlinear equations that has third order of convergence for every α different of 0 and 1.
Additionally, this family provides bigger basins of attraction than Newthon’s method (see [3]).
In this work we present a new family of two-steps iterative method, also based on the Ermakov–
Kalitkin formula, that reaches fourth order of convergence.

2 Methods

As we said in the previous section, in [2, Theorem 1] it is proved that every method of the form
3 has third order of convergence whenever the parameters are taken as in 4. However, this is the
highest order of convergence that can be obtained following this scheme. To reach higher order
while keeping the stability of the family, we modified 3 by adding an arbitrary weight function H
in the corrector step:

yk = xk − α
f(xk)
f ′(xk)

,

xk+1 = yk −
f(xk)2

bf(xk)2 + cf(yk)2
f(yk)
f ′(xk)

H

(
f(yk)
f(xk)

)
, k = 0, 1, ...

(5)

The idea behind this change is that, when computing the error equation, the function H will be
approximated by its Taylor series, and so, its Taylor series coefficients shall be taken into account.
As the function H can be chosen, we may think of its Taylor coefficient as free parameters, and
considering also the previous free parameters α, b and c, this provide us enough flexibility so we
can find the relations that allows us to vanish as many terms as possible. This is the argument
behind the prove of Theorem 1, which provides a way to find one-parameter families of fourth
order by choosing a weigh function satisfying some specific relation.

3 Results

In this section we will state the main results and conclusions derived from the study. Due to the
format of this document and for the sake of compactness, the proofs are omitted. We start with
the theorem that crystallize the argument exposed above.

Theorem 1. Let ξ ∈ I be a simple zero of a differentiable function f : I ⊂ R −→ R in the open
interval I, and let x0 be an initial approximation close enough to ξ. Then, a two-step iterative
method of the form

yk = xk − α
f(xk)
f ′(xk)

,

xk+1 = yk −
f(xk)2

bf(xk)2 + cf(yk)2
f(yk)
f ′(xk)

H

(
f(yk)
f(xk)

)
,

(6)
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has 4th order of convergence whenever

α = 1, b = h0 = h1
2 6= 0,

for every c and for every weight function H(x) such that h2 is finite, where hi = H(i)(0).
Moreover, the error equation of this method has the form

ek+1 =
(
(5 + c

h0
− h2

2h0
)c3

2 − c2c3
)
e4
k +O(e5

k).

where ck = (1/k!)f
(k)(ξ)
f ′(ξ) for k = 1, 2, ... and ek = xk − ξ.

From this, in Theorem 2 we introduce a new one-parameter family of iterative methods which we
refer as the EK family. We built it by taking H(x) = 1 + 2x in Theorem 1, the simplest function
that satisfy the conditions. Also, notice that as a formal/aesthetic rearrangement, the 1/b term
in the second step of (6) is absorbed by the weight function H, and by putting β = c/b we get
the statement:

Theorem 2. Let ξ ∈ I be a simple zero of a differentiable function f : I ⊂ R −→ R in the open
interval I, and let x0 be an initial approximation close to ξ. Then, the two step iterative method

yk = xk −
f(xk)
f ′(xk)

,

xk+1 = yk −
f(xk)2

f(xk)2 + βf(yk)2
f(yk)
f ′(xk)

(
1 + 2 f(yk)

f(xk)

)
,

(EK)

has 4th order of convergence for every parameter β. Moreover, the error equation for this method
has the form

ek+1 =
(
(5 + β)c3

2 − c2c3
)
e4
k +O(e5

k),

where ck = (1/k!)f
(k)(ξ)
f ′(ξ) for k = 1, 2, ... and ek = xk − ξ.

The EK family is the main contribution of this work. Now we will include a summary of an
introductory study of its complex dynamical behaviour depending on the parameter β (basic
concepts and definitions from holomorphic dynamical systems can be found in [1] and [4]). In
order to do this, we construct a rational operator associated with the family, on a generic two-
degree nonlinear polynomial, and we analyze the stability and convergence of the corresponding
fixed and critical points.
We start by considering f(z) = (z − r)(z − s) a generic quadratic polynomial with roots r, s ∈ R.
Applying a method of the EK family to this function, we get the following rational function which
depends on the roots of f and the parameter β.

Qf (z, β) =
(r−z)4(s−z)4(r2−6z(r+s)+4rs+s2+6z2)
β(r−z)4(s−z)4+(r−z)2(s−z)2(r+s−2z)4 + rs− z2

r + s− 2z .

We take the Möbius transformation Mf (z) = z − s
z − r

and its inverse M−1
f (z) = rz − s

z − 1 . Thus, the
rational operator is constructed as:

R(z, β) = Mf ◦Qf (·, β) ◦M−1
f (z) = z4(β + z(z + 4) + 5)

z((β + 5)z + 4) + 1 .
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Through this process, we have constructed a rational operator R(z, β) that is independent of the
original roots of f , while is topologically conjugate to Qf (z, β). This last means that both share
the same dynamical properties. So, this allow us to study the complex behaviour of the EK
family applied to any quadratic polynomial by just studying the R(z, β) operator. Notice that
Mf produces a biholomorphic transformation of the Riemann sphere that satisfy Mf (∞) = 1,
Mf (r) = ∞ and Mf (s) = 0. Thus, roughly speaking, we can think on the dynamical planes of
R(z, β) as a “nice rearrangement” of the dynamical planes of Qf (z, β), where the relevant points
s, r and ∞ are now located in their images through Mf .
The result below sums up the fixed points of R(z, β) and its stability.

Proposition 3. The fixed points of the rational operator R(z, β) are the roots of the equation
R(z, β) = z. Then, for each value of β it has the next fixed points on the Riemann’s sphere:

• z = 0 and z =∞ are superattractors for every β.

• The pair FP1 = 1
4

(
−
√
−4β − 7±

√
−4β + 10

√
−4β − 7 + 2− 5

)
. Its stability is described

by Figure 1.

• The pair FP2 = 1
4

(√
−4β − 7±

√
−4β − 10

√
−4β − 7 + 2− 5

)
. Its stability is described

by Figure 2.

• z = 1 is a fixed point if and only if β 6= −10. Moreover, the point is an attractor whenever
β = v + iw is taken such that (v, w) belongs to the disc (v + 21)2 + w2 ≤ 133, and it is
superattractor if and only if β = −16.

Figure 1: Stability surface of the pair FP1 (in color, the complex area where the pair is repulsive,
being attracting in the rest).
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Figure 2: Stability surface of the pair FP2 (in color, the complex area where the pair is repulsive,
being attracting in the rest).

By the classic Fatou–Julia theorem, it is known that every basins of attraction of a rational
function must contain, at least, one critical point. Thus, by locating the critical points and
computing their orbits, we can find if there is some basin of attraction other than the generated
by z = 0 and z =∞.

Proposition 4. The critical points of the rational operator R(z, β) are the roots of the equation
R′(z, β) = 0. Then, for each value of β it has the next critical points on the Riemann’s sphere:

• z = 0 and z =∞ (the roots).

• The pair CR1 = 1
4

(
±
√

2
√
−β4+15β3+80β2−3

(
|β+5|
√
−β(2β2+13β+20)−50

)
β−20|β+5|

√
−β(2β2+13β+20)

(β+5)3 −
√
−β(2β2+13β+20)

|β+5| − 3β
β+5 −

20
β+5

)
;

• The pair CR2 = 1
4

(
±
√

2
√
−β4+15β3+80β2+3

(√
(β+5)2

√
−β(2β2+13β+20)+50

)
β+20
√

(β+5)2
√
−β(2β2+13β+20)

(β+5)3 +
√
−β(2β2+13β+20)

|β+5| − 3β
β+5 −

20
β+5

)
;

A parameter space associated to a critical point is defined as a mesh in the complex plane where
each point corresponds to a different value of of the parameter β. If a value of β is represented
in red it means that for this value of the parameter the critical point is being attracted by a root
(z = 0 or z = ∞). Otherwise, the pixel is colored black. In Figures 3 and 4 we included the
parameter spaces related to the pairs CR1 and CR2 respectively. They show that as long as we
avoid the β values from the black regions, we get nice iterative methods where the only basins of
attraction are the associated to the roots.

4 Conclusions

In this paper we have introduced a result to generate families of iterative methods of fourth order
that follows the Ermakov–Kalitkin scheme, allowing to choose freely a weight function as long as
it satisfies the hypotheses. From this, we designed the EK family by taking the simplest possible
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Figure 3: Parameter space associated to the
pair CR1.

Figure 4: Parameter space associated to the
pair CR2.

weight function satisfying the conditions, and included a summary of its behaviour on quadratic
polynomials depending on the free parameter. The dynamical study shows that by avoiding some
values of the parameter we can get nice iterative methods of fourth order where the only attracting
behaviour belongs to the roots. Future lines of work will involve closing the search for the best
value of the parameter and an in-depth study of the good behavior of this methods applied to
other non-linear functions.
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Abstract

In the last twenty-five years complex networks have emerged as an indispensable tool for simulat-
ing the interactions and relationships between the components of a complex system in multiple
domains [1,2,5]. Particularly, the latest advances in modern linguistics are based on the treatment
of a language as a system or a complex network, to which mathematical tools, statistical measures
and procedures of this branch of science can be applied to obtain a new, efficient and effective
approach to the study of language [3, 5,9–12,14,16,17,19,21], solving several difficulties that ap-
pear when trying to translate a text from a specialized area, among others, the co-occurrence of
certain words and terms that build new units of meaning that can completely modify the mean-
ing of an expression. This new approach makes it possible to establish the mathematical and
computational design of an aid tool that will become indispensable for specialized translations in
various fields. So, we will extended these ideas to a more general context in which different mea-
sures are considered by using some other centrality measures, particularly the centrality measure
and the rankings provided by the PageRank algorithm, and a suitable multiplex line graph [9]
for this purpose. Moreover, we will also establish new mathematical structures related to graph
theory and higher order networks that will allow us to dissect and analyze this kind of linguistic
structures in a much more computationally efficient way.
As in [8,9], the linguistic network model presented in this work emerges from the variable character
of the text, which is always moving forward, so directed and weighted links are used to represent
the relationships between linguistic units as in [5,17,18]. The co-occurrence relationship is set up
between two adjacent words or linguistic units within a sentence, where the direction of the link
refers to the sequence of the words, and the weight of the link reflects the frequency of appearance
of that sequence of two linked words.
That is why the analysis of linguistic theories supported by the study of specialized corpora and
the new vision provided by complex networks allows us to obtain certain stylistic and typological
characteristics and some intrinsic properties of languages. In order to do that, we perform a
computerized treatment on a linguistic corpus, i.e., a collection of texts collected electronically
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according to a set of specific criteria used as a representative sample of a language or subset of
that language [4, 20]. To carry out this research, a linguistic corpus is set up: it is composed
by 86 extended abstracts s and papers (volumes 1-6 of the International Journal of Complex
Systems in Science (IJCSS), published between April 2011 and November 2016 (http://www.ij-
css.org)), giving a total amount of 147637 words and 25210 sentences analyzed in this study. This
complex network (see Fig. 1) has been used to design a help prototype of aid tool for specialized
translations of this scientific area.

Figure 1: Linguistic network of 534 verbs (green), 2203 lexical words (blue), 151 linking words
(red) and 463 remaining words (black).

The unit of analysis considered is the sentence, that is, the words enclosed between two points [13].
Also, it is important to note that commas and other punctuation marks within the sentence have
been removed for the analysis done, as well as a previous analysis carried out by linguistic experts
to distribute the words into the different layers of the network. The study of frequent words or the
lexical behavior of a set of words, which is usually the aim of many works of this type, has been,
in our case, only the first step. The co-presence or co-occurrence of other words that construct
new units of meaning is necessary to deepen in linguistic issues.
One of the objectives of our work is to advance in the design of tools that help to solve the
translation difficulties encountered by translators who are not specialists in the target language
and in the field of knowledge of the text to be translated from a specialized area, among others, the
co-occurrence of certain words and terms that build new units of meaning (specific combination
of words so called “collocations” that can completely modify the meaning of an expression. Some
examples of words that completely change their meaning depending on the word that follows
them are the following: “red zone”, “black mail”, “work out”, “come close”, “turn down” or
“table game”.
The following question naturally arises: What tools can help us to unravel as far as possible
the internal semantic-grammatical structure of the language under study? In order to solve this
question some new mathematical structures related to graph theory and higher order networks
will allow us to dissect and analyze this kind of linguistic structures [8, 9].
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In this regard, it should be noted that the latest advances in modern linguistics are based on
the treatment of a language as a system or a complex network. In this work we will consider an
extension of these ideas to a general context in which the PageRank algorithm, and a suitable
multilayer line graph are considered, bearing in mind that a linguistic corpus can be mathemat-
ically modeled as a directed multilayer complex network G = (X,E), such that each element of
X = {1, . . . , n} is a word that appears in any of the texts that make up the linguistic corpus, and
a direct link is established between two words that appear consecutive (directed co-ocurrence).
The color indicates the type of node (the layer to which it belongs).
This complex network is being used to design a help prototype of aid tool for specialized transla-
tions of this scientific area. The size of nodes is proportional to their out-degree and, as we have
said, its color indicates the layer it belongs to.
Let us now recall some definitions of the different elements and structures involved in our model.
We consider in our model the PageRank algorithm and the Random Walkers’ Heuristics. In that
sense, it is clear that if we surf at random on a network, the more frequently we pass over a node
or an edge, the more relevant that element is. So we consider a Markov chain on the network
such that

• At time t = 0 we choose one node at random.

• If at time t the Markov chain is at node j, then we move at random (uniformly) and at time
t+ 1 we move to one of the neighbors of j, i.e. the probability of moving from j to i is

pji = aji
grout(j)

.

• In order to avoid sink nodes, at each step there is a small probability to make a random
jump outside of the neighborhood.

This Markov chain has the following transition matrix

φij = (1− q) aji
grout(j)

+ q

n
,

where the frequency of reaching node i is the i-component of the stationary state of φij , the
stationary state is a positive eigenvector of φij and, since φij > 0, this eigenvector is unique, up
to normalization (Perron-Frobenius theorem). According to all of this, we consider the PageRank
centrality, defined as the stationary state of the Markov chain with transition matrix

φij = (1− q) aji
grout(j)

+ quj ,

with u = (u1, · · · , un) ≥ 0 such that ‖u‖1 = 1, is a celebrated centrality measure used in many
applications, such as the web pages ranking (Google), bibliographic and scientific collaboration
networks, transportation systems, cybersecurity and many others. Another element we consider
on our model is the linegraph concept, whose most important characteristic is that it focuses on
the links rather than on the nodes of the network: Given a (directed and unweighted) network
G = (X,E), its associated linegraph L(G) is a network (E, Ẽ) such that if (i, j), (j, k) ∈ E,
then ((i, j), (j, k)) ∈ Ẽ. One of the points on which the importance of this concept for our
approach consists of there is a strong correlation between structural properties of a network and
its linegraph [6] and in which there exists a strong relationship between the PageRank of a complex
network and the PageRank of its linegraph as follows from the following result ( [7]): If G = (X,E)
is a network of n nodes, m links and q ∈ (0, 1), then there are linear functions T, S : Rn −→ Rm
such that

T (PR(G, q, v)) = PR(L(G), q, S(v))
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and viceversa. Multilayer networks are also an important component of our model as they allow to
represent heterogeneous interactions in an efficient way: A multilayer network is a pairM = (G, C)
where G = {Gα; α ∈ {1, · · · ,M}} is a family of (directed or undirected, weighted or unweighted)
graphs Gα = (Xα, Eα) (called layers of M) and

C = {Eαβ ⊆ Xα ×Xβ; α, β ∈ {1, · · · ,M}, α 6= β}

is the set of interconnections between nodes of different layers Gα and Gβ with α 6= β. The
elements of C are called crossed layers, and the elements of each Eα are called intralayer connections
of M in contrast with the elements of each Eαβ (α 6= β) that are called interlayer connections.
So, in our model, we consider

1. A layer in which we have included the specific words (mainly adjectives and nouns) of the
specialty language, which we call the lexical layer.

2. The verb layer, where we have included all the verbs regardless of their conjugation.

3. A layer in which we place the linking words, the linking layer.

4. And finally, a layer in which we place the remaining (uncharacterized) words, the remaining
words.

So, we have a directed network G = (N,E) with four layers, in which N is the set of different
words of the text (N = V1 ∪V2 ∪V3 ∪V4) and E is the set of directed (intra and interlayer) edges.
Lastly, we introduce the concept of enriched line graph: If G = (X,E, f) is a weighted network
(directed or undirected) and θ ∈ (0,+∞) is a positive real number, the Enriched line graph of
threshold θ associated to G as the weighted network ELGθ = (X ∪Eθ, E′θ, F ) determined by the
following conditions:

Eθ = {l ∈ E|f(l) ≥ θ},

E′θ = (E − Eθ) ∪ {(i, (i, j))|(i, j) ∈ E ∧ f(i, j) ≥ θ} ∪ {((i, j), j)|(i, j) ∈ E ∧ f(i, j) ≥ θ}

and F : E′θ −→ [0,+∞) defined by (a, b) = f(i, j), if (a, b) = (i, j) or (a, b) = (i, (i, j)) or
(a, b) = ((i, j), j).
In this context, we will say that a node u ∈ X is a dispensable node of ELGθ if ∀v ∈ N(u) ∃w ∈ X
such that v = (u,w) ∨ v = (w, u). Having this concept in mind, let ELGθ = (X ∪ Eθ, E′θ, F ) be
the enriched line graph of threshold θ ∈ (0,+∞) of a given weighted network G = (X,E, f). The
Semi line graph of threshold θ, is the (unweighted) network SLGθ obtained by removing from
ELGθ the dispensable nodes Dis(ELGθ) and the incident edges in them, and connecting the
nodes affected by the elimination of one of their neighbors in the following way: If i ∈ Dis(ELGθ)
and (i, j), (k, i) ∈ Eθ then we add to SLGθ the edge ((k, i), (i, j)) (see Fig.2).
In order to carry out an efficient search for the collocations, we consider the enriched graph
associated to the lexical layer (intra-layer connections of lexical layer). We can take into account
the PageRank variation of an “i” node when a combination of two words from the lexical layer
in which he is the initial node is introduced, according to the expression:

PRn(i) = PRa(i)− PR(i→ j),

where PRn(i) is the new PageRank of node i, PRa(i) is the previous PageRank of i, and PR(i→ j)
is the PageRank of the edge (i→ j). Now, the search for collocations is optimized by considering
the case in which PR(i→ j) > PRn(i). Now, it is not difficult to prove the following theorems:
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Figure 2: Enriched Line Graph example.

Theorem 1 Let G = (X,E, f) be a directed strongly connected weighted network, where f :
E −→ [0,+∞). Then

lim
θ→0+

SLGθ = LG,

where LG is the classic line graph of G.
Theorem 2 Let M = (G, C) be a directed weighted multilayer network such that its projection
network M = (X,E) is a directed strongly connected weighted network. Then we have that

lim
θ→0+

SLMθ = LM

where LM is the line graph ofM. Similarly, if Gα is a directed strongly connected weighted layer
of M, then

lim
θ→0+

SLGθα = LGα

where LGα is the line graph of Gα.
Some computations have been made on our selected corpus composed of 147637 words and 25210
sentences. The numerical experiments were run on a iMac18,3 with 4,2 GHz Intel Core i7 and
RAM 16 GB by using a Python 3.7 implementation with machine precision ε ≈ 2.22×10−16. The
required parameters were adjusted as follows:

• The components of the personalization vector are: ∀i ∈ {1, ..., n}, vi = 1+fi
n+
∑

i
fi

, where fi is
the frequency of occurrence of each of the words appearing at the beginning of each sentence
within the corpus.

• A damping factor q = 0.94 has been considered since

18.44 =
∞∑
k=1

k · (1− q) · qk = (1− q) · q
∞∑
k=1

k · qk−1 = q

1− q .

The results obtained are shown in the Table 1.
By means of conclusions, we can point out the following:
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Whole network Lexical layer Consecutive words Verbal layer Linking words Collocations
1st the network of → the is the complex→ networks

2nd of networks the→ network are of complex→ network

3nd to nodes in→ this be to multiplex→ network

4th and system of → a can and degree→ distribution

5th in information is→ a have in network → topology

6th a number in→ a has a complex→ systems

7th is model is→ the will that topological→ properties

8th that structure the→ same using for network → structure

9th are systems in→ order results this network → analysis

10th we properties the→ number been with centrality → measures

Table 1: The 10-top words in the different layers and subgroups

• In our model we introduce the Enriched Line Graph (ELG) and Semi Line Graph (SLG) as
two new and useful structures that can be interpreted as a certain types of “interpolation”
between the original graph and its associated line graph.

• We have extended these concepts to the context of multilayer networks, and we apply them
to locate collocations in the lexical layer of the linguistic model presented.

• Our model is making it possible to develop a very useful tool and methodology for translators
of documents belonging to a field in which the translator is not a specialist.

• Although we have focused mainly on the intra-layer links of the lexical layer, the study of
other links in specialty languages will allow us to find the answer to other linguistic questions
such as: do specialty verbs exist? or, do certain combinations of words accompany only
certain verbs?.
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1 Introduction and motivation

The evaluation of matrix functions plays an important and relevant role in many scientific ap-
plications because matrix functions have proven to be an efficient tool in applications such as
reduced order models [1], [2, pp. 275–303], image denoising [3] and graph neural networks [4],
among others.
Among the different matrix functions, we must highlight hyperbolic matrix functions. The com-
putation of the hyperbolic matrix functions has received remarkable attention in the last decades
due to its usefulness in the solution of systems of partial differential problems, see references [5,6]
for example. For this reason, several algorithms have been provided recently for computing these
matrix functions, looking for high precision in the approximation and economy of computational
cost, see [7, pp.403–407], [8–11] and references therein.
Also, the generalizations of some known classical special functions into matrix framework are
important both from the theoretical and applied point of view. These new extensions (Laguerre,
Hermite, Chebyshev, Jacobi matrix polynomials, etc.) have proved to be very useful in vari-
ous fields such as physics, engineering, statistics and telecommunications. Recently, Bernoulli
polynomials Bn(x), who are defined in [12] as the coefficients of the generating function

g(x, t) = tetx

et − 1 =
∑
n≥0

Bn(x)
n! tn , |t| < 2π, (1)

and that have the explicit expression for Bn(x)

Bn(x) =
n∑
k=0

(
n

k

)
Bkxn−k, (2)

where the Bernoulli numbers are defined by Bn = Bn(0), satisfying the explicit recurrence

B0 = 1,Bk = −
k−1∑
i=0

Bi
k + 1− i , k ≥ 1. (3)

1edefez@imm.upv.es
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have been generalized to the matrix framework in [13]: For a matrix A ∈ Cr×r, the nth Bernoulli
matrix polynomial it is defined by the expression

Bn(A) =
n∑
k=0

(
n

k

)
BkAn−k. (4)

This matrix polynomials have the series expansion

eAt =
(
et − 1
t

)∑
n≥0

Bn(A)tn
n! , |t| < 2π. (5)

To obtain practical approximations of the exponential matrix using the expansion (5), let’s take
“s” as the scaling of the matrix A and take the degree of the approximation “m”, and then

eA2−s ≈ (e− 1)
m∑
n=0

Bn (A2−s)
n! . (6)

The use of expansion (5) to approximate matrix exponential with good results of precision and
computational cost can be found in [13]. For a matrix A ∈ Cr×r, using expression (5) we obtain

cosh (A) = sinh (1)
∑
n≥0

B2n(A)
(2n)! + (cosh (1)−1)

∑
n≥0

B2n+1(A)
(2n+ 1)! . (7)

Note that unlike the Taylor (and Hermite) polynomials that are even or odd, depending on the
parity of the polynomial degree n, the Bernoulli matrix polynomials do not verify this property,
so in the development of cosh (A) all Bernoulli polynomials are needed (and not just the even-
numbered). We can also obtain, for C ∈ Cr×r, the expression:

cosh (C) = sinh (1)
∑
n≥0

22nB2n
(

1
2(C + I)

)
(2n)! . (8)

The objective of this work is to present algorithms based on the approximations (7) and (8) for
the matrix hyperbolic cosine, trying to choose the most precise and with the lowest computational
cost.

2 The proposed Algorithms

From (7) one gets the approximation

cosh (A) ≈ sinh (1)
m∑
n=0

B2n(A)
(2n)! + (cosh (1)−1)

m∑
n=0

B2n+1(A)
(2n+ 1)! , (9)

and from (8) one gets the alternative approximation

cosh (C) ≈ sinh (1)
m∑
n=0

22nB2n
(

1
2(C + I)

)
(2n)! . (10)

We are going to try to compare algorithms based on the approximations in practice (9)-(10). As
different algorithms are going to be used, we will to establish the following identification code
denoted by coshmber−x−y, where the argument is chosen according to the following criteria:

• We denote x = 1 if we use directly formula (9).
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Numerical test 1
E(coshmber−1−3) < E(coshmber−1−4) 1.23% E(coshmber−1−3) < E(coshmber−1−5) 0.61%
E(coshmber−1−3) > E(coshmber−1−4) 40.49% E(coshmber−1−3) > E(coshmber−1−5) 0.00%
E(coshmber−1−3) = E(coshmber−1−4) 58.28% E(coshmber−1−3) = E(coshmber−1−5) 99.39%

Table 1: Errors in test 1

• We denote x = 2 if we use directly formula (10).

• We use x = 3 if formula (10) is used, but terms with odd powers have been removed.

By other hand, we have the argument y ∈ {3, 4, 5}, it is chosen according to the following criteria:

• We denote y = 3 if the evaluation of m and s use a norm estimation, similar to the given in
reference [14].

• We denote y = 4 if the evaluation of m and s use other algorithm for the norm estimation, see
reference [14] for more details.

• We denote y = 5 if the evaluation of m and s is made without norm estimation (calculating
the norms), see [14].

Our algorithm has been compared with algorithm funmcosh. This functions is funm MATLAB
function to compute matrix functions, such as the matrix hyperbolic cosine. All computations
was implemented on MATLAB 2020b.

Matrices and numerical test

For the numerical experiments a set of 153 test matrices matrices has been selected: 60 diagonal-
izable (Hadamard matrices), 60 non-diagonalizable, 39 from toolbox [15] and 13 from Eigtool [16].
Size 128×128. We have performed a series of experiments to determine the best algorithm choice.
First we carry out the following tests:

• test 1: we compare each coshmber−1−3, coshmber−1−4, coshmber−1−5.

• test 2: we compare each coshmber−2−3, coshmber−2−4, coshmber−2−5.

• test 3: we compare each coshmber−3−3, coshmber−3−4, coshmber−3−5.

Analysis of results of test 1

We compare algorithms coshmber−1−3, coshmber−1−4, coshmber−1−5, obtaining the following
table 1 of results. With respect the computational cost, the total number of matrix products of
each algorithm was: coshmber−1−3 (1940), coshmber−1−4 (1872) and coshmber−1−5 (1939).
Among the three proposed algorithms (coshmber−1−3, coshmber−1−4, coshmber−1−5) we choose
algorithm coshmber−1−4 because E(coshmber−1−3) > E(coshmber−1−4) in the 40.49% and the
number of matrix products is 1872, therefore, this algorithm coshmber−1−4 has the lowest com-
putational cost. Regarding errors, algorithms coshmber−1−3 and coshmber−1−5 are practically
the same.
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(a) Profile test 1.

Lowest relative error rate
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27%

Highest relative error rate
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coshmber_1_4

coshmber_1_5

(b) Pie charts Test 1.

Numerical test 2
E(coshmber−2−3) < E(coshmber−2−4) 23.93% E(coshmber−2−3) < E(coshmber−2−5) 0.61%
E(coshmber−2−3) > E(coshmber−2−4) 17.18% E(coshmber−2−3) > E(coshmber−2−5) 0.00%
E(coshmber−2−3) = E(coshmber−2−4) 58.90% E(coshmber−2−3) = E(coshmber−2−5) 99.39%

Table 2: Errors in test 2

Analysis of results of test 2

We compare algorithms coshmber−2−3, coshmber−2−4, coshmber−2−5, obtaining the table 2
of results. With respect the computational cost, the total number of matrix products of each
algorithm was: coshmber−2−3 (1940), coshmber−2−4 (1872) and coshmber−2−5 (1939).
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(a) Profile test 2.

Lowest relative error rate
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(b) Pie charts Test 2.

Among the three proposed algorithms (coshmber−2−3, coshmber−2−4, coshmber−2−5) we choose
algorithm coshmber−2−3 because E(coshmber−2−3) < E(coshmber−2−4) in the 23.93% despite
the fact that it has a higher computational cost (the number of matrix products is 1940). Re-
garding errors, algorithms coshmber−2−3 and coshmber−2−5 are practically the same.

Analysis of results of test 3

We compare algorithms coshmber−2−3, coshmber−2−4, coshmber−2−5, obtaining the table 3
of results. With respect the computational cost, the total number of matrix products of each
algorithm was: coshmber−3−3 (1435), coshmber−3−4 (1336) and coshmber−3−5 (1325).
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Numerical test 3
E(coshmber−3−3) < E(coshmber−3−4) 0.61% E(coshmber−3−3) < E(coshmber−3−5) 0.61%
E(coshmber−3−3) > E(coshmber−3−4) 64.42% E(coshmber−3−3) > E(coshmber−3−5) 0.00%
E(coshmber−3−3) = E(coshmber−3−4) 34.97% E(coshmber−3−3) = E(coshmber−3−5) 99.39%

Table 3: Errors in test 3
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(b) Pie charts Test 3.

Among the three proposed algorithms (coshmber−3−3, coshmber−3−4, coshmber−3−5) we choose
algorithm coshmber−3−4 because E(coshmber−3−3) > E(coshmber−3−4) in the 64.42% and has
a lower computational cost (the number of matrix products is 1336). Regarding errors, algorithms
coshmber−3−3 and coshmber−2−5 are practically the same.

Analysis of results with MATLAB function funmcosh (Numerical test 4)

Finally, we will compare the selected algorithms coshmber−1−4, coshmber−2−3, coshmber−3−4
and the MATLAB function funmcosh, see Table 4. With respect the computational cost, the
total number of matrix products of each algorithm was: funmcosh: (2282), coshmber−1−4 (1872),
coshmber−2−3 (1940) and coshmber−3−4 (1336).
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In general, the relative error improvements over the MATLAB function funmcosh exceed 94% in
all cases. Between algorithms coshmber−1−4, coshmber−2−3, coshmber−3−4, we choose algorithm
coshmber−3−4 because it has a lower computational cost (the number of total matrix products is
1336).
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Numerical test 4
E(funmcosh) < E(coshmber−1−4) 1.84%
E(funmcosh) > E(coshmber−1−4) 96.32%
E(funmcosh) = E(coshmber−1−4) 1.84%
E(funmcosh) < E(coshmber−2−3) 3.68%
E(funmcosh) > E(coshmber−2−3) 94.48%
E(funmcosh) = E(coshmber−2−3) 1.84%
E(funmcosh) < E(coshmber−3−4) 0.61%
E(funmcosh) > E(coshmber−3−4) 97.55%
E(funmcosh) = E(coshmber−3−4) 1.84%

Table 4: Errors in test 4

3 Conclusions

In this work, different variations of algorithms have been presented to calculate the matrix hy-
perbolic cosine based on new Bernoulli matrix polynomials series expansions (7) and (8). These
algorithms have been tested on a battery of test matrices in order to select the best variants,
both in terms of computational cost as in terms of error in the approximation. The best selec-
tion (algorithm coshmber−3−4) is based in formula (10), but terms with odd powers have been
removed, and in the evaluation of m and s which use the algorithm for the norm estimation given
in reference [14].
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1 Introduction

In this work, we study a first-order impulsive linear differential equation from the probabilistic
point of view, i.e., we assume that all the parameters of the equation are absolutely continuous
random variables with a joint probability density function. Random parameters commonly appear
in any mathematical model coming from a real-world application. From this point of view, the
importance of our model relies on the fact that it is a model for abrupt changes which occur in
nature, for example, as a result of shocks, harvesting, or sudden changes. From the mathematical
point of view, short-term perturbations, on rapid changes, can be modeled employing impulses.
For example, the Dirac delta function has traditionally been demonstrated to be helpful to model
large instantaneous impulses.
The equation we study is the random version of exponential growth or decay, depending on the
parameters values, which is subjected to an infinite sequence of instantaneous impulses modeled
by the Dirac delta function, δ(·), at the time instants Ti > 0, i = 1, 2, 3, ...,

dx(t)
dt = αx(t)− γ

∞∑
i=1

δ(t− Ti)x(t), t > 0,

x(0) = x0,

(1)

where x0 denotes the initial condition and α, γ ∈ R. Let us say that we have used this model in
the context of pest management controlling effect of pesticides [2]. In such a case, x(t) is the pest
population, α is the growing rate and γ is the effect of pesticide (train of Dirac’s delta impulses).
Notice that the pest population x(t) will instantaneous decay at impulse application times Ti.
The analytical solution of this initial value problem computed by the Laplace transform method
is

x(t) = x0e
αt

(
1− γ

∞∑
i=1

1
(1 + γ)iH(t− Ti)

)
, (2)

1jccortes@imm.upv.es
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where H(t) is the Heaviside or step function defined as H(t) = 1 for t ≥ 0, and H(t) = 0,
otherwise. We analyze the sequences of local minima and maxima of the solution, just before
and after the Dirac’s impulse application. Let us denote the solution points just after the im-
pulse application as x(T+

n ) = x(Tn) and the solution just before the impulse application is called
x(T−n ) = limε→0+ x(Tn − ε). In the case that the impulse application times are evenly spaced,
Tn = nT , for a fixed value of T > 0, and n = 1, 2, . . ., we obtain,

x(nT+) = x0e
αnT

(1 + γ)n = x0

(
eαT

1 + γ

)n
, (3)

and

x(nT−) = x((n− 1)T )eαT = x0e
αT

(
eαT

1 + γ

)n−1

. (4)

These sequences converge to 0 when n tends to ∞, and the condition eαT < |1 + γ| is satisfied.

2 Theoretical Results

We take advantage of the Random Variable Transformation method to compute the one probabil-
ity density functions, 1-p.d.f., of the solution stochastic process (2). The 1-p.d.f. for t ∈ [Tn, Tn+1[
is given by

f1(x, t) =
∫ ∞
−∞

∫ ∞
−∞

fx0,α,γ

(
x(1 + γ)ne−αt, α, γ

)
|1 + γ|n e−αtdα dγ.

The 1-p.d.f.s for the random sequences for the maxima and minima, expressions (5) and (6), are

fx(T+
n )(x) =

∫ ∞
−∞

∫ ∞
−∞

fx0,α,γ(x(1 + γ)ne−αnT , α, γ)|1 + γ|ne−αnTdα dγ, (5)

fx(T−n )(x) =
∫ ∞
−∞

∫ ∞
−∞

fx0,α,γ(x(1 + γ)n−1e−αnT , α, γ)|1 + γ|n−1e−αnTdα dγ. (6)

These formulas give us information about the boundedness of the solution stochastic process
given by the initial value problem (1). If we know the solution stochastic process only at some
evenly spaced times, specifically when the solution reaches its maxima and minima, then we have
information about the boundedness of the complete solution. Additionally, we find sufficient
conditions so that the random sequences x(T−n ) and x(T+

n ) converge as n→∞, i.e. eαT < |1+γ|,
or equivalently, η = eαT

|1+γ| < 1. This condition is relevant from the point of view of real-world
applications, such as, in the case of pest management because it would imply the eradication of
the pest, in the long term. This occurs with probability

P[Sα,γ ] = P[Sα,γ |E1]P[E1] + P[Sα,γ |E2]P[E2] = P[Sα,γ |E1]P[E1] + P[Sα,γ |E2](1− P[E1]), (7)

where
Sα,γ =

{
ω ∈ Ω : η(ω) := eα(ω)T

|1 + γ(ω)| < 1
}

(8)

and
E1 = {ω ∈ Ω : 1 + γ(ω) > 0}, E2 = {ω ∈ Ω : 1 + γ(ω) < 0}. (9)

This was calculated using the Law of the Total Probability. Notice that γ = γ(ω) is an absolutely
continuous random variable, then, P[{ω ∈ Ω : 1 + γ(ω) = 0}] = 0. Therefore the events E1 and
E2, given in (9), define a partition of the sample space Ω, i.e. E1

⋂
E2 = ∅ and E1

⋃
E2 = Ω. P[E1]

was computed using the p.d.f. of parameter γ. Conditional probabilities P[Sα,γ |E1] and P[Sα,γ |E2]
were computed using the RVT technique.
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3 Results

To give an idea of our theoretical results, we present one numerical where we show 2D and 3D
graphical representations of the 1-p.d.f. of the solutions stochastic process for convergent and
divergent cases. Also, with these 1-p.d.f.s, we computed the graphs of the mean and confidence
interval. Finally, we present results on the computation of the Sobol’s indexes to assess the
sensibility of the model parameters. One more example is presented and more details can be
found in [3].
Example In this example, we show the 1-p.d.f. of a solution stochastic process to initial value
problem (1) with three impulses, time period T = 1/4 in the same interval [0, 1] for convergence
and divergence cases. We consider random variables x0, α, and γ are independent with a different
p.d.f. each one. For the convergent case, we assume that x0 follows a Gaussian distribution,
x0 ∼ N(1;

√
0.0039), α a uniform distribution, α ∼ U([0, 1]), and γ has an exponential distribution,

γ ∼ Exp(1). For the divergence case we keep the same distributions for x0, and α, but for γ we
assume an exponential distribution, γ ∼ Exp(10). In Figures 1 and 2, 3D and 2D graphical plots
are presented, respectively. The left panel corresponds to convergence case, and the right panel
to divergence case.

Figure 1: 3D-Graphical representation of the 1-p.d.f., f1(x, t), with three impulse applications
and time period T = 1/4.

Figure 2: 2D-graphical representation of the 1-p.d.f., f1(x, t), for different times with three impulse
applications and time period T = 1/4.

In Figure 3, we plot the evolution in time of the expectation (µx(t) = E[x(t)]) and its corresponding
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confidence intervals (µx(t) ± 2σx(t)). Left panels show the convergence case, while right panels
the divergence one. Note that the expectation tends to zero as t increases and that the confidence
intervals widen (increase their variability), in the convergence case. In the divergence case, the
uncertainty also increases as it is visualized on the right panel, since both the mean and the
variability.

Figure 3: Mean and confidence intervals of the solution stochastic process using 2σ-rule, i.e.
µx(t)± 2σx(t) = E[x(t)]± 2

√
V[x(t)].

Figure 4: Probability of convergence condition is fulfilled varying the period T of the impulse
application, where α ∼ U([0, 1]) and γ ∼ Exp(λ), with λ1 = 1 for convergence case, and λ2 = 10
for divergence case.

In Figure 4 we plot the probability of convergence to zero of sequences (5) and (6) versus the
period T of impulse application, using expression (7). We have marked the probabilities at
T = 1/4, P1 = 0.87568 and P2 = 0.34929, for λ1 = 1 and λ2 = 10, respectively. This with the
aim of comparing the probabilities for the convergent and divergent cases. Observe the effect of
increasing the period T , which makes the probability of convergence decreases as T increases.
Finally, we use the Sobol indexes to determine the relative importance of the solution stochastic
process parameters with regard to explain its variability. This a global variance-based method, see
[2]. The result was the identification of the main sources (parameters) of uncertainty propagation
and the effect of the impulses. In Figure 5, we show the Sobol indexes for the convergence and
divergence cases, left and right panels, respectively. We have taken T = 1/4 and n = 10 impulse
applications, for both cases. The parameters that cause more variability in solution stochastic
process are determined mainly by the first-order Sobol indexes. In the convergent case, the
greatest Sobol index is Sα, and for the divergent case is Sγ . In [3], one can find the sensitivity
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analysis considering T as a random variable with a uniform distribution, T ∼ U[0, 1]. Also, more
examples of the computation of the 1-p.d.f. and the complete probabilistic analysis of the model.

Figure 5: Sobol indexes for the solution stochastic process x(t) for different times.
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Av. Vicent Andrés Estellés, S/N. Burjassot 46100, Spain.
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1 Introduction

For more than a decade our research team has been working in the framework of Relativistic
Positioning Systems (RPS). A new algorithm was built to compute the positioning errors. This
algorithm has been improved along the years so as to better compute this positioning. ESA Galileo
Satellites Constellation has mainly been simulated in our computations. However our method can
also be applied to other satellites simulations at different heights. In this extended abstract an
overview of this work is made. Some conclusions and perspectives are also presented.

2 Methods

In 2012, [1] presented a simulation of the Galileo ESA and GPS NASA Satellites Constellations.
They described the timelike geodesics of such satellites as circumferences centred at the same
point as Earth. Schwarzschild metric was used to make such a description. These orbits are
named the nominal orbits. Then a description of the null geodesics of photons emitted from
such satellites were simulated in Minkowski space-time. The analytical solution of [2] was used
to described the light trajectories from emission to reception inertial coordinates of any event.
All these computations were implemented in a numerical algorithm. In that work, such code was
applied and tested. The analytical study of [2] was there numerically performed. The so-called
emission coordinate region and co-region, the bifurcation problem (double localization) in the
positioning of the receiver satellite, among other analysis were then pointed out for the satellites
taken there and discussed in detail.
Further on, in [3] the mentioned code was applied to Relativity Positioning Systems (RPS).
Uncertainties in the satellite world lines lead to dominant positioning errors. A new approach
was presented to compute some positioning errors. As the satellite orbits are not circular due to
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the perturbations they have, to achieve a more realistic description such perturbations need to
be taken into account. In the study presented in 2014, perturbations of the nominal orbits were
statistically simulated. Using the formula from [2] a user location is determined with the four
satellites proper times that the user receives together with the satellite world lines. This formula
can be used with any satellite description, although photons necessarily travel in a Minkowskian
space-time. The difference of the user position determined with the nominal and the statistically
perturbed satellite orbits was computed. This difference between nominal and perturbed orbits
was defined as the U-error.
Later on, in [4] the positioning errors associated to the simplifying assumption that photons move
in Minkowski space-time (S-errors) were estimated and compared with the U-errors. Both errors
were computed for the same points and times to make comparisons possible. For a certain realistic
modelling of the world line uncertainties, the estimated S-errors were proved to be smaller than
the U-errors, which showed that the approach based on the assumption that the Earth’s gravi-
tational field produces negligible effects on photons might be used in a large region surrounding
Earth. The applicability of this approach –which simplifies numerical calculations– to positioning
problems, and the usefulness of our S-error maps, were pointed out. A better approach, based
on the assumption that photons move in the Schwarzschild space-time governed by an idealized
Earth, was also analysed. More accurate descriptions of photon propagation involving non sym-
metric space-time structures were demonstrated not to be necessary for ordinary positioning and
spacecraft navigation around Earth. The assumptions point out in this work are taken on in our
next works. Therefore, for our purposes, the computation of the photon geodesics in Minkowski
space-time is sufficient.
At present, in [5], we have improved our previous computations. Now we compute the perturbed
orbits of the satellites considering a General Relativity space-time metric. The metric considered
so far takes into account the gravitational effects of the Earth, the Moon and the Sun, and also
the Earth oblateness. Once this study has been made, more perturbations are being taken into
account. However, the order of magnitude of every contribution depends on the distance to the
Earth. Notice that here linear perturbation theory is not considered. A metric is used from the
first step to describe the space-time. The time-like satellite geodesic equations are computed and
a study of the satellite orbits in this new metric is first introduced. Once this study is being made,
the approach presented in [3] is developed, by means of a new analysis of the U-errors inside a great
region surrounding Earth. This analysis is performed by the comparison of the positions given
with the Schwarzschild metric and the new metric introduced there. A Runge-Kutta algorithm
is implemented to solve the geodesics ordinary differential equations. Although we are aware
that other effects should be considered we decided to start with the three effects commented
in this paragraph to implement our algorithm. The terms considered in the present work are
sufficient to test the algorithm and prepare it for our new purposes in RPS. Some improvements
in the computation of the U-errors using both metrics are introduced with respect to our previous
works. We are now incorporating more PN contributions and other terms. Great accuracy in the
digits is needed when considering all PN contributions.

3 Results

The geodesic ordinary differential equations (ODE) are solved using a Runge-Kutta algorithm.
High accuracy is needed (10−18) for our purposes. Moreover multiple precision (40 significant
digits for each number) is taken. In order to solve the ODE suitable initial conditions have
been determined. So as to precisely calculate the user location precise satellite geodesics are
needed. Also, this precision is required to incorporate other small contributions to the satellite
orbits perturbations. As it is well known, one of the greater contributions at the height of Galileo
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satellites is the Earth oblateness (about a few kilometres). The Moon and Sun gravitational effects
are also important (about a few hundred Kilometres). Furthermore, the satellite position is shifted
when the Moon is considered after one orbital period. This fact is due to the greater relative Moon
motion. Our results are in accordance with other results known in the literature. Our algorithm is
working properly because the order of magnitude calculated in previous researches with Newtonian
GNSS (Global Navigation Satellite Systems) approximation is computed (see for instance [6],
Chapter 3) with it. The RPS methods are more exact than GNSS classical computations, even
when the last ones incorporate relativity corrections. Notice that we numerically solve the satellite
geodesic equations (ODE) in our given space-time from the beginning.
We first simulated satellite world lines at Galileo Satellite Constellation height, but afterwards
other satellite world lines further away from Earth were simulated. A study of the influence of
the perturbations considered in our metric was then performed. At 5× 104Km distance from the
centre of the Earth, the Earth oblateness orbit perturbing contribution is of the same order of
magnitude than that of Moon and Sun gravitational effect. As it is well known, when the satellite
orbital height increases, the Earth oblateness effect decreases and Moon and Sun effects increase.
That is what we obtain. The Earth oblateness effect is smaller than the Moon and the Sun
contributions at 105Km. As it occurs at the Galileo satellites distances. At the further distances
we are considering, the satellite position is also shifted when the Moon presence is considered.
Now it is possible to appreciate the separate contribution of each perturbation in the RPS. This
is an improvement with respect to our previous works.
After studying the satellite timelike world lines, we compute RPS with our metric. A similar
procedure as in [3] has been carried out. But now, a metric taking into account the greater
physical perturbations at Galileo Satellite Constellation is considered to compute ∆d, the U-
error, and not statistical perturbations. Notice that the same formula, [2], has been used to
calculate the proper times that the user receives from the satellites. Besides, HEALPIx maps are
considered to describe the U-errors as in [3].
The positioning errors values, ∆d, are almost of the same order of magnitude as those of the per-
turbed satellite orbits (orbital perturbation effect). This is the same conclusion as in [3] although
now a better accuracy is obtained. Here the highest ∆d values correspond to having the maximum
radial distance deviations of the satellite for the case of the four chosen satellites. Therefore, the
value ∆d depends directly on the satellite-Earth-Moon-Sun relative spatial configuration and it
does so for each of the four satellites. Almost the same HEALPIx maps are recovered after a
Galileo satellite orbital period. This is because the relative spatial configuration among satellite-
Moon-Sun-Earth does not nearly change after 14.2 h (periodic effect), as the Moon and Sun hardly
move after a Galileo orbital period. Here the ∆d values are smaller than the ones obtained with
the statistical procedure used in [3]. This fact is due to a more realistic representation of the
satellite orbital perturbations by the use of metrics instead of statistical deviations. Therefore a
more accurate computation of the U-errors is performed and so a more precise calculation of the
user’s positioning can be achieved. This represents an advance in our computations respect our
previous works.
As in [3] when the radii of the spherical surfaces increase, the ∆d values increase. This is because
if the user is very far from the satellites, these are all in a small solid angle and the tetrahedron
volume VT is expected to be small. Moreover, on these maps, there are regions with J ' 0
when the radius is greater than about 20000Km. One solution when J ' 0, is to choose another
combination of four satellites from Galileo or GPS constellation, whose user-satellites configuration
is associated to values of J not close to zero. An alternative way to do that could be to locate the
satellites in other orbits in the solar system, in a way that the user-satellites spatial configuration
corresponds to VT values not close to zero.
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4 Conclusions and Perspectives

At the height of Galileo and GPS satellites, Our results show that the greatest effect comes from
the Earth quadrupole, the second one from Moon and the third one from Sun. Those satellite
world lines are needed to position a user in RPS.
The perturbations computed in [5], using metrics, improve our previous works based on statistical
methods as: 1) A better description of the real satellite orbits is obtained. 2)The effect of each
perturbing effect in the satellite trajectories can be analysed. 3) Also the combination of two of
the three terms in the metric is performed and the three of them together. Therefore, according
with the terms considered, the satellite world lines have slightly different descriptions. 4) So, a
study of the contribution of each effect on the user’s positioning can also be done. 5) The value of
the U-errors is now smaller. 6) That means a more precise computation of the user’s positioning.
The main goal of our present research is to analyse the U-errors computed as the difference in
RPS by using Schwarzschild and a more accurate metric to describe the satellite world lines.
Our present work is an advance with respect to the study performed in the past. In [3] the
satellite perturbations were statistically calculated. Nowadays we calculate such perturbations in
a different way. First the effects of Moon, Sun and Earth quadrupole in the metric have been
considered. At the height of Galileo or GPS constellation these are the most important effects
perturbing satellite world lines. A deep exploration of the change in the Galileo satellites orbits
description allows us to better understand the difference in the positioning, the U-errors. This
analysis considers the contribution of such three terms by (i) taking just one of them, (ii) summing
two of them and (iii) combining all three in the metric.
An improvement in our numerical procedure is currently being considered. The Newton-Raphson
numerical method could be avoided, in such a way that analytical functions of the proper time
are not used, since they imply the use of Schwarzschild world lines for the satellites. For example,
to use the secant method with the satellite world lines (taking into account the contributions in
the metric we consider). This change will probably improve the numerical code and results.
Another interesting improvement in projection is to create HEALPIx maps, but calculating the
positioning error ∆d on the geoid, instead of on the spherical surface of radius centred in the
Earth. A better precision of orbits could be achieved. Data from Galileo Constellation, and other
constellations, could be compared. These results should also be interesting for geodesic treatment.
As stated ahead, we are now working in the consideration of other perturbations a part from those
considered in [5] to compute the satellite world lines. The order of magnitude of such contributions
depends on the satellite’s height as it can be seen, for instance, in [7] (see, in particular, fig 3.1
at page 55). Therefore, this variation of the trajectories of the four satellites considered should
contribute to the change in the calculations of RPS.
The use of our algorithm in space navigation is also being planned. To locate the emitters (four
satellites) in the solar system it is better to use the Barycentric Celestial Reference System.
Besides, the configurations of the user-satellites should be located in such a way U-errors are
minimized. For instance, near the Moon, two emitters fixed on its surface (North and South
poles) and two emitters from Galileo satellites. In such a case, the VT value (see [1]) is not very
small, in most of the cases. The positioning of a spacecraft that navigates in the solar system
should be determined taking emitters in other appropriate places to be analysed.
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1 Introduction

Biological systems are commonly constituted by a high number, hundreds, even thousands of
different entities and interacting agents. The great dimensionality hinders biological modelling due
to the high computational cost. Thus, alternative approaches to differential equations are required
to address the dynamics of these systems. Therefore, new modelling methods are needed to reduce
computation time while preserving the system properties. At this point, Boolean Networks have
been revealed as a modelling tool with high expressiveness and reduced computing times. They
have been widely developed in the last few decades [1–5].

The present work introduces a new algorithm for boolean network model inference based on
two complementary theoretical approaches: Nested Canalising Boolean Functions (NCBF) and
what we will denote as Conflicts Strategy (CS).

NCBFs constitute a subset within the Canalising Boolean Functions (CBF). CBFs are math-
ematical abstractions capable of representing the mathematical nature of canalisation [6], the
mechanism by which biological systems buffer variability in key features [7]. Canalisation enables
species to preserve and develops sophisticated structures, e.g., eyes, throughout evolution. NCBFs
have been proven effective to depict the system effects of canalisation, succeeding in the modelling
of biological complexes [6, 8].

While NCBF-based models rely on combinatorics to be obtained, Conflicts Strategy (CS)
constitutes a theoretical framework built upon biological deduction [9]. CS is based on the im-
position of biological constraints imposed by the modelled system. For instance, biochemical
relationships among the system agents. Some of these restrictions are not mutually compatible,
e.g., a simultaneous imposition of high and low concentrations for a protein. These incompatibil-
ities are what is denoted as conflicts [9]. In fact, conflicts solving drives the modelling procedure
performed during the CS.

NCBF and CS have been combined in a new algorithm to model biological systems based
on Boolean Networks [10]. The algorithm is a modification of the one already explained in [9].
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The methodology can be divided into two sections: (1) the NCBF combinatorics, which intro-
duces the essential system dynamics, and (2) the conflicts algorithm, which solves the existent
contradictions among the agent dynamics. Once the algorithm has been explained, this work
introduces the improvements added since its publication last year [10]. Afterwards, the analy-
sis illustrates the power of the method by means of two applications to biological systems: the
Epithelial-Mesenchymal Transition (EMT) [8] and the lac operon [11].

Although the algorithm has been devised to model biological systems, its applications exceed
life sciences given that the method foundations rely on principles of Graph Theory which are
not exclusive to living systems; that is to say, they could be found in other structures such as
underground maps or airlines networks, among others. In other words, the theory shown in this
work can be applied to every organisation susceptible of being depicted through a graph. Hence,
the technique presented can unravel hidden relationships not only in biology but in a wide range
of disciplines.

2 Methods

2.1 Algorithm

The algorithm generates Boolean Network models from graphs that represent the system
dynamics2. Although a detailed description has been published in [10], essentially, the algorithm
develops in two steps:

Generation of NCBF networks

From the input graph, the algorithm generates all the possible networks made of NCBFs that
represent the system nature. The system nature is given through the pairs of canalising/canalised
values related to the function variables according to [12]. Specifically, for each node, all their
inputs should have the pairs {(0,0), (1,1)} in the expression if they are activators and the pairs
{(1,0), (0,1)} if they are inhibitors. The correspondence is further described in Figure 1.

A BC

(a) System graph.

A = (B ⊕ 1)[(C ⊕ 1)⊕ 1]⊕ 1

A = (B ⊕ 0)[(C ⊕ 1)⊕ 1]⊕ 0

(b) Example expressions.

B : (1, 1) C : (1, 0)

B : (0, 0) C : (1, 1)

(c) Canalising/canalised pairs.

Figure 1: Example of generation of Nested Canalised Boolean Functions (NCBF) compatible with
a graph. a) Directed graph representing the dynamics of node A. The sharp arrows represent
activation (from node B to node A) while the blunt arrows represent inhibition (from node C to
node A). b) Two NCBFs with two nodes. The first is consistent with the theory, the second is
not. c) Canalised/canalising pairs for both NCBFs, the second group is not consistent with the
inhibitory nature of node C. The expression and value pair not consistent with the graph nature
are highlighted in red.

According to the canalising/canalised pairs correspondence, all the possible NCBFs are gen-
erated. The NCBF networks are used as templates during the following step.

2In this analysis, the words model and Boolean Network are interchangeable. Every model is a Boolean Network.
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NCBF-based Conflicts Strategy

Conflicts Strategy is the name given to the modification published in [10] of the algorithm
presented in [4]. Conflicts Strategy (CS) solves the contradictions that might emerge among the
system dynamics. The algorithm consists of 1) prioritisation of one of the conflicting pathways, 2)
modification of the non-prioritised, and 3) introduction of new pathways to preserve the dynamics
lost in the modification. Conflicts Strategy is described in detail in [10] and further explained in
Figure 2.

B
1:1,1−−−→ A

C
1:1,0−−−→ A

(a) Original pathways.

B
1:1,1−−−→ A

¬(B ∧ C) ∧ C 1:1,0−−−→ A

(b) Modified pathways.

B ∧ C 1:1,1−−−→ A ∧B

(c) New pathway.

Figure 2: Example of Conflicts Strategy from the graph shown in Figure 1. a) Pathways taken
from the graph. b) Pathway pair after modifiying the non-prioritised pathway to avoid the region
in which both conflicting pathways overlap: Ψ = B ∧ C. c) New pathway introduced to preserve
the dynamic lost during the non-prioritised pathway modification one time step later. Due to the
example simplicity, the expression in the right side is arbitrary.

The pathways in Figure 2 follow the expression Q
u:v,b−−−→ P where Q,P are the nodes linked

by the graph edges, u indicates the number of time steps to meet the pathway condition, v is the
left-side node value (canalising value), and b is the right-side node value (canalised value). On the
other hand, the new pathway is given by the expression Ψ 1:1,1−−−→ S(¬b) with S(¬b) represents the
conditions that should be met to preserve the lost dynamics one step after the conflict. The NCBF
networks computed in the previous time step are used as approximations to compute S(¬b). In
Figure 2, the S(¬b) expression has been randomly set for simplicity. However, S(¬b) computation
is entirely described in [4, 10].

Contradictory nodes

One of the primary additions presented in this analysis compared with the study [10] is the
introduction of contradictory nodes. Contradictory nodes are nodes that represent one dynamic
and the opposite simultaneously upon a third node. The presence of these nodes is difficult to
handle through NCBF-based approaches and, although they can be modelled through CS, we have
not seen any example in the bibliography at the moment of writing this analysis. The method
exposed in [10] can effectively address their existence, as proves the lac operon example in the
results section. Figure 3 shows an example of a graph with contradictory nodes.

A B

Figure 3: Example of a graph with contradictory nodes. Node B exerts an activatory and in-
hibitory effect upon node A simultaneously.

2.2 Code

Compared with the software presented last year [10], the new code includes two main im-
provements. Firstly, the tree algorithm to compute the template NCBFs has been replaced by a

86



Modelling for Engineering & Human Behaviour 2021

simplification of the classic breadth first search algorithm. Specifically, the algorithm is a sim-
plification adapted to compute all the possible paths between a graph of activators and a graph
of inhibitors through a recursive implementation. Every resulting path corresponds to a different
NCBF layer structure according to [12].

Secondly, before computing the network features, an attractor-based pre-filtering reduces
the number of analysed networks. Therefore, the load over the Tarjan algorithm [13] to compute
the network features is reduced. The pre-filtering greatly improves code efficiency because the
Tarjan algorithm is the most computationally expensive procedure utilised. Overall, the two
updates together with a code redesign have increased by 40% the computed networks with the
same resources.

3 Results

Two systems have been modelled to validate the code performance: the Epithelial–
Mesenchymal Transition and the lac operon.

3.1 Epithelial-Mesenchymal Transition

The epithelial-mesenchymal transition (EMT) is a procedure by which tumour cells obtain
mobility to propagate and colonise the body [8]. For this reason, EMT plays a crucial role in
cancer development. Figure 4 shows the Boolean Network obtained from the graph presented
in [8].

T S I

D Z

(a) System graph.

I = I

S = ¬T ∧ ¬Z ∨ I ∨ ¬S
T = ¬Z ∨D ∧ ¬I ∧ S ∧ ¬T
Z = S ∧ Z ∧ (¬I ∧ ¬T ∨ ¬D)
D = ¬Z ∨ ¬S ∨D ∧ ¬I ∧ ¬T

(b) Boolean network.

Attractor I S T Z D
E 0 0 1 0 1

0 1 1 0 1
H 1 1 1 0 1
M 1 1 0 1 0

(c) Network attractors.

Figure 4: Epithelial-Mesenchymal Transition modelling. (a) Graph representing the Epithelial-
Mesenchymal Transition system where T is the microRNA-34 concentration, S is the expression
of the Snail gene, I represents the input signal that triggers the process, D is the microRNA-200
concentration and Z is the expression of the Zeb gene. (b) Selected Boolean Network from the
networks obtained by the algorithm. (c) Attractors of the selected network where E is epithelial,
H is hybrid, and M mesenchymal. The epithelial attractor is a cyclic attractor made of two
alternating states.

As described in our previous work [10], the network shown in Figure 4 is not entirely con-
sistent with previous publications [8]. For example, the epithelial attractor in Figure 4 is cyclic3,
while other models show a simple epithelial attractor. However, there are three attractors in
total. Besides, the mesenchymal attractor is the same as the one in [8], and the simple epithelial
attractor in [8] is one of the two states that make the model epithelial attractor. In total, despite
the differences, the model in Figure 4 resembles those found in the bibliography and represents
the system nature.

3A cyclic attractor is made of a series of repeating states while a simple attractor is made of one single state.
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3.2 Lac Operon

The lac operon is a genetic circuit that regulates the lactose metabolism [11]. Similarly to
the EMT, this section shows the best results obtained by the algorithm when applied over the
lac operon system of differential equations described in [11]. Figure 5 shows the algorithm result
computed from the graph inferred from the system of differential equations.

A L

M B

(a) System graph.

A = B ∧ L ∨ ¬B ∧M
B = L ∧M ∨ ¬B

L = L

M = ¬M ∨A

(b) Boolean network.

Attractor A B L M
LA 0 0 0 0

0 1 0 1
LMC 1 1 0 0

0 0 0 1
LS 1 1 1 1

(c) Network attractors.

Figure 5: Lac operon modelling. (a) Graph representing the gene circuit of the lac operon where
A is allolactose, L is lactose, M is the messenger RNA that encodes the β-galactosidase, and
B is β-galactosidase. (b) Selected Boolean Network from the networks obtained by the algo-
rithm. (c) Attractors of the selected network where LA is lactose absence, LMC is lactose middle
concentration, and LS means lactose saturation.

Similarly to the EMT, the lac operon model resembles the system nature while holding some
distinctions with other models. For example, the lactose absence attractor is a cyclic attractor.
However, the predicted lactose absence attractor would be an attractor with all the states as 0.
Surprisingly, according to [14], the cyclic nature is consistent with a basal protein concentration
needed to trigger the mechanism. Moreover, the attractors obtained are coherent with the three
possible states of the system.

4 Conclusions

The algorithm presented last year enabled the efficient computation of Boolean Networks
from graphs depicting the systems to model. The version shown in this work introduces several
improvements, mainly, the presence of contradictory nodes (nodes with simultaneous activatory
and inhibitory effects) in the graph has been addressed, expanding the scope of modellable entities.

On the other hand, two technical improvements have been added together with a complete
software redesign. Firstly, the original algorithm to compute Boolean Networks has been replaced
by a modified breadth first search algorithm. Secondly, a pre-filtering system has been introduced
to apply the Tarjan algorithm only on meaningful networks. Overall, the technical upgrades have
led to a 40% increase in code efficiency.

The algorithm has been applied to two biological systems: the Epithelial-Mesenchymal Tran-
sition and the lac operon. In both systems, the networks obtained hold several differences with
alternative models found in the bibliography. However, they are consistent with the system na-
ture. The software presented a description of the system dynamics that led to their expressions.
No other Boolean Network model in the bibliography provides such a rationale.

Overall, the theory and algorithm depicted in this analysis are the current version of an
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ongoing project with several open lines such as the introduction of contradictory nodes within
the NCBF theory, the appearance of different canalising/canalised pairs in template NCBFs and
conflicts strategy, or the search for alternative pathway representations to name a few.
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[6] Zhou, J.X., Samal, A., d’Hérouël, A.F., Price, N.D., Huang, S., Relative Stability of Network States
in Boolean Network Models of Gene Regulation in Development. Biosystems, 142–143: 15–24, 2016.

[7] Hallgrimsson, B., Green, R.M., Katz, D.C., Fish, J.L., Bernier, F.P., Roseman, C.C., Young, N.M.,
Cheverud, J.M., Marcucio, R.S., The developmental–genetics of canalization. Canalization, a central
concept in biology. Semin. Cell Dev. Biol., 88: 67–79, 2019.

[8] Joo, J.I.; Zhou, J.X.; Huang, S.; Cho, K.H. Determining Relative Dynamic Stability of Cell States
Using Boolean Network Model. Sci. Rep., 8: 12077, 2018.

[9] Layek, R., Pathways, Networks and Therapy: A Boolean Approach to Systems Biology. Ph.D. Thesis,
Texas A&M University, College Station, TX, USA, 2012.
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1 Introduction

The calculation of the solution of a nonlinear equation f(x) = 0, where f : D ⊂ R −→ R, is
required in many scientific and engineering processes. Let us denote this solution by x∗. Since the
resolution of these problems is often difficult and there exist few analytical methods to solve them,
we use iterative algorithms to approximate the solution. Starting with an initial approximation of
the solution, iterative methods generate a sequence of points that under certain criteria converge
to x∗. The general expression of this iterative process is

xk+1 = g(xk), k ≥ 0,

where g is the fixed point function that defines the method, and x0 ∈ R is the initial estimation.
However, if more than one previous iterate are used to obtain the following approximation to x∗,
we classify the iterative scheme as a method with memory, being its general expression

xk+1 = g(xk−m, . . . , xk−1, xk), k ≥ m,

and requires the starting points x0, x1, . . . , xm ∈ R.
In the current decades, many authors have devoted their research to the design and analysis of
new iterative methods. In [1–3] we can find extensive studies on such schemes, taking into account
their order of convergence p, and their efficiency in terms of the number of different functional
evaluations d performed in each iteration of the method. Kung and Traub conjectured in [1] that a
method without memory has at most order 2d−1. When this upper bound is reached, the method
is classified as an optimal iterative process. However, the order of convergence of methods with
memory is not limited by this value. Therefore, it is common to include more than one previous
iteration in order to design iterative schemes with higher order of convergence, resulting in methods
with memory. In this paper, starting from a family of iterative methods of order two, we use this
technique to design an iterative scheme that improves its order of convergence without including
more functional evaluations.
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2 Introduction of memory and convergence analysis

The starting point of this study is a family of iterative methods presented in [4], whose iterative
expression is

xk+1 = xk −H(tk), k = 0, 1, 2, . . . , (1)

beingH(t) a weight function of variable tk = f(xk)
f ′(xk) . It is also proved in [4] that family (1) converges

quadratically when the weight function holds H(0) = 0, H ′(0) = 1 and |H ′′(0)| <∞. In addition,
in [5] the authors select a family of iterative methods that belongs to (1) with expression

xk+1 = xk −
f(xk)
f ′(xk)

− α

2

(
f(xk)
f ′(xk)

)2
, k = 0, 1, 2, . . . (2)

Let us note that (2) is obtained using in (1) the weight function H(t) = t+α t
2

2 , α ∈ R. The class
(2) has quadratic convergence for any α and its error equation is

ek+1 =
(
c2 −

α

2

)
e2
k +O(e3

k),

where ek = xk − x∗, ∀k, and c2 = f ′′(x∗)
2f ′(x∗) . From the lower term in the error equation, the order

of convergence of the family can increase a unit when α = 2c2. Since x∗ is unknown, different
approximations for f ′(x∗) and f ′′(x∗) are used in [5] obtaining methods with memory with order
p = 1 +

√
2 ≈ 2.4142. Mainly, these approximations use quadratic polynomials and rational

funtions.
Hereinafter, we are analyzing an approximation for f ′′(x∗) using high-order degree polynomials
in order to achieve an even greater increase in the order of convergence. In particular, we are
going to approximate f ′′(x∗) using cubic interpolation polynomials. Let us consider the general
expression of a cubic polynomial

p(x) = a+ bx+ cx2 + dx3.

Coefficients a, b, c and d are obtained imposing the following conditions:

p(xk) = f(xk), p(xk−1) = f(xk−1), p′(xk) = f ′(xk), p′(xk−1) = f ′(xk−1).

Then, we can approximate f ′(x∗) ≈ f ′(xk) and f ′′(x∗) ≈ p′′(xk), so the approximation for param-
eter α is given by:

αk = p′′(xk)
f ′(xk)

= −6f(xk) + 6f(xk−1) + 2(xk − xk−1)(2f ′(xk) + f ′(xk−1))
f ′(xk)(xk − xk−1)2 . (3)

We denote the iterative scheme obtained after replacing in (2) the parameter αk defined in (3)
as CS method. Theorem 1 shows the improvement in the quadratic order of convergence if
approximation (3) is considered.

Theorem 1. Let f : I ⊂ R −→ R be a sufficiently differentiable function in an open interval I.
If x∗ ∈ I is a simple root of f(x) = 0 and x0 and x1 are initial estimations close to enough to x∗,
then the iterative method CS converges to x∗ with order of convergence p = 1 +

√
3 ≈ 2.7321.

Therefore, the inclusion of memory by means of cubic interpolation polynomials makes it possible
to increase the order of convergence of family (2) without increasing the number of different
functional evaluations.
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3 Stability analysis: basins of attraction

In Section 2, the order of convergence of the CS method has been introduced. Moreover, the
analysis of the stability of the iterative scheme in terms of the initial estimations using a complex
dynamical study [6] is also useful. Since CS is a method with memory, we must use tools from
multidimensional real dynamics [7] to carry out this analysis .
Let us note that CS scheme is a method with memory with general expression xk+1 = g(xk−1, xk).
In order to calculate its fixed points, the authors in [7] define an auxiliar vectorial function
G : R2 −→ R2 and then the discrete dynamical system

G(z, x) = (x, g(z, x)),

where we denote z = xk−1 and x = xk. Then, the orbit of a point (z, x) ∈ R2 is the set of its
successive images by G, i.e. {(z, x), G(z, x), G2(z, x), . . . , Gm(z, x), . . .}.
We consider that the iterative scheme under study is applied on a nonlinear function f(x). Thus,
the fixed points of the associated vectorial function G satisfy G(z, x) = (z, x). In addition, when
they are different to the roots of f(x) they are called strange fixed points. The asymptotical
behaviour of the fixed points (zF , xF ) of G is classified depending on the eigenvalues λ1 and λ2
of the Jacobian matrix G′(zF , xF ). According to Robinson [8], a fixed point is attracting when
|λ1,2| < 1, repelling if |λ1,2| > 1 and (zF , xF ) is called saddle point if |λ1| > 1 but |λ2| < 1.
For an attracting fixed point x∗, its basin of attraction is defined as the set of preimages of any
order that converge to it, that is

A(x∗) = {(z0, x0) ∈ R2 : Gm(z0, x0) −→ x∗,m→∞}.

We can represent the basins of attraction of the roots of a given nonlinear function f(x) using
the dynamical planes. In this plot, the real plane is divided into a mesh of points that are taken
as initial estimates to iterate the iterative method used to approximate the roots of f(x). After
successively applying the asociated vectorial operator G to each point in the plane, if it converges
to any of the roots, it is represented in the corresponding colour and in black otherwise. In this
way, we are able to determine the stability of the iterative method in terms of the set of initial
estimations that converge to the roots of the nonlinear function.
Therefore, dynamical planes are useful for selecting the best initial estimations required to apply
an iterative method to approximate the solution of a nonlinear equation. In Section 4 we test
the performance of CS method by solving different nonlinear functions. Previously, we apply CS
method to the considered equations in order to compare its stability over different examples and
also with the classical Secant’s method, whose iterative expression is

xk+1 = xk −
(xk − xk−1)f(xk)
f(xk)− f(xk−1) , k = 1, 2, . . .

Let us note that Secant’s method is a scheme with memory with order of convergence p ≈ 2.41.
Figures 1, 2 and 3 show the dynamical planes of the nonlinear funcions in Table 1, respectively.

Function Roots
f1(x) = (x− 1)3 − 1 x∗ = 2
f2(x) = x2 − ex − 3x+ 2 x∗ ≈ 0.257530.
f3(x) = sin(x)− x2 + 1 x∗1 ≈ 1.409624, x∗2 ≈ −0.636732

Table 1: Test nonlinear functions for the stability and the numerical analysis
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The real roots of the nonlinear functions, denoted by x∗, are also fixed points of the vectorial
fixed point function associated to CS method applied to them. They are represented with white
stars in the dynamical planes and their basin of attraction with colour orange for the roots of
f1(x) and f2(x). We have depicted in orange and blue the initial estimations that belong to the
basins of attraction of the two real roots of f3(x). The convergence in the dynamical planes is set
when the difference between a point of the orbit of each initial guess and a root of the considered
function is lower than 10−5 with a maximum of 50 iterations of the method. As CS is a method
with memory, the axes in the real plane represent the current and the previous iterations, x and
z, respectively.
Figure 1 shows the dynamical planes corresponding to f1(x). For any initial guess, the most of
the points converge to x∗. However, there are points in black that do not belong to its basin of
attraction, with wider regions represented in black for Secant’s method.
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Figure 1: Basins of attraction for f1(x)

Figures 2 and 3 show that every initial guess converge to a root of the nonlinear equation. This
fact shows the stability of both Secant and CS methods. Moreover, the colour intensity denotes
that the initial estimate requires more iterations until its orbit converges to a root.
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Figure 2: Basins of attraction for f2(x)

Therefore, the dynamical planes previously shown (Figures 1-3) highlight the stability of method
CS depending on the initial estimate considered for these nonlinear test functions, even improving
the stability of Secant’s iterative scheme.
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Figure 3: Basins of attraction for f3(x)

4 Numerical experiments

In this section we will approximate the roots of the nonlinear test functions f1−3(x) in Table
1 using Secant’s method and CS iterative scheme. Based on Figures 1-3, we will take as an
initial estimation for solving the equations different points in the basins of attraction denoted in
orange or blue. This fact will guarantee the convergence to a root of the corresponding function.
Furthermore, we have choose for simplicity z0 = x0 + 0.1 in all the cases.
The numerical experiments have been carried using software Matlab R2018b. The convergence
is set when |xk+1 − xk| < 10−5 or |f(xk+1)| < 10−5, being the number of iterations lower than
50. Table 1 shows, for each nonlinear function, the initial estimation x0, the number of iterations
required to converge to the root, the approximation of x∗, the difference between the two last
iterations, the value of the funtion in the last iteration and the Approximated Computational
Order of Convergence (ACOC) defined in [9] as

p ≈ ACOC = ln(|xk+1 − xk|/|xk − xk−1|)
ln(|xk − xk−1|/|xk−1 − xk−2|)

, k = 2, 3, . . .

Table 1 gathers the performance of the numerical experiments. Let us note that the numerical
performance of both methods is acceptable, since in all cases the initial estimates converge to the
root of each function. Moreover, method CS requires in general less number of iterations than
Secant’s scheme to approximate the solution of the equation more accurately.

5 Conclusions

Starting from a family of iterative schemes with quadratic convergence, a method with memory
with order of convergence 2.7321 has been designed. This method has been obtained using a third-
degree interpolation polynomial for the approximation of the accelerating parameter that is present
in the initial family. In adddition, a stability analysis depending on the initial estimations has been
performed for different nonlinear test functions, showing wide basins of attraction corresponding
to the roots of the functions. Finally, the numerical performance of the proposed class has been
compared with Secant’s scheme, obtaining accurate approximations of the roots of the considered
test functions.
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f x0 Method iter x∗ |xk+1 − xk| |f(xk+1)| ACOC

f1(x)

1.2 Secant 18 2 3.8278e–06 5.1595e–09 1.6013
CS 16 2 5.2281e–08 7.1450e–22 2.9175

−0.5 Secant 14 2 2.1585e–07 4.9458e–11 1.6407
CS 7 2 3.1737e–07 1.5984e–19 2.8926

−4 Secant 23 2 6.9851e–06 1.3593e–08 1.5674
CS 10 2 1.0133e–11 5.2026e–33 2.9760

f2(x)

0 Secant 4 0.2575302854 5.0514e–08 2.1496e–12 2.1675
CS 3 0.2575302854 7.0601e–11 2.2390e–29 2.2410

1 Secant 4 0.2575302855 1.0718e–06 2.2724e–10 1.8087
CS 4 0.2575302854 9.2439e–15 1.9607e–39 2.8431

2 Secant 6 0.2575302854 1.2809e–08 1.7620e–13 1.7770
CS 4 0.2575302854 1.1639e–14 1.5604e–38 3.5723

f3(x)

1 Secant 6 1.409624004 3.8472e–08 2.0162e–12 1.6896
CS 4 1.409624004 3.4818e–08 7.2788e–22 3.0893

−2 Secant 6 -0.6367326508 1.6286e–07 1.1554e–11 1.6747
CS 4 -0.6367326508 3.6851e–11 5.5928e–30 2.9962

0.25 Secant 8 -0.6367326508 1.5058e–07 9.7093e–12 1.6260
CS 6 1.409624004 1.1850e–07 2.1495e-20 2.9196

Table 2: Numerical results for f1(x), f2(x) and f3(x)
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1 Introduction

The direct costs associated with diabetes mellitus represent 8% of total healthcare expenditure
in Spain, amounting to around 6 billion euros per year [1]. The overall prevalence of diabetes
in people over 18 years of age (adjusted for age and sex) is estimated at 13.8% in 2010 [2], with
type 2 (T2DM) being the most common type of diabetes, accounting for 85-95% of all diabetes
cases in high-income countries [3]. T2DM is associated with multiple diseases such as chronic
kidney disease [4], retinopathy, pyelonephritis, heart attack or stroke [5]. It is estimated that 35%
of patients with T2DM develop diabetic kidney disease [6]. Treatment of end-stage renal disease
requires expensive treatments such as haemodialysis and kidney transplantation.
The objective of this study is to evaluate in patients with T2DM the degree of renal damage and
the risk of suffering complications according to their socio-demographic, clinical and morbidity
characteristics and to obtain the weight of the variables that have most influence.

2 Methods

This was an observational, population-based, cross-sectional study in patients with T2DM aged
over 18 years assigned to a health district in Spain in 2015.
Data for the study were provided by the Conselleria de Sanitat i Salut Publica of the Valencian
Community and it contains: the information about the Population Information System (SIP), the
Ambulatory Information System (SIA), the electronic outpatient clinical records (ABUCASIS),
Pharmacy Prescriptions Manager (GAIA), the Hospital Minimum Data Set (MDS) and the clinical
analytical laboratory information was Geslab.
Patient data were anonymized, and the study has strictly complied with the current personal
data protection regulations, specifically Regulation 2016/679 of the European Parliament and of
the Council of 27 April 2016 on the protection of natural persons with regard to the processing
of personal data and on the free movement of such data, as well as the Organic Law 3/2018, of
December 5 concerning protection of personal data and guarantee of digital rights.
Additionally, the study protocol was approved by the Ethical Review Board of the University
Hospital Clinic of Valencia.
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The sociodemographic and clinical variables that were available are sex, age, morbidity (according
to the Clinical Risk Groups classification), drug prescription, estimated glomerular filtration rate
(eGFR), albuminuria, glycated haemoglobin (patient controlled or not) and cholesterol.
The renal impairment of patients is established using the KDIGO scale, that is based on the esti-
mated glomerular filtration rate and albuminuria. The closest available values of these parameters
to 31 December 2015 were used to classify each patient in a KDIGO group. According to the
KDIGO scale, patients were classified in 4 groups in a graph with different colours (figure 1.1),
where green means low risk, yellow means moderate risk, orange is high risk and red is a very
high risk of developing kidney damage. However, in order to simplify the analysis, for this study
patients have been classified just in two groups, where the first one includes patients that has any
or little renal damage (green and yellow in the KDIGO scale) and the second group are patients
with medium or high renal damage (orange and red in the KDIGO scale).
The value of the glycated haemoglobin is used to determine if the disease is controlled or not
in the patient. In this sense, a diabetic patient is considered to be controlled if it is under 65
years old and has a glycated haemoglobin value equal or less than 7, and for patients above 65
years old, the glycated haemoglobin value is equal or less than 8. Pharmaceutical prescription has
been considered by classifying patients according to the mechanism of action of the drug they are
taking. The groups of drugs considered are: biguanides, oral hypoglucemiant drug combinations,
intermediate and rapid-acting insulin and analogue combinations, dipeptidyl peptidase (DPP-4)
inhibitors, alpha-glucosidase inhibitors, insulins, other hypoglucemiant drugs excluding insulins,
sulfonylureas and thiazolidinediones.
We used real-world data including all T2DM patients with albuminuria and glomerular filtration
rate measurements in one health department in 2015. This makes the number of patients included
in each of the KDIGO groups differ significantly, finding that 85% of the patients have low or
moderate risk of kidney damage, and only 15% have a high or very high risk of kidney damage.
We used a decision tree function, fitctree to be exact, in Matlab program. This returns a fitted
binary classification decision tree based on the input variables. Due to the different group sizes,
some of them with a very small number of patients, a K-fold cross-validation in each of the models
has been used, using the function named cvpartition, that defines a random partition on a data
set. We used this partition to define training and test sets for validating a statistical model using
cross-validation.
To evaluate each of the models we used the accuracy, precision, sensitivity, specificity, AUC ROC
and ROC Curve. The accuracy is the percentage of correct predictions. For the total number of
positive predictions, the precision evaluates the percentage of correct positive predictions. The
sensitivity is the percentage of correct positive predictions out of the real number of positives and
the specificity is the percentage of correct negative predictions out of the real number of negatives.
The AUC ROC and the ROC Curve has been obtained by using the perfcurve function, that
provides information about the relationship between the sensitivity and specificity.

3 Results

The total population of the Health District was 263,334 adults in 2015, of these 28,345 patients
had type 2 Diabetes Mellitus, and only 14,935 patients had available the determinations of the
eGFR and albuminuria. Among these patients, almost the 86% of the patients are classified on the
2 first groups of the KDIGO scale (green and yellow), which includes our first group of analysis,
and the rest of them belong to the last 2 groups (orange and red) (Figure 1).
Different models with the available variables were considered, on an individual basis and in differ-
ent combinations, with the aim to obtain the model that can better differentiate the characteristics
of patients at higher risk of complications.
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Figure 1: Distribution of the 14,935 patients according to eGFR and albuminuria categories according to
the KDIGO 2012 classification.

In the section 3, it is shown that, depending on which variables or combinations or variables
are considered, different results were obtained, but the accuracy, precision and sensitivity are
almost identical in all and very high in most of the cases. However, the indicator that allows
for a better comparison of the different models is the AUC ROC and denotes that the variables
that individually get higher results are age (0.72) and cholesterol (0.60). When two variables
are combined, the best model includes age and cholesterol, with an AUC ROC of 0.85. The
best model with 3 variables is the one including age, cholesterol, and drugs, with an AUC ROC of
0.90. Finally, when all the variables are included (age, cholesterol, sex, drugs, CRG, and controlled
glycated haemoglobin) the best AUC ROC value is obtained (0.93), but it shows the same result if
glycated haemoglobin is excluded. These two models that show the best results are very complex,
and all the necessary data is not always available. It is possible to obtain similar results with
simpler models that only include the combination of three variables (age, cholesterol and drugs
or age, cholesterol and CRG).
As mentioned before, the parameter used to compare the different models evaluated is the AUC
ROC, and it is represented graphically in Figure 3 with the ROC Curve. The models that combined
5 or 6 variables get the best results, but similar values can be obtained with less complex models.
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Figure 2: Accuracy, precision, sensitivity, specificity and AUC ROC results according to the variables
introduced in the models

Figure 3: ROC Curve.
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4 Conclusions

Considering that chronic kidney disease is highly prevalent in patients with T2DM in Spain
and the progression of the disease is correlated with an increase of healthcare resource use, it’s
important to identify the characteristics of patients most likely to suffer kidney damage in order
to implement early management strategies.
Different models were elaborated to analyse the degree of renal impairment of patients with T2DM
according to the socio-demographic, clinical and morbidity variables, that it was determined the
weight of each variable and obtained the most influential one.
The variables with a higher discrimination power in our model in an individual basis are age and
cholesterol. The best model is obtained with the combination of all variables, but the simpler and
the best option is the model that includes the variables age, cholesterol and drugs, that gets an
AUC ROC value of 0.90.
Next steps include the design of a logistic regression model and its representation with a nomo-
gram, which make it easier to know the weight of each variable. In addition, it is important to
obtain more years of data to make a follow up and improve the models.
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1 Introduction

In recent years, several papers have studied how to apply the fractional order derivative to model
the spread of an infectious disease. Most of them apply Caputo’s definition of fractional derivative
in differential equations or systems of differential equations [1]. However, it is interesting to work
with discrete systems since statistical data on epidemics are collected at discrete times and it
is easier to compare them with the output of discrete-time systems. For the discrete case, the
fractional order differential operator is less used. In this line, some papers study discrete linear
systems of fractional order using the discrete approximation of the Grünwald-Letnikov fractional
derivative, see for instance [2].
In this paper, we propose a mathematical representation to study the behaviour of the solution of
an epidemic model in which the disease is transmitted through the environment. We focus on an
epidemic process that includes indirect transmission of the disease when the population comes into
contact with the underlying contamination in space. Then, in addition to susceptible and infected
individuals, we consider a new variable representing the amount of contaminant in the enclosure.
We propose a discrete-time model based on fractional calculus where the state depends on the
current state and previous ones. This model uses a discrete version of the Grünwald-Letnikov
fractional derivative operator with truncated memory. This follows from the properties of the
coefficients of our operator since we show that they can be negligible beyond a certain step. This
justifies taking a truncated operator as a good approximation of the proposed process.
We obtain the equilibrium points of the proposed model and perform a thorough analysis of
their stability. To determine whether the system is stable or not we define some parameters
depending on the fractional order and the memory steps considered. In the analysis we observe
that the population size plays an important role in ensuring the disappearance or permanence of
the disease.
Finally, we illustrate different properties of the proposed model by analyzing different examples
as a function of the fractional order and the number steps in which we truncate.

1aherrero@mat.upv.es
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2 Methods

We consider an epidemic model that represents an outbreak of an indirect transmission infectious
disease. In this model, the state variables are: the susceptible population S(t) with p survival rate,
the infected population I(t) with q survival rate and the amount of contaminant C(t) remaining in
the environment, whose survival rate is s. We denote by β the amount of contaminant produced
by each infected individual and the incidence of the disease is given by the parameter σ, which
represents the rate of indirect contact-based transmission. Note that 0 < p, q, s, σ < 1 and β ≥ 0.
The mathematical representation of this infectious process is given by the following system

S(t+ 1) = pS(t)− σC(t)S(t) + µ(t)P
I(t+ 1) = qI(t) + σC(t)S(t) (1)
C(t+ 1) = sC(t) + βI(t), t ≥ 0;

Note that this system is a discrete time nonlinear system relating the state at time t with the
state at time t+ 1. Some results about this model can be found in [3–5].
In this work, we introduce a new model using a fractional order operator which consider the
states at previous times. Concretely, we use the discrete-time fractional order Grünwald-Letnikov
operator ∆α [2]. Moreover, we will truncate the operator in order to describe a short-term memory
process in a similar way as [6,7]. Then, the k-truncated discrete-time fractional order Grünwald-
Letnikov operator in k steps is given by:

∆α
kx(t) =

k∑
j=0

aαj x(t− j). (2)

where the fractional order α satisfies 0 < α ≤ 1 and

aαj = (−1)j
(
α
j

)
, j ≥ 0, (3)

with (
α
j

)
=


1 j = 0
α(α− 1)...(α− j + 1)

j! j > 0.
(4)

Using this k-truncated operator we introduce the new model as follows

∆α
kS(t+ 1) = (p− 1)S(t)− σC(t)S(t) + µ(t)P

∆α
k I(t+ 1) = (q − 1)I(t) + σC(t)S(t) (5)

∆α
kC(t+ 1) = (s− 1)C(t) + βI(t), t ≥ 0;

which is clearly reduced to the system (1) when α = 1. This is a model with k steps of memory
since the state at time t+ 1 depends on the states at time t, t− 1, . . . , t− k + 1.
We assume that the size of the population always remains constant, that is P = S(t) + I(t),
∀t ≥ 0, with the replacement of dead individuals by new susceptible individuals given by µ(t)P .
This condition of constant population P at any time t ≥ 0 implies that the addition of the two
first equations of system (5) gives

µ(t)P = (q − p)S(t) + P (1− q + Σα
k ), t ≥ 0,
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with Σα
k = ∑k

j=0 a
α
j , k ≥ 0, 0 < α ≤ 1. So, applying this condition to our model (5), it can be

rewritten as

S(t+ 1) = (q − 1 + α))S(t)−
k∑
j=2

aαj S(t+ 1− j)− σS(t)C(t) + P (1− q + Σα
k )

I(t+ 1) = (q − 1 + α)I(t)−
k∑
j=2

aαj I(t+ 1− j) + σS(t)C(t) (6)

C(t+ 1) = (s− 1 + α)C(t)−
k∑
j=2

aαj C(t+ 1− j) + βI(t),

We have to assure that, under the conditions of no infection and no recruitment of population,
then both, individuals and contaminant, disappear. So, in order to get consistency with this
particular case, the conditions 0 ≤ 1− α < q, and 0 ≤ 1− α < s have to be hold.
In the Results section we compute the equilibrium points to study the behavior of this discrete
time fractional order system. To analyze the evolution of the disease, we will obtain a linear
approximation of the model around the disease-free equilibrium point. We will define and obtain
the basic reproduction number and study how it relates with the order of the fractional derivative
α and the memory steps k.

3 Results

First, we study the biological sense of the truncated discrete time fractional order system (6). It is
important to assure that our model is a good representation of the epidemiological process. Taking
into account that only nonnegative solutions have biological sense, in the following proposition we
establish an upper threshold on the size of the population P in order to assure the nonnegativity
condition on the solution.

Proposition 5. If P <
(q − 1 + α)(1− s+ Σα

k )
σβ

then the solution of the truncated discrete time
fractional order system (6) is nonnegative.

Next, we study the stability of the system (6) around the disease-free equilibrium point. An easy
calculation leads to that this point is given by

S∗f = P, I∗f = 0, C∗f = 0,

for any value α ∈ Λq,s and k ≥ 1. Note, that this agrees with the case α = 1 when the first order
difference is considered.
Let us consider the linearization of system (6) around the disease-free equilibrium point (P 0 0)T
taking S(t)C(t) ≈ P C(t). Then, we focus our attention on the equations for the infected indi-
viduals and the contaminant of this linearized system

I(t+ 1) = (q − 1 + α)I(t)−
k∑
j=2

aαj I(t+ 1− j), (7)

C(t+ 1) = (s− 1 + α)C(t)−
k∑
j=2

aαj C(t+ 1− j) + βI(t).

Note that this system can be interpreted as a system with delays and its stability can be studied
using a stacked form. That is, the system (7) is a k−delayed linear system equivalent to the
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k−stacked linear system x̂(t+ 1) = E x̂(t), with x̂(t) = (I(t) C(t) I(t− 1) C(t− 1) . . . I(t+ 1−
k) C(t+ 1− k))T and E given by

E =


Ē −a2I −a3I · · · −ak−1I −akI
I O O · · · O O
O I O · · · O O
...

...
...

...
...

O O O · · · I O

 , (8)

where Ē =
(
q − 1 + α σP

β s− 1 + α

)
.

The system is asymptotically stable if ρ(E) < 1. So, to determine the spectral radius of E we need
to make an exhaustive study of its eigenvalues. This is given in the following result.

Theorem 11. The system 6 is asymptotically stable around the disease-free equilibrium point if
and only if P < M(α, k), where

M(α, k) = (1− q + Σα
k )(1− s+ Σα

k )
σβ

, (9)

otherwise it is not.

Therefore, we have found a bound for the population as a function of the fractional order α
and the selected memory k, given by M(α, k). It is interesting to analyze how this limit varies
according to the choice of these parameters to optimize the size of the population according to
the available data. From this study we obtain that when considering a greater number of memory
steps, stability is maintained with a larger population. On the other hand, in the case of the order
of the fractional derivative, if this order is higher, stability is maintained with a larger population
size.

Proposition 6. The population bound given in (9) satisfies that

M(α, k) < M(α, k − 1) and M(α2, k) < M(α1, k)

with 0 < α ≤ 1, k ≥ 1 and 0 < α1 < α2 ≤ 1.

4 Conclusions

The spread of a disease transmitted by indirect contact has been mathematically represented by
a discrete fractional order model with k memory steps.
In order to assure the nonnegativity of the solution of the system, a threshold for the population
size has been obtained.
The stability of the disease free equilibrium point of the model has been analyzed. Using a
k−stacked form, another bound for the population size has been found, which depends on the
fractional order α and the step memory k. This bound increases both, when α decreases for a
constant k and when k decreases for a constant α.
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1 Introduction

To judge the mutual relationship among elements, pairwise comparisons (PC) are widely used in
decision modelling. PC is especially useful when the involved elements are intangible. Frequently,
the number of elements to be compared may be very large. When dealing with n elements, the
number of PCs is, under the reciprocity hypothesis, n(n − 1)/2. PCs are compiled in so-called
pairwise comparison matrices (PCM). In the presence of missing entries due to uncertainty or
lack of information, decision-making must be performed from the available incomplete information.
Making all the comparisons in the complete case may be tedious, strenuous and time-consuming for
the actors, may blur the body of judgment, and produce weak priorities and unreliable decisions,
thus leading to wrong and harmful conclusions. We claim that a sample of PCs involving less
than that number of comparisons may be suitable to develop sound decisions. As the problem has
no general solution, we analyse and solve the case in which PCs focus on comparing the elements
against only a reduced number of pivotal specific elements. This case include, among others, two
practical cases: the actor is more familiar with those pivotal specific elements, and the Best-Worst
method [1] has been used to identify the two extreme elements in the set. The approach, developed
within the linearization theory [2], is supported with rigorous Mathematics, numerical tests and
examples and may be implemented using straightforward and simple computational codes.

2 Methods

Let Mn denote the set of n × n matrices. A matrix A = (aij) ∈ Mn is said to be reciprocal if
aij > 0 and aijaji = 1 for all 1 ≤ i, j ≤ n. A matrix B = (bij) ∈ Mn is said to be consistent if
bij > 0 and bijbjk = bik for all 1 ≤ i, j, k ≤ n. Evidently, any consistent matrix is reciprocal.
Let A be an n× n reciprocal matrix and XA be the consistent closest matrix to A in the sense of
the following distance defined in the set of positive n× n matrices: d(X,Y ) = ‖L(X)− L(Y )‖F ,

1carpitella@utia.cas.cz
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where L is the entry-wise logarithm and ‖ · ‖F is the Frobenius norm. It is proved (see [3]) that

XA = E

( 1
n

[
(L(A)Un)− (L(A)Un)T

])
, (1)

where E is the entry-wise exponential, Un = 1n1
T
n , and 1n = (1, 1, . . . , 1)T ∈ Rn (we shall use

columns for vectors in R
n). Observe that the Frobenius norm derives from the following scalar

product defined in Mn: if A,B ∈Mn, then 〈A,B〉 = tr(ABT ), where tr(·) is the trace operator.
The following is a useful linear mapping: φn : Rn → Mn given by φn(v) = v1Tn − 1nvT . This
mapping satisfies kerφn = span{1n}; A ∈Mn is consistent if and only if L(A) ∈ imφn; and

〈φn(v), φn(w)〉 = 2nvTw− 2
(
vT1n

) (
wT

1n

)
, (2)

for any v,w ∈ Rn, see [4, Teorema 9].
If X = (xij) ∈ Mn is consistent, there exists a positive vector x = (x1, . . . , xn)T ∈ R

n such
that xij = xi/xj for all indexes i, j. This vector (or a positive scalar multiple) is said to be the
priority vector of X, and is useful to rank the alternatives. The above condition can be written
as log xij = log xi − log xj , which can be restated as L(X) = φn(L(x)). In this contribution we
address a way to reduce in a relevant and coherent way the number of pairwise comparisons for the
survey to become more friendly. If there are n alternatives, the expert has to build an entire n×n
reciprocal matrix, and therefore, assuming reciprocity, produce n(n− 1)/2 numbers. If n is large,
n(n − 1)/2 is also large and the expert can be easily tired and lose the necessary concentration.
For example, if n = 10 (which is not very large), then n(n − 1)/2 = 45, and a survey consisting
of 45 questions may be tedious, strenous and time-consuming. In contrast, if the expert is asked
to fill fewer entries, the survey will become more friendly and, arguably, more reliable.
The main idea in this contribution is to use an incomplete reciprocal matrix, obtained after
comparing the elements only with two pivotal ones, to build an explicit expression of the most
suitable completion.
Let us assume that the expert is asked to compare two alternatives (without loss of generality,
we assume that these alternatives are the first and the second) with the remaining ones. In this
case, the problem is solved with 2n − 3 PCs (plus their symmetric, reciprocal ones). While at a
lower level than in the complete case, this case involves some redundancy.
With the next theorem, we can characterize when such an incomplete n× n reciprocal matrix B
admits a consistent completion.

Theorem 12. Let B ∈ Mn be a reciprocal incomplete matrix with known entries b1i, b2i for
i = 1, . . . , n. The matrix B has a consistent completion if and only if its first and second columns
are proportional. In this case, the completion is unique and its (i, j) entry is bi1b1j for all i, j.

We can establish the main result in this contribution:

Theorem 13. Let B ∈ Mn be a reciprocal incomplete matrix with known entries b1i, b2i for
i = 1, . . . , n.

1. There is a unique reciprocal completion of B, say D, such that d(D, Cn) ≤ d(D′, Cn) for all
D′ ∈Mn reciprocal completion of B.

2. There is a unique Z ∈ Cn such that d(D,Z) = d(D, Cn).

3. Z = E[φn(L†Qρ)], where ρ = (log b12, . . . , log b1n, log b21, log b23, . . . , log b2n)T , matrix Q is
the incidence matrix associated to the graph of B, and L = QQT .

4. If (i, j) is an unknown entry of B, then the (i, j) entry of D and Z are equal.
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It is not difficult to give a simple expression for L†Q (omitted here), what makes all the calculations
straightforward.
With the above considerations we may prove the following calculation practical result.

Theorem 14. Let B ∈ Mn be a reciprocal incomplete matrix with known entries b1i, b2i for
i = 1, . . . , n. Under the notation of Theorem 13, one has Z = E[φn(w)], where

w = 1
n+ 2


2 log b12 + (s1 − s2)/2
2 log b21 + (s2 − s1)/2
−(log b13 + log b23)/2

...
−(log b1n + log b2n)/2

 ,

where s1 = ∑n
i=3 log b1i and s2 = ∑n

i=3 log b2i.

We can see that n(n−1)/2 comparisons are required to build a complete n×n comparison matrix
and only 2n− 3 comparisons if we use Theorem 14.
The involved numerical operations to find vector w in Theorem 14 (and Z = E[φn(w)]) are
elemental (for instance, neither linear systems are solved, nor pseudoinverses computed).

3 Results

The BW method is a multi-criteria decision-making method proposed by J. Rezaei, [1]. In this
method, two elements are selected by the expert: the best (the more influential) and the worst (the
less influential). The expert gives the preferences of the best element over all the other elements
using numbers between 1 to 9, which can be stored in the vector m = (m1, . . . ,mn)T . Analogously
for the worst element, producing p = (p1, . . . , pn)T , being pi ∈ {1, . . . , 9} the preference of the
i-th element over the worst. The last step is to find the optimal weights w = (w1, . . . , wn)T that
are the solution of the following problem

min max
j

{∣∣∣∣∣wBwj −mj

∣∣∣∣∣ ,
∣∣∣∣ wjwW

− pj
∣∣∣∣
}

such that
wi > 0 for all j and w1 + · · ·+ wn = 1,

(3)

where wB is the B-th component of w corresponding to the position of the best element, and
similarly for wW . From now on, without loss of generality, we will assume that the best element
is the first one and the worst element is the second one. With this assumption, it is evident that
m1 = p2 = 1 and m2 = p1.
As we can easily see, in the BW method and in the method described in Theorem 14, there are
two outstanding elements. In [1, Definition 3] it is defined when a comparison given in the BW
method is fully consistent: it must satisfy mjpj = m2 for all j. We can show that this concept is
equivalent to the characterization given in Theorem 12.

Theorem 15. Let m,p ∈ Rn be the two vectors given by the BW method. Let

B =


m1 m2 m3 · · · mn

1/p1 1/p2 1/p3 · · · 1/pn
1/m3 p3 ? · · · ?

...
...

... . . . ...
1/mn pn ? · · · ?

 , (4)
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an incomplete reciprocal matrix. Then the criterion given in Theorem 12 holds if and only if the
BW method is fully consistent.

We can also show that if we change the optimization function of the problem established in (3),
then the BW method and the method provided in Theorem 14 are the same.
Finally, we can empirically test the main result given in the Method’s Section. To this end, we
employ the following pseudocode

1. We generate r random reciprocal matrices n× n. Let A1, . . . , Ar be these matrices.

2. We compute the consistent matrix closest to each matrix Ai using (1). Let X1, . . . , Xr be
these matrices.

3. Since each Xi is consistent, its priority vector is any normalised column. Let bi and wi the
position of the largest and smallest, respectively, component of the priority vector of Xi.

4. We apply the main result of Section 4 to matrix Ai considering the pivotal elements bi and
wi obtaining Zi.

5. We calculate the (arithmetic) mean of d(Xi, Zi).

By executing this pseudocode for r = 1000 and n = 10 we get numbers around 0.01. By selecting
in a concrete way the “best” and the “worst” criteria we get very small numbers.

4 Conclusions

The large number of alternatives and multiple conflicting goals to be considered make decision-
making increasingly complex. Many studies in the literature address comparing alternatives in
large databases. It is reasonable to be inconsistent When considering a large number of options.
Several MCDM methods rely on pairwise comparisons between elements. However, if the number
n of elements for pairwise comparison is large, the number of comparisons, n(n − 1)/2 is large
too, and an individual making the comparisons may become easily bored, tired, and eventually
lose concentration, thus leading to wrong decisions. Insisting in issuing every single comparison
will be of no help. If the actor is instead asked to perform fewer comparisons, the survey will be
friendlier, and, most importantly, the issued opinions more reliable.
In this contribution, we have addressed the provision of fewer PCs in a decision-making problem,
while still producing sound decision-making. We think there is not a general solution to the
problem of finding an optimal sample of PCs to be issued so that card(sample) < n(n − 1)/2
and still produce a sound DM. This seems to be especially true if we focus the problem from too
general a perspective. There is a trivial solution, providing a lower bound for the sample size:
just produce n− 1 PCs, since it is equivalent to directly giving the priority vector.
Among many other possibilities, we have concentrated on considering a reduced number of ele-
ments that the expert is familiar with, and issue comparisons only on those elements with all the
others. This case is very frequent in the applications, since experts sometimes do not have the
same degree of acquaintance with all the elements under comparison. Only 2n − 3 comparisons,
using Theorem 14, would be asked, instead of the n(n − 1)/2 comparisons required to build a
complete n × n comparison matrix. Additionally, we have considered the BW method [1] and
shown the close relationship with the approach herein developed.
Further studies could consider other efficient ways of selecting representative samples of PCs and
mechanisms to prove that efficiency.

109



Modelling for Engineering & Human Behaviour 2021

Acknowledgements

The research is financially supported by the Czech Science Foundation, Grant No. 19-06569S.

References

[1] Rezaei, J. (2015). Best-Worst Multi-Criteria Decision-Making Method, Omega, 53, 49-57.
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through Linearization. Appl. Math. Model., 35 (2011) 4449-4457.
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1 Introduction

Managing supply chain risks (SCRs) has become an increasingly strategic key factor over the
last decade, aimed at pursuing and maintaining business success. These types of risks clearly
pose an important challenge to managers nowadays, and evaluating uncertainty affecting business
scenarios is crucial. Indeed, COVID-19 has been dangerously affecting supply chains of global
manufacturers, and is indicated as a main trigger cause of supply chain disruptions for a huge
number of enterprises. Major effects derived from epidemic outbreaks on supply chains should be
further adequately investigated since enterprises have been adopting poor risk management plans
[1] to face them. Many companies, for instance, have been assuming a passive attitude towards
the management of pandemic effects, simply waiting for the situation to come back to normality at
hopefully short notice. On the other side, those companies that are more proactively reacting to
the pandemic have been encountering countless difficulties in implementing risk management plans
at operational levels [2]. Given these preliminaries, the present contribution is aimed at proposing
a way for managing risks due to COVID-19. The main objectives of the present contribution can
be formalised as follows:

1. analysing critical supply chain risks and related interdependence relationships to establish
priorities on mitigation/prevention actions and most influential risks;

2. proposing a structured method capable to get the vector of risks’ weights and ease the selection
of the most suitable contingency strategy on the basis of companies’ needs.

These objectives are herein addressed by means of a Multi-Criteria Decision-Making (MCDM)
approach based on the use of the Analytic Network Process (ANP), suggested to analyse and
weight risks by taking into account relations of dependence existing among the same risks and
effects. Results will be formalised in the field of automotive industry as offering a significant input
for the process of contingency strategy selection while simultaneously considering uncertainty
affecting evaluations on the basis of the specific business context features.

1jizquier@upv.es
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2 The Analytic Network Process

The ANP, first implemented by Thomas Saaty [3] as a follow-up of the Analytic Hierarchy Process
(AHP) [4], is a useful tool commonly applied to evaluate sets of decision-making elements (called
nodes in the method context). Its purpose is to produce a vector of weights by considering the
possible interdependence among the nodes, which are categorised into clusters (namely, criteria,
subcriteria and alternatives) to build the hierarchical structure of the decision making problem,
whose general goal has been specified previously. Specifically, weights of alternatives are calculated
with respect to criteria and subcriteria, weights of subcriteria with respect to criteria and, lastly,
criteria weights are determined with respect to the main goal. In the the present paper, however,
the ANP application is conducted only to evaluate criteria (i.e. main risks) and subcriteria (i.e.
effects) weights. The alternatives (i.e. strategies) of the decision-making process will be ranked in
a future research, according to the weights herein calculated. The ANP technique is implemented
by performing the following six stages in sequence [5].

1. Representing the decision-making problem by means of a hierarchical structure, clearly defining
clusters and nodes. Once the structure has been fixed, relations of interdependence among the
nodes (that may occur among nodes belonging to the same clusters and also among nodes
belonging to different clusters) have to be established. At this stage, opinions provided by a
decision-making team of experts in the field of the problem may highlight any possible relation.

2. Building the influence matrix, in which relations identified during the previous stage are for-
malised. Specifically, the influence matrix is a square block matrix, whose size equals the total
number of nodes, whose blocks correspond to the identified clusters, and whose entries aij are
equal to 1 if a relation of dependence between element j over element i exists, and 0 otherwise.
This matrix acts as a template for the non-zero elements of the matrix described next.

3. Building the unweighted supermatrix (following the non-zero-entry structure of the influence
matrix) by pairwise comparing those nodes for which a relation of dependence has been iden-
tified (aij = 1), and by calculating weights for the corresponding elements in each cluster (the
AHP may be applied to calculate those weights). We herein specify that, in our case, com-
parisons have to be performed: 1) between pairs of criteria, 2) between pairs of criteria and
subcriteria, and 3) between pairs of subcriteria. The calculated weights will be the entries of
the unweighted supermatrix. The sums of the columns of the unweighted supermatrix must
equal the number of clusters for which a comparison has been performed.

4. Producing the weighted supermatrix by means of a normalisation procedure. The sums of the
columns of the weighted supermatrix will be equal to one and, in such a way, the matrix gets
stochastic.

5. Obtaining the limit matrix by raising to powers the weighted matrix. All the columns of the
limit matrix are equal, each one of them representing the global priorities, which will have to
be eventually normalised with relation to each cluster to produce meaningful information.

6. Formalising the final vectors of weights, which embody the interdependencies accumulated
throughout the successive powering of the weighted matrix. Elements with associated higher
values should be preferred and, in any case, will have major prominence in leading the decision-
making process.
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3 Application and results

The ANP has been applied to a real case study in the field of the automotive industry. The chosen
field of application is extremely complex, critical and vulnerable under current conditions, having
been particularly affected by the pandemic outbreak. Despite the impact of COVID-19 on supply
chain management has been studied in the literature, a proper process of risk identification is
crucial to get a comprehensive overview about the main aspects. We have carried out a study
aimed at identifying risks related to COVID-19 effects in the automotive industrial sector. Specif-
ically, the following most significant risks have been evaluated by leading several brainstorming
sessions with a group of experts in the industrial field of reference: external, operation, organisa-
tional, supply-side and demand-side risks. These risks have been codified as Ci(i = 1, . . . 5), and
their brief description is reported next, along with the identification of fifteen main related effects
emerging from the literature, herein codified as Ei(i = 1, . . . 15).

• C1, external risks, produced by exogenous sources, that is, external to the company, and, as
a consequence beyond control, even though broadly predictable. These risks are connected to
the following effects:

E1 : perturbed supplies [2]: supplies of critical components can be severely affected, some-
thing that can likely impact production in a negative way;

E2 : shortage of primary resource [6]: the shortage of raw and human resources may lead to
possible consequent factory shutdown.

• C2, operation risks, referring to the prospect of loss resulting from inadequate or failed proce-
dures such as those related to the management of workers, policies or system failures. These
risks are connected to the following effects:

E3 : perturbed production [7]: the process of raw material supply is less efficient, leading to
the strong reduction of production rates as well as to the impossibility of fulfilling orders
and to long-term capacity shortage;

E4 : unavailable operators due to sickness reasons [1]: one or more operators may be COVID-
19 affected.

• C3, organisational risks, referring to potential losses due to uncertainty including such aspects
as material, strategy, reputation, and security. These risks are connected to the following
effects:

E5 : ineffective supplier contingency plans [2]: supplies of components or modules may suffer
from undetected broken supply chain, then showing lack of readiness in responding to
perturbation events as well as in limited applicability of the existing plans;

E6 : excessive inventory amount [8]: excess on inventory could be caused by sudden cancel-
lations of orders or reductions of ordered quantities;

E7 : shortage of Operation, Maintenance, and Surveillance (OMS) workers [9]: one or more
OMS workers may be COVID-19 affected and in lockdown areas;

E8 : increased level of job cuts [9]: multiple job cuts may occur due to reduction of production
and demand;

E9 : social problems: tighter sanitary precautions imposed by governments negatively impact
workers under the psychological point of view by increasing stressful conditions;

E10 : lack of cash liquidity: the COVID-19 pandemic has induced a sharp drop in cash-flow
for many firms so that several companies have become illiquid.
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• C4, supply-side risks, causing problems to inventory, manufacturing, information exchange and
general logistic aspects. These risks are connected to the following effects:

E11 : slow shipments and problems with deliveries [1]: having been ports closed during the
lockdown periods, distributors’ capability to send goods can be seriously affected as well
as delivery delayed and related costs inflated;

E12 : impact on international trade [10]: foreign investors may pull their offers out and, in
addition, credit flow from banks and non-banking financial companies may be slowed
down or even interrupted.

E13 : impact on relationships with suppliers [2]: suppliers have been facing strong pressure
caused by COVID-19 disruptions in terms of visibility, communication and flexibility,
something that may generally deteriorate the quality of relationships with customers.

• C5, demand-side risks, that are related to general performance of order processing, also in
terms of delivery processes. These risks are connected to the following effects:

E14 : orders cancelled by brands and retailers [2]: only a few orders can correctly be processed,
given the difficulties in reaching final customers, the lack of flexible delivery options and
peaks of transportation demand.

E15 : change of delivery and order cycle [11]: delivery times may be extremely delayed in
COVID-19 scenarios and this may significantly affect the whole order cycle.

The ANP ranks risks by taking into account relationships among them and also those links
bonding risks with effects and effects with each other. The unweighted matrix shown in Table 1
has been obtained from the relations of influence established by an expert in automotive logistic,
and specifically by pairwise comparing those nodes for which a link has been identified. We have
used the AHP to determine the priorities shown in the unweighted matrix, whose columns have
been normalised to sum one to get the weighted matrix of Table 2.

Table 1: Unweighted matrix produced within the ANP procedure
G C1 C2 C3 C4 C5 E1 E2 E3 E4 E5 E6 E7 E8 E9 E10 E11 E12 E13 E14 E15

G 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
C1 0.29 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 0.00 0.00 1.00 0.00 0.00 0.00
C2 0.13 0.25 0.00 0.50 0.00 0.00 0.30 0.50 0.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 1.00 0.00 0.00 0.00 0.00
C3 0.07 0.25 0.00 0.00 0.00 0.00 0.30 0.50 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.50 0.50
C4 0.19 0.25 0.50 0.25 0.00 1.00 0.40 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.50 0.50
C5 0.32 0.25 0.50 0.25 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 0.00 0.00
E1 0.03 0.67 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.11 1.00 0.00 0.00 0.00 0.00 0.00 1.00 0.46 0.00 0.00
E2 0.06 0.33 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.34 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
E3 0.07 0.00 0.80 0.00 0.00 0.00 0.00 1.00 0.00 1.00 0.00 0.00 0.50 0.00 0.00 0.00 0.00 0.00 0.00 0.00 1.00
E4 0.07 0.00 0.20 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.50 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
E5 0.02 0.00 0.00 0.05 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 1.00 0.00 0.00 0.00 0.09 0.19 0.00
E6 0.02 0.00 0.00 0.02 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.07 0.00
E7 0.04 0.00 0.00 0.09 0.00 0.00 0.00 0.00 0.00 0.00 0.09 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
E8 0.07 0.00 0.00 0.09 0.00 0.00 0.00 0.00 0.00 0.00 0.22 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.46 0.00 0.00
E9 0.14 0.00 0.00 0.30 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 1.00 0.00 0.88 0.00 0.00 0.00 0.23 0.00
E10 0.16 0.00 0.00 0.45 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.33 0.00 0.00 0.40 0.00
E11 0.07 0.00 0.00 0.00 0.71 0.00 1.00 0.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
E12 0.04 0.00 0.00 0.00 0.10 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.15 0.00 0.00 0.11 0.00
E13 0.06 0.00 0.00 0.00 0.19 0.00 0.00 0.00 0.00 0.00 0.25 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
E14 0.12 0.00 0.00 0.00 0.00 0.80 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.42 0.00 0.00 0.00 0.00
E15 0.03 0.00 0.00 0.00 0.00 0.20 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.13 0.11 0.00 0.00 0.00 0.00
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Table 2: Weighted matrix produced within the ANP procedure
G C1 C2 C3 C4 C5 E1 E2 E3 E4 E5 E6 E7 E8 E9 E10 E11 E12 E13 E14 E15

G 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
C1 0.14 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.50 0.50 0.00 0.00 0.33 0.00 0.00 0.00
C2 0.07 0.13 0.00 0.25 0.00 0.00 0.15 0.25 0.00 0.50 0.00 0.00 0.00 0.00 0.00 0.00 0.50 0.00 0.00 0.00 0.00
C3 0.04 0.13 0.00 0.00 0.00 0.00 0.15 0.25 0.50 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.25 0.25
C4 0.10 0.13 0.25 0.13 0.00 0.50 0.20 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.25 0.25
C5 0.16 0.13 0.25 0.13 0.50 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.33 0.50 0.00 0.00
E1 0.02 0.33 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.11 1.00 0.00 0.00 0.00 0.00 0.00 0.33 0.23 0.00 0.00
E2 0.03 0.17 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.34 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
E3 0.03 0.00 0.40 0.00 0.00 0.00 0.00 0.50 0.00 0.50 0.00 0.00 0.50 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.50
E4 0.03 0.00 0.10 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.50 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
E5 0.01 0.00 0.00 0.03 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.50 0.00 0.00 0.00 0.05 0.09 0.00
E6 0.01 0.00 0.00 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.03 0.00
E7 0.02 0.00 0.00 0.04 0.00 0.00 0.00 0.00 0.00 0.00 0.09 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
E8 0.03 0.00 0.00 0.05 0.00 0.00 0.00 0.00 0.00 0.00 0.22 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.23 0.00 0.00
E9 0.07 0.00 0.00 0.15 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.50 0.00 0.88 0.00 0.00 0.00 0.12 0.00
E10 0.08 0.00 0.00 0.22 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.16 0.00 0.00 0.20 0.00
E11 0.04 0.00 0.00 0.00 0.36 0.00 0.50 0.00 0.50 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
E12 0.02 0.00 0.00 0.00 0.05 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.07 0.00 0.00 0.06 0.00
E13 0.03 0.00 0.00 0.00 0.09 0.00 0.00 0.00 0.00 0.00 0.25 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
E14 0.06 0.00 0.00 0.00 0.00 0.40 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.21 0.00 0.00 0.00 0.00
E15 0.01 0.00 0.00 0.00 0.00 0.10 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.13 0.05 0.00 0.00 0.00 0.00

The limit matrix has been eventually obtained by raising the weighted matrix to successive powers
until achieving convergence. By performing a normalisation operation of any of these (identical)
columns it is possible to express the final vector of criteria weights. The values of any of the
columns of the limit matrix are shown in Table 3 with relation to risks and effects. Their weights
expressed in percentage are also indicated.

Table 3: Risks and effects weights
Risk Limit matrix value % Weight Effect Limit matrix value % Weight
C1 0.0484 10.68% E1 0.0346 60.65%

E2 0.0225 39.35%
C2 0.0894 19.71% E3 0.0680 84.54%

E4 0.0124 15.46%
C3 0.0732 16.13% E5 0.0430 23.36%

E6 0.0031 1.70%
E7 0.0070 3.79%
E8 0.0179 9.72%
E9 0.0676 36.71%
E10 0.0455 24.72%

C4 0.1254 27.65% E11 0.0960 70.82%
E12 0.0172 12.66%
E13 0.0224 16.52%

C5 0.1172 25.83% E14 0.0669 74.88%
E15 0.0225 25.12%

Results derived from the ANP procedure show as prominent importance is attributed to supply-
side and demand-side risks. Operation and organisational risks have associated weights repre-
senting intermediate importance, while external risks has the lower weight for the selection of
contingency plans contemplating COVID-19 effects. Future research will perform the selection of
the strategy representing the most suitable trade-off to minimise COVID-19 related risks. Risks
will be considered as evaluation criteria of the decision-making problem, and the weights herein
calculated through the ANP will be treated as part of the set of input data.
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4 Conclusions

The COVID-19 pandemic is strongly affecting the performance of worldwide supply chains. In
such an uncertain and precarious context, the present contribution intends to propose a MCDM
approach based on the use of the ANP to deal with the decision-making problem of weighting
risks relevant for contingency strategy selection. The research need is clear, since many companies
are struggling from a managerial point of view to cope with the current situation.
In this context, the ANP has been suggested to calculate risks’ weights on the basis of various
relations of interdependence, and also by taking into account relationships existing with regard to
the occurrence of potential COVID-19 effects. The procedure attributes higher values of weights
to supply-side and demand-side risks, while external risks show the lower degree of importance.
Lastly, operation and organisational risks have associated intermediate weights. Results also
quantitatively formalise the contribution of the considered effects to each weight.
Future developments of this work refer to a journal paper aimed at proposing a hybrid MCDM
approach to rank a set of contingency strategies. The ranking will be performed by considering as
evaluation criteria the risks and their weights herein evaluated. Specifically, the Fuzzy Technique
for Order of Preference by Similarity to Ideal Solution (FTOPSIS) is going to be suggested and
applied in order to simultaneously consider uncertainty affecting evaluations.
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Abstract

In this work, we study different forms of the random Burgers’ equation and different techniques
to solve them, by quantifying the associated uncertainties. The main goal of uncertainty quantifi-
cation is to investigate the impact of data on the uncertainties associated to the input parameters
(inverse problem), and to obtain the statistical content of the solution (forward problem).

1 Introduction

In this work, we study different forms of the random Burgers’ equation,

∂u

∂t
+ u

∂u

∂x
= ν

∂2u

∂x2 ,

where u(x, t) is a random field due to uncertain initial/boundary conditions and/or the viscosity.
In the field of uncertainty quantification, the main goal is to investigate the impact of data on the
uncertainties associated to the input parameters (inverse problem), and to obtain the statistical
content of the solution (forward problem) [1].
In the case of forward uncertainty quantification for the solution, the most well–known technique
is Monte Carlo simulation. It is based on obtaining realizations of the solution from realizations
of the inputs and deterministic numerical resolutions of the system; the final sample is used to
estimate statistics. As shown in [2], generalized polynomial chaos (gPC) expansions, based on
orthogonal polynomial expansions, may render huge improvements over Monte Carlo strategies,
especially for low and moderately large independent variable and parametric dimension (otherwise
Monte Carlo simulation is superior). Here, we investigate other methods that may improve Monte
Carlo simulation: perturbation expansions [3], inverse differential transform [4] and density–based
strategies [5]. The first two methods are based on series that exhibit exponential convergence rate,
similarly to gPC expansions, while the third approach is exact from a closed-form solution.
In inverse uncertainty quantification for the solution, Bayesian inference allows inferring the dis-
tribution of the parameters from prior information (even subjective) and data. Though exact
formulas exist (Bayes’ theorem), numerical procedures are often needed to infer the distribution
of the inputs. In this setting, Markov Chain Monte Carlo algorithms may be accelerated by
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using suitable representations of the solution. For example, this was demonstrated through gPC–
based representations [6]. We study the application of perturbation expansions in the context of
Bayesian inference [7].

2 Monte Carlo simulation and gPC expansions

One of the most popular methods for forward UQ is based on gPC expansions and Galerkin
projections [8]. A real function may be expanded in terms of orthogonal polynomials, in the
space of square integrable functions with a weight. These weights are probability densities, and
the solution to random systems may be expressed in terms of Hermite, Legendre, Laguerre, etc.
polynomials, depending on the distribution of the input parameters (Normal, Uniform, Gamma,
etc. respectively).
Spectral convergence in mean square holds, for each space-time point. For C∞ dependence of
the solution on the parameters, exponential convergence of the gPC expansion holds. For Cr
dependence, r ≥ 1, algebraic convergence holds. Obviously, this is a huge improvement over
Monte Carlo simulation. However, the convergence deteriorates if (x, t) increase or the number of
input parameters gets large. In such a case, Monte Carlo is unbeatable.
Let us review an example for the viscous Burgers’ equation in steady state [2]: the ordinary
differential equation uu′ = νu′′, x ∈ (−1, 1), with boundary conditions u(−1) = 1 + δ and
u(1) = −1. We work with the case ν = 0.05 and δ ∼ Uniform(0, 0.1). That is, there is a small
perturbation to the left boundary. The transition layer z is the zero of the expectation E[u(z)] = 0.
Its standard deviation is σ(z) =

√
V[u(z)]. In Table 1, both z and σ(z) are approximated to 3 digits

of accuracy. It is shown how gPC expansions may provide a huge improvement over Monte Carlo
simulation. For gPC expansions, based on Legendre polynomials (because of their orthogonality
with respect to the Uniform distribution), degree four suffices, which entails a Galerkin system of
size 5× 5. For Monte Carlo simulation, M = 5, 000 realizations are required. That is, the cost is
approximately 1000 times higher than that of gPC expansions.

M = 100 M = 1000 M = 2000 M = 5000 M = 10, 000 gPC degree 4
z 0.819 0.814 0.815 0.814 0.814 0.814

σ(z) 0.418 0.417 0.417 0.414 0.414 0.414

Table 1: Approximation of z and σ(z), to 3 digits. The cost of gPC (Legendre chaos) is ap-
proximately 5 times that of the original equation. The cost of Monte Carlo simulation is 5000
times.

3 Perturbation expansions

We continue the study of the equation from the previous section, where u = u(x) only depends
on the space independent variable. The solution exhibits a transition layer in (−1, 1), defined as
the zero u(z) = 0. The location of the transition layer is supersensitive to δ. We show that the
perturbation method does work [3].
Let ξ = δ − 〈δ〉, where 〈δ〉 is the mean of δ. Consider an expansion of the form u(x) =∑∞
n=0 un(x)ξn, where un(x) are unknown deterministic functions. If we match terms according to

the powers of ξ, it is obtained:

O(ξn), n even :


∑n/2−1
j=0 (ujun−j)′ + un/2u

′
n/2 = νu′′n, x ∈ (−1, 1),

un(−1) = 0, un(1) = 0;
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O(ξn), n odd :
{∑(n−1)/2

j=0 (ujun−j)′ = νu′′n, x ∈ (−1, 1),
un(−1) = 0, un(1) = 0.

Once the coefficients are known, define:

u(x) ≈ uN (x) =
N∑
n=0

un(x)ξn;

〈u(x)〉 ≈ 〈uN (x)〉 =
N∑
n=0

un(x)Mn;

〈u(x)2〉 ≈ 〈(uN (x))2〉 =
N∑

n1,n2=0
un1(x)un2(x)Mn1+n2 ;

〈uN (zN )〉 = 0, σN (z) =
√
〈(uN (zN ))2〉;

eN1 = |z − zN |, eN2 = |σ(z)− σN (z)|.

It may be seen [3] that exponential convergence of the perturbation expansion holds. Thus, the
statistical information of the solution may be obtained rapidly, improving Monte Carlo simulation.
For inverse uncertainty quantification, Bayesian inference may be employed. It relies on the re-
peated resolution of the forward deterministic problem. Thus, functional representations of the
model response become valuable tools to speed up the procedure. In the last years, Bayesian in-
ference has been combined with gPC, by employing Galerkin projections, collocation methods [6],
and least squares minimization. We use a new hybrid combination for inverse problems: Bayesian
inference and perturbation expansions. We focus on the problem of transition layers [7].
Given noisy observations of the transition layer position, ddd = (z1, . . . , znd), what is the probability
distribution of the random perturbation δ? Define a Bayesian model:

ddd|δ ∼ π(ddd|δ) =
nd∏
i=1

πNormal(zδ,σ2)(zi), δ ∼ π(δ).

The posterior density of δ is

π(δ|ddd) = π(ddd|δ)π(δ)∫∞
−∞ π(ddd|δ′)π(δ′) dδ′ .

Let uNδ (x) = ∑N
n=0 un,δ(x)ξn be the perturbation expansion of uδ(x). Let zNδ be the zero of uNδ (x).

Define a surrogate Bayesian model:

ddd|δ ∼ πN (ddd|δ) =
nd∏
i=1

πNormal(zN
δ
,σ2)(zi), δ ∼ π(δ).

The posterior density of δ is

πN (δ|ddd) = πN (ddd|δ)π(δ)∫∞
−∞ π

N (ddd|δ′)π(δ′) dδ′ .

In the sense of the Kullback-Leibler divergence, πN converges to the target π. This is analogous
to the case of gPC expansions.
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4 Differential transform method

In [4], the application of the differential transform method to the random problem{
∂u
∂t + u∂u∂x = ν ∂

2u
∂x2 , x ∈ R, t > 0,

u(x, 0) = f(x), x ∈ R,

was analyzed. In a deterministic setting, it is a Taylor-based method that seeks an analytic
solution [9, 10]. In the random setting, the method was first applied in [10] for simple random
ordinary differential equations. In the linear case, it reduces to the Fröbenius method, and the
mean-square convergence of the random power series is justified under mild conditions.
For forward uncertainty quantification, the following formulas are used:

U(k, h) = 1
k!h!

∂k+hu(x, t)
∂xk∂th

∣∣∣∣∣x=0
t=0

;

u(x, t) =
∞∑
k=0

∞∑
h=0

U(k, h)xkth;

U(k, h+ 1) = 1
h+ 1

{
ν(k + 2)(k + 1)U(k + 2, h)−

k∑
r=0

h∑
s=0

(k − r + 1)U(r, h− s)U(k − r + 1, s)
}

;

uK,H(x, t) =
K∑
k=0

H∑
h=0

U(k, h)xkth;

E
[
(uK,H(x, t))q

]
.

It is seen that the inverse transform only converges in a limited neighborhood, when the input
random parameters present low variation. A similar behavior is expected for other models of fluid
dynamics. Nonetheless, within the region of convergence, the convergence is exponentially fast,
and the computational cost is really cheap. This may be useful for uncertainty quantification.
Further details are presented in the paper [4].

5 Probability densities

For certain problems, it is possible to compute the probability density function exactly. Consider
the random Riemann problem for the inviscid Burgers’ equation:

∂

∂t
u(x, t) + u(x, t) ∂

∂x
u(x, t) = 0, t > 0, x ∈ R,

u(x, 0) =
{
uL, x < 0,
uR, x > 0.

Randomness is manifested only through the initial conditions, uL and uR. The solution to the
partial differential equation problem, which is explicitly constructed by grouping together rar-
efaction and shock waves, becomes a random field. At each space-time point, the solution is a
mixed random variable, whose generalized probability density can be obtained by using simple
integration and a Dirac delta function. For further details, the reader may consult [5].
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1 Introduction

In this work, we are interested in a random differential equation (RDE) whose right-hand side is
discontinuous. Such types of equations are of particular interest in control theory to account for
punctual or periodic changes [1]. In particular, we focus on a non-homogeneous linear random
differential equation (RDE) of exponential growth/decay controlled (or driven) by an infinite
sequence of a square of finite pulses of time duration, τ ,

ẋ(t) = αx(t) + β − γx(t)
∞∑
n=1

(H(t− (nT − τ))−H(t− nT )) , x(0) = x0, (1)

where H(t) is the Heaviside function: H(t) =
{

0, t < 0,
1, t ≥ 0. For this initial value problem (IVP),

we assume the initial condition, x0, the growth/decay rate, α, the migration rate, β, and the
intensity of the infinite square wave train, γ, are absolutely continuous random variables defined
in a common complete probability space (Ω,F ,P) with a joint probability density function (p.d.f.),
fx0,α,β,γ := fx0,α,β,γ(x0, α, β, γ). Parameters T > 0 and τ > 0 are the period and the duration of
the square wave, respectively. To give a concrete application of this equation, we may think of
pest control because a pesticide is applied during a time interval τ in cycles of duration T. The
intensity of impulse is given by γ, and pest population migration is given by the parameter β.
In [2], one can find the determination of the solution of model (1) which is

x(t) =


(
x0 + φ(α, β, γ;T, τ)

)
etα−nτγ − β

α
, nT ≤ t < (n+ 1)T − τ,(

x0 + ψ(α, βγ;T, τ)
)

et(α−γ)+(n+1)(T−τ)γ − β

α− γ
, (n+ 1)T − τ ≤ t < (n+ 1)T,

(2)
where we have introduced the following notation,

φ := φ(α, β, γ;T, τ) = β

α
+ βγ

α(α− γ)e−Tα(eτα − eτγ)e−n(Tα−τγ) − 1
e−(Tα−τγ) − 1

, (3)
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ψ := ψ(α, β, γ;T, τ)) = β

α
+ βγ

α(α− γ)

(
e−Tα(eτα − eτγ)e−n(Tα−τγ) − 1

e−(Tα−τγ) − 1
+ e−α(T−τ)−n(Tα−τγ)

)
.

(4)
Let us point out that x(t), given by (2), is continuous at (n+ 1)T − τ . If we evaluate x(t) at nT
and (n+1)T − τ , we find analytical expressions for local minima and maxima of (2) which will be
useful to determine explicit expressions of the first probability function (1-p.d.f.) of the random
solution, at specific times,

An := x(nT ) = −β

α
+
(
x0 + β

α

)
en(Tα−τγ) + βγ

α(α− γ) (eτ(α−γ) − 1)1 − en(Tα−τγ)

1 − eTα−τγ , (5)

Bn := x((n+ 1)T − τ) = −β

α
+ e(T−τ)α

(
x0 + β

α

)
en(Tα−τγ) + βγe(T−τ)α

α(α− γ) (eτ(α−γ) − 1)1 − en(Tα−τγ)

1 − eTα−τγ . (6)

Observe, that these sequences are convergent, as n→∞, when Tα− τγ < 0. Their limits are

A∞ := lim
n→∞

An = −β

α
+ βγ

α(α− γ)

(
e(α−γ)τ − 1
1 − eαT−γτ

)
, B∞ := lim

n→∞
Bn = −β

α
+ βγeα(T−τ)

α(α− γ)

(
e(α−γ)τ − 1
1 − eαT−γτ

)
. (7)

2 Methodology and results

We make use of the random variable transformation (RVT) method by departing of the analytical
solutions of the deterministic model and assuming that the parameters are continuous random
variables as described above. The 1-p.d.f. of the random solutions of IVP (1) is given by

f1(x, t) =


∫

R3

fx0,α,β,γ

((
x +

β

α

)
e−αt+nτγ − φ, α, β, γ

)
e−αt+nτγ dα dβ d γ, nT ≤ t < (n + 1)T − τ,∫

R3

fx0,α,β,γ

((
x +

β

α− γ

)
e−t(α−γ)−(n+1)(T−τ)γ − ψ, α, β, γ

)
e−t(α−γ)−(n+1)(T−τ)γ dα dβ dγ, (n + 1)T − τ ≤ t < (n + 1)T,

(8)

where x ∈ R, φ := φ(α, β, γ;T, τ) and ψ := ψ(α, β, γ;T, τ) are defined in (3) and (4), respectively.
Furthermore, f1(x, t) is continuous at t = (n+ 1)T − τ . The 1-p.d.f. of the minima and maxima
sequences are straightforwardly calculated from equation (8) taking into account the continuity
of f1(x, t) at t = (n+ 1)T − τ ,

fAn(x) =
∫
R3
fx0,α,β,γ

((
x+ β

α

)
e−n(αT+γτ) − φ(α, β, γ;T, τ), α, β, γ

)
e−n(αT+γτ) dα dβ d γ, (9)

fBn(x) =
∫
R3
fx0,α,β,γ

((
x+ β

α

)
e−α(T−τ)−n(αT−γτ) − φ(α, β, γ;T, τ), α, β, γ

)
e−α(T−τ)−n(αT−γτ) dα dβ d γ. (10)

From these equations, we can easily derive results for the homogeneous case, β(ω) = 0, ω ∈ Ω
with probability one (w.p. 1). The 1-p.d.f. (8) becomes

f1(x, t) =


∫
R2
fx0,α,γ

(
xe−αt+nτγ , α, γ

)
e−αt+nτγ dα d γ, nT ≤ t < (n+ 1)T − τ,∫

R2
fx0,α,γ

(
xe−t(α−γ)−(n+1)(T−τ)γ , α, γ

)
e−t(α−γ)−(n+1)(T−τ)γ dα dγ, (n+ 1)T − τ ≤ t < (n+ 1)T.

(11)
The p.d.f.’s of the maximum and minimum sequences are

fAn(x) = f1(x, nT ) =
∫
R2
fx0,α,γ

(
xe−n(αT+γτ), α, γ

)
e−n(αT+γτ) dα dγ, (12)
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fBn(x) =
∫
R2
fx0,α,γ

(
xe−α(T−τ)−n(αT−γτ), α, γ

)
e−α(T−τ)−n(αT−γτ) dα dγ. (13)

In the same fashion, we compute the p.d.f. for the steady states of the local minima and maxima,
under convergent conditions,

fA∞(a) =
∫
R2
fα,β,γ

(
α, a

−α(α− γ)(1 − eαT−γτ )
α(1 − eαT−γτ ) + γe−γτ (eαT − eατ ) , γ

)∣∣∣∣ −α(α− γ)(1 − eαT−γτ )
α(1 − eαT−γτ ) + γe−γτ (eαT − eατ )

∣∣∣∣ dα dβ dγ,

(14)

fB∞(b) =
∫
R2
fα,β,γ

(
α,

−bα(α− γ)(1 − eαT−γτ )
α(1 − eαT−γτ ) + γ(e(T−τ)α − 1)

, γ

)∣∣∣∣ −α(α− γ)(1 − eαT−γτ )
α(1 − eαT−γτ ) + γ(e(T−τ)α − 1)

∣∣∣∣ dα dβ dγ. (15)

From the probabilistic point of view, the convergence condition, Tα − γτ < 0, holds with a
certain probability. Let T and τ be fixed such as 0 < τ < T and define ξ := Tα− γτ . Then, the
probability that ξ < 0 is

P[ξ < 0] = 1
T

∫ 0

−∞

∫ ∞
−∞

fα,γ

(
ξ + γτ

T
, γ

)
dγ dξ. (16)

In the homogeneous case, corresponding to β(ω) = 0, ω ∈ Ω with probability one (w.p. 1),
P[ξ < 0] = 1 and minima and maxima sequences, An and Bn, tend to zero (w.p. 1) as n→∞.

3 Numerical examples

In this section we illustrate the results previously established for the random IVP (1) for the most
general case, the non-homogeneous one. Let us mention that we use the representation of f1(x, t)
via the expectation operator E[·]. Then we use Monte Carlo simulations to compute the integrals
of the 1-p.d.f.

f1(x, t) =
∫
R3
fx0 (w(x;α, β, γ; t, T, τ)) fα(α)fβ(β)fγ(γ) | z(α, γ; t, T, τ) | dα dβ dγ

= E [fx0 (w(x;α, β, γ; t, T, τ)) | z(α, γ; t, T, τ) |] ,

where w := w(x;α, β, γ; t, T, τ) and z := z(α, γ; t, T, τ) are given functions that can easily identified
from (8). For example, in the first piece, nT ≤ t < (n + 1)T , w = (x0 + β/α) e−αt+nτγ − φ and
z = e−αt+nτγ .
Example (Non-homogeneous case). We assume that x0, α, and γ are independent and
normally distributed, with associate distributions x0 ∼ N(0.1;

√
0.0001), α ∼ N(0.35;

√
0.030625)

and γ ∼ N(1;
√

0.0025). For the random variable β, we take β ∼ N(0.1;
√

0.0001).
In Figure 1, we show the 3D graphical representation of the 1-p.d.f., mean and confidence intervals,
and the p.d.f. for the random sequences of minima and maxima, a), b) and c) panels, respectively.
Note that we have also depicted the p.d.f.’s of the limits of the minima and maxima sequences, (14)
and (15), solid and dashed black lines, on the right panel. Note that the 1-p.d.f. of the random
solution oscillates because of the periodic finite impulses. Finally, the probability of convergence
computed using (16) is 0.9999. Complete proofs of the results and more examples can be found
in [3].
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a) b)
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Figure 1: Non-homogeneous case. a) 3D Graphical representation of the 1-p.d.f., f1(x, t), obtained
from (8), with three impulse applications with period T = 1/2 and impulse duration τ = T/2.
b) Mean plus/minus two standard deviations. c) P.d.f. of the random sequences of minima and
maxima (9) and (10). 125
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1 Introduction

Cancer is one of the most important public health problems worldwide. In Spain, it is one of
the leading cause of death. It represents a total of 240,000 new cases and 100,000 deaths per
year. The most frequently diagnosed tumors are colorectal, breast, prostate, lung and bladder
cancer, [1]. In this contribution we focus on the latter. Bladder cancer is one of the most common
malignant diseases in the urinary system and a highly aggressive neoplasm. The prognosis and
the evolution for particular patients is uncertain. About 80% of patients diagnosed with bladder
cancer have a non-invasive carcinoma that can be treated by transurethral resection (TUR). The
TUR is a surgical procedure that involves inserting a resectoscope through the urethra into the
bladder to remove the tumor. After the TUR, the typical treatment consists of instillations of
Bacillus Calmette-Guérin (BCG) into the bladder. The BCG stimulates the patient’s immune
response against the cancer and then, the cancer cells may be eliminated. After treatment for
this cancer it is important to have regular medical revisions, because it is characterized by
recursiveness for more than 50% of the patients, and several TUR’s may be applied to each patient.

Mathematically, this can be modeled by an exponential model where the growth of the tumor
is stopped by the TUR and the tumor size is reduced almost to zero. We use data from a real
patient to determine the model parameters that describe the known evolution, taking into account
data uncertainty (size of the tumor), obtained from visual assessment. After that, we use these
calibrated model parameters to predict the evolution of bladder cancer in future relapses. In the
particular case of this patient, she has had two relapses. Then, we can provide when the patient
should have her next medical revisions. To obtain a prediction, we calculate the probability
density function (p.d.f.) of the time until a given tumor size is reached, using Random Variable
Transformation method (RVT).

2 Data

To carry out our study, we have considered a patient from the database of the Urology Department
of the Hospital Universitari i Politècnic La Fe of València. The available data for this patient

1ellona1@upv.es
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are collected and summarised in Table 1 at different time instants. As mentioned above, the
measurement of tumor diameter is usually visual. For this reason, we will assume the following:

- If the size is given by an interval, we will take the mean as the visually estimed size of the
tumour.

- A measurement error of 25% of the observed value, σ2 = 0.25µ, where µ is the estimated
measured value of the tumor diameter.

To quantify the uncertainty of the data, we will consider the data as a normal random variable
with mean the data value, and variance the 25% error.

Day t Date Medical
procedure

Diameter of
the tumor

Measure
distribution

0 01 Mar 2012 Ultrasound 3-5mm N(µ = 4, σ2 = 1)
105 14 Jun 2012 TUR 25mm N(µ = 25, σ2 = 6.25)
1081 15 Feb 2015 Cytoscopy 1-2mm N(µ = 1.5, σ2 = 0.375)
1153 28 Apr 2015 TUR 5mm N(µ = 5, σ2 = 1.25)
1796 30 Jan 2017 Cytoscopy 20mm N(µ = 20, σ2 = 5)
1839 14 Mar 2017 TUR 30-35mm N(µ = 32.5, σ2 = 8.125)

Table 1: Data of the real patient and chosen measure distribution.

3 Model

To describe tumor growth, we have considered a first-order linear growth model. As we have
seen, the growth of the tumor is interrupted every time there is a TUR, at which point it starts
to grow again from a new initial situation. Therefore, although the growth model may be the
same, after each TUR the initial condition changes, which forces us to define the model in three
parts. We will take a time step t of one day, and let X(t) be the diameter of the tumor on day
t. The first part corresponds to time t ∈ [0, 105], second part to t ∈ [105, 1153] and third part to
t ∈ [1153, 1839]. We have to take into account that the initial conditions of the second and third
parts are unknown but some data are known in the middle. Therefore, tumour growth will follow
the equations{

X ′(t) = K1X(t)
X(0) = X0,1

,

(1)

{
X ′(t) = K2X(t)
X(1081) = X0,2

,

(2)

{
X ′(t) = K3X(t)
X(1796) = X0,3

,

(3)
where K1,K2 and K3 are the growth rates and X0,1, X0,2 and X0,3 are the initial conditions.
We consider Ki, i ∈ {1, 2, 3}, unknown random variables and X0,1, X0,2 and X0,3 random
variables that follows a normal distribution, as we have seen in Table 1, N(4, 1), N(1.5, 0.375)
and N(20, 5), respectively.

The model (1)-(3) has a known stochastic process solution, given by

X(t) = X0,ie
Ki(t−t0,i), i ∈ {1, 2, 3}, (4)

where t0,1 = 0, t0,2 = 1081 and t0,3 = 1796. Our main goal is to find the statistical distribution of
the unknown random variables Ki, i ∈ {1, 2, 3}. We will use the Principle of Maximum Entropy.
This method allows us to obtain a closed form expression of the p.d.f. taking into account the
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known information of the random variable and maximizing its lack of knowledge [3]. Using Laplace
transform we obtain that the p.d.f. of Ki is given by

fK(k) = e−1−λ0,i−λ1,ik−λ2,ik2
, k ∈ [k1,i, k2,i] (5)

where k1,i = 0 and λ0,i, λ1,i, λ2,i and k2,i, i ∈ {1, 2, 3} are values to be determined. It is important
to remark that as fK(k) has to be a p.d.f., its integral over its domain has to be one. So, we can
isolate λ0,i value in terms of the other variables. Consequently, we have to determine λ1,i, λ2,i and
k2,i, i ∈ {1, 2, 3}. To estimate this parameters, we use Particle Swarm Optimization algorithm.
In order to do this, we need a fitness function. This function has been obtained minimizing the
functional error between the p.d.f. of the stochastic solution 2, given by

fX(t)(x) = EK
[
fX0,i

(
xeKi(t0,i−t)

)
eKi(t0,i−t)

]
, i ∈ {1, 2, 3}, (6)

obtained via RVT method [2] and the p.d.f. of the data, that follow a normal distribution. In
Fig. 1 we can observe graphically the fitting obtained for t = 105, t = 1153 and t = 1839, that
correspond to the TURs.

(a) 1st part (b) 2nd part

(c) 3rd part

Figure 1: Fitting of the p.d.f. of the model (blue line) and the p.d.f. of the data (red line) for
t = 105, 1153, 1839.

Once we have computed the p.d.f. of Ki, i ∈ {1, 2, 3}, we can obtain the mean and the variance
of the growth rate in each part. In Table 2 we can observe the decreasing tendency of the mean
of K.
In Figure 2 we have plot the mean and the confidence interval for the three different stages
considering the growth rates obtained in the optimization procedure. The orange dots are the
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Part 1 Part 2 Part 3
Mean 0.01740707 0.0167186 0.01130548
Variance 0.000001109 0.000000831 0.00000137

Table 2: Mean and variance of Ki, i ∈ {1, 2, 3}.

real patient data. We have to take into account that the initial conditions of the second and third
parts are unknown. But, with the p.d.f. we can go backwards to estimate these initial conditions,
which will tell us how good the resection has been. We have obtained that at t = 105, the mean
of the initial condition in the second part is µ = 1.25043110e−07 and at t = 1153, µ = 0.0127380.
As we can observe, the surgery done in the second part has cleared most of the tumor. But, it
does not seem the same happened in the surgery done in the third part.

Figure 2: Mean and confidence interval for the three different stages.

4 Prediction

This section is devoted to study how to predict the evolution of bladder cancer in future relapses.
Also, we can predict when the patient should have her next medical revisions. We deal with the
following model {

X ′(t) = KX(t)
X(1839) = X0,

(7)

with known stochastic solution
X(t) = X0e

K(t−1839), (8)
where X0 is the initial condition and K the growth rate. Both are random variables. X0 follows
a normal distribution, but in two different scenarios. This two scenarios correspond to the clean
capacity of the TURs. Scenario 1 corresponds to a better cancer cleaning (µ = 1.25043110e −
07, σ = 0.25µ) and scenario 2 to a worse cleaning (µ = 0.0127380, σ = 0.25µ). To obtain the
statistical distribution of K will be use the Principle of Maximum Entropy. To use this, we
need the mean and second order moment of K. We use the information we have obtained in the
previous three parts. We use linear regression for the mean and for the variance the mean of the
variances.
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To obtain a prediction, we calculate the p.d.f. of the time until a given tumor size is reached,
using RVT method. It is given by

fT (x)(t) = EX0

fK
 log

(
x
x0

)
t− 1839

 ∣∣∣∣∣∣−
log

(
x
x0

)
(t− 1839)2

∣∣∣∣∣∣
 . (9)

From expression (9) we can obtain the mean and the standard deviation of the time for a specific
tumor size. In Table 3 we can observe that the results obtained are very different in the two
scenarios. There is more than a thousand days of difference between scenario 1 and 2. To our
knowledge, the patient has had 3 revisions and none of them have shown any trace of cancer. It
seems that we are in a favorable scenario. That is, we are in scenario 1, where there has been a
better cleaning of the tumor.

Diameter of the tumor
(mm)

Scenario 1
(Mean Days, standard deviation)

Scenario 2
(Mean Days and standard deviation)

0.5 µ = 3405.8, σ = 516.5 µ = 2225.7, σ = 139.9
1 µ = 3473.2, σ = 539.4 µ = 2297.7, σ = 163.1
5 µ = 3657.5, σ = 593.6 µ = 2464.1, σ = 216.7
20 µ = 3806.4, σ = 646.2 µ = 2606.1, σ = 262.8
25 µ = 3829.2, σ = 652.9 µ = 2628.8, σ = 270.3

Table 3: Prediction of the time until a given tumor size is reached in two different scenarios.

5 Conclusions

In this contribution, we propose a mathematical model of bladder cancer growth, taking into
account the reduction of the tumor by the surgical intervention known as transurethral resection
(TUR). TURs generate jumps in the continuity of cancer growth, for this reason we consider the
model divided into 3 parts, corresponding to the periods between TURs. We use real data from a
patient to determine the model parameter values that describe the known evolution, taking into
account data uncertainty. After that, we use these calibrated model parameters to predict the
evolution of bladder cancer in future relapses.
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mjmartin@mat.upv.es

1 Introduction

The orbital motion around a central body is an interesting problem that involves the theory of
artificial satellites, cometary motion and planetary theories in the solar system. This apparently
simple problem may face some difficult situations depending on each particular case. Numerical
methods are of great interest because of its efficiency. However, their implementation may lead
to some problems such as non-uniform distribution of local truncation errors along the orbit.
In this sense, it is interesting to consider the study of techniques to integrate the equations of
orbital motion using different anomalies as temporal variables. These can be functions of one or
more parameters in order to minimize the errors in the integration process.
This paper is focused on the study of a one-parametric of symmetric transformations family
that includes the most common symmetric anomalies such as the eccentric anomaly, the elliptic
anomaly and the regularized length of arc. This family also includes the semi focal anomaly
defined by the authors as the mean between the true and the antifocal anomaly.
This paper is focused on the study of the the semifocal anomaly, which presents interesting
properties because, in addition to a simple geometric interpretation, it allows to express most of
the magnitudes of the two-body problem in closed form.

2 Results and discussion

The main aim of this work is to unify a set of temporal variables used in the study of elliptical
motion which have symmetry properties with respect to the two axes of the ellipse.
In this sense, it is worth highlighting the pioneering work of Hansen, who in the study of Comet
Encke introduced the so-called partial anomalies as temporal variables. These variables substitute
the natural time, or what is equivalent, the mean anomaly as an argument for the solution. The
technique proposed by Hansen and developed later by Nacozy [13] consists of taking different
temporal variables depending on the region where the motion occurs, so that the convergence
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of the series using the new variables is notably accelerated in this regions. This technique has
advantages, but it also has the disadvantage of having to change the variable depending on the
region that includes the orbit.

In order to regularize the origin in the three-body problem, Sundman [14] in 1912, introduced a new
temporary variable s related to the natural time through a transformation rds = dt. Nacozy [14]
defined a new temporary variable τ , the intermediate anomaly, by means of a transformation
Cr3/2dτ = dt where C is a constant. Janin and Bond [7] extended this anomaly to a family
of anomalies called generalized Sundman anomalies and defined by Ψα as CαrαdΨα = dt, a
transformation that includes, in addition to the Sundman and Nacozy transformations, the mean
anomaly M , the eccentric anomaly g and the true anomaly f . It is common to represent these
transformations as Q(r)ds = dt where s is the new anomaly and Q(r) is the so-called partition
function. These transformations improve the efficiency of the analytical and numerical integration
methods, modifying the integration step depending on the region of the orbit where it is the
secondary and avoiding to handle several annoying temporary variables.
On the other hand, Brumberg and Fukushima defined the elliptical anomaly [3]. Also Brumberg [2]
defined the regularized arc length as a new anomaly, which is not part of the generalized Sundman
family, as well as antifocal anomaly f ′ defined by Fukushima [5]. These anomalies, like the
eccentric anomaly, distribute the points symmetrically with respect to both axes of the ellipse.
To avoid this problem López [11] defined a new family of anomalies called biparametric family
using the relation Cα,βrαr′βdΨα,β = dM where r and r′ represent the vector radii of the secondary
with respect to the main and empty focus of the ellipse. This family does include all the above-
mentioned anomalies. It also includes the semifocal anomaly Ψ which was defined by López [12]
as the mean between f and f ′ and obtaining that it is symmetric with respect to both axes of the
ellipse. Furthermore, this anomaly is also included in the family of natural anomalies introduced
by López [9]. The biparametric family of anomalies provides symmetric anomalies while α−β = 1.
The two-body problem is a well-known problem in celestial mechanics [1], [6], [15] whose solution
is given by the well-known expressions:

ξ = r sin f = a(cos g − e) , η = r sin f = a
√

1− e2 ,

r = a(1− e2)
1 + e cos f = a(1− e cos g),

where a is the major semiaxis, e the eccentricity and r the vector radius. The eccentric anomaly
is linked to the mean anomaly M through the Kepler equation

M = g − e sin g

the mean anomaly is defined by M = n(t − t0) where n =
√
G(m1 +m2)a−3/2, m1 and m2 the

masses of the primary and the secondary respectively, and t0 the epoch of transit by the periapsis.
The study of the perturbed motion by means of analytic methods is suitable when the eccentricities
of the bodies are not high. The solution of the perturbed motion is provided by the planetary
Lagrange equations [8]. To integrate these equations using analytical methods, it is necessary to
develop their second members in Fourier series, it is thus necessary to know the developments of
the most common magnitudes of the two-body problem such as g, sin g, cos g, r/a as a function
of Ψ.
To obtain these developments we will proceed as in [10], obtaining in the first place the develop-
ment of Ψ as a function of g. Note that if the contrary is not specified, we will henceforth denote
as Ψ the anomaly that we will use to describe the motion. The aforementioned development takes
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the form:

Ψ = g +
∞∑
k=1

Sk(e) sin(k g),

where the functions Sk(e) are of order k in eccentricity.
The developments of g, sin g, cos g, r/a, a/r as a function of Ψ can be obtained applying the series
inversion algorithm from Deprit [4].
In the particular case of the semifocal anomaly Ψ = (f + f ′)/2 we have that the main relation
can be obtained as a particular case in the natural family [9] starting from the developments of
f/2 and f ′/4 resulting in:

Ψ = g +
∞∑
k=1

q2k

k
sin(2kg),

where q = tan ϕ
2 , e = sinϕ. The development of q as a function of e can be found in [9].

From the previous expressions we can obtain the developments of sin g, cos g, r/a, a/r, as well
as the Kepler equation. With this, it is possible to approach the integration of the planetary
Lagrange equations by analytical methods.
It is also noteworthy that the above magnitudes can be expressed in closed form [12] as a function
of Ψ.
Finally, for high values of eccentricity, the use of the semifocal anomaly considerably improves the
results obtained in the integration of the two-body problem with respect to those obtained when
the mean anomaly is used. Note that this technique is a reparameterization, so it is compatible
with the use of any type of integrator, among which we highlight those with variable step and the
symplectic methods.

3 Conclusions and Future work

The main conclusions of this work can be resumed as:

• In the first place, a subfamily of anomalies within the biparametric family is defined. This
subfamily contains, among others, the Brumberg regularized length of arc, the elliptical
anomaly defined by Brumberg and Fukushima and the eccentric anomaly. This subfamily
is characterized in the biparametric family by setting the relation α− β = 1.

• All the anomalies of this family present a symmetric distribution of points with respect to
the major and minor axes of the ellipse, which is why we will call them symmetric anomalies.

• In this family, following the technique developed in previous works, it is possible to obtain
the development of the anomalies Ψα as a function of g and from this fundamental devel-
opment, by means of the Deprit algorithm, we obtain the developments of the fundamental
magnitudes of the two-body problem as a function of the new anomaly, thus enabling the
use of these variables in the analyzed methods of celestial mechanics when the value of
eccentricity is low.

• In this paper, it is also shown that the semifocal anomaly defined by the authors can be
included in this family, in this case it is possible to obtain the development of Ψ as a function
of g by means of coefficients in closed form.

• The main magnitudes of the two-body problem sin g, cos g, r/a, a/r can be expressed in
closed form as a function of the semifocal anomaly Ψ.
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• The reparametrization of the equations of motion using the semi-focal anomaly as a variable
improves the results of the numerical integrators, in particular for higher values of the
eccentricity. This technique is compatible with any type of integrator, among which we
highlight the ones with variable step and the symplectic methods.

As further studies, it is intended to search within this family for cases in which the main magni-
tudes of the two-body problem can be expressed in closed form. Secondly, we intend to extend
the use of these anomalies to the case of both the attractive hyperbolic motion and the repulsive
case (motion of two electric charges of the same sign), studying their properties in both cases.
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Camı́ de Vera s/n, 46022 València, Spain.
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1 Introduction

The objective of this paper is to advance in the mathematical formalism that states a bridge
between Physics and Psychology presented in [1]. The short-term personality dynamics can be
modelled by a stimulus-response model: an integro-differential equation. The bridge between
Physics and Psychology is provided when the stimulus-response model can be formulated as a
Newtonian equation with its corresponding minimum action principle. This principle provides
the current Lagrangian and Hamiltonian functions. This Hamiltonian function is a non-conserved
energy because it depends explicitly on time. Then, some changes provided by the physical
scientific literature of the last decades [2, 3] can derive into an approach where a Hamiltonian
function is conserved: the Ermakov-Lewis energy. A theoretical application case is presented for
the case of an individual that consumes 10 mg of methylphenidate. The stimulus dynamics, the
Ermakov-Lewis energy with its kinetic and potential energies, and the GFP dynamical response
are presented and discussed for this case.

2 Precedents

The stimulus-response model is given by the following integro-differential equation:

q̇(t) = a(b− q(t)) + δ · s(t) · q(t)− σ ·
∫ t
t0
e
r−t
τ · s(r) · q(r)dr

q(t0) = q0

}
(1)

In Eq. 1 q(t) is the General Factor of Personality (GFP) dynamics measured in activation units
(au) and s(t) an arbitrary stimulus. The conserved Ermakov-Lewis energy obtained in [1] is:

E = Te + Ve = 1
2

(√
u(t) · C(t) · q̇ + C2(t) · Ȧ(t) + 1

2

(
C(t) u̇(t)√

u(t)
−
√
u(t) · C(t)

)
q

)2

+

1jmico@mat.upv.es
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+k

2

(√
u (t)
C (t) q +A (t)

)2

(2)

In Eq. 2 k is an arbitrary constant and u(t) is the generalized mass, given by u (t) =

u0e
(a+ τ

t )(t−t0)−δ
∫ t
t0
s(r)dr, where u0 is an arbitrary constant, and the C(t) and A(t) variables hold

the equations:

C̈(t) + Ω(t) · C(t) = k

C3(t) (3)

Ä(t) + 2 Ċ(t)
C(t)Ȧ(t) + kA(t)C4(t) + a · b

τ

√
u(t)
C(t) = 0 (4)

The analytical solution of q(t) can be written in function of these two variables as:

q (t) =


C(t)√
u(t)

(
−A(t) + k1

dr
C2(r) + k2

)
: k = 0

C(t)√
u(t)

(
−A(t) + k1 · sin

(√
k
∫ t
t0

dr
C2(r)

)
+ k2 · cos

(√
k
∫ t
t0

dr
C2(r)

))
: k > 0

C(t)√
u(t)

(
−A(t) + k1 · exp

(
−
√
−k

∫ t
t0

dr
C2(r)

)
+ k2 · exp

(
−
√
−k

∫ t
t0

dr
C2(r)

))
: k < 0

(5)

3 Advances

The advances presented in the present work are specified in the following. First of all, in order to
choose the initial conditions for A(t) and C(t), the following assumptions in t = t0 in Eq. 2 are
done: u0 = 1, C0 = 1, A0 = 0 au, Ȧ0 = 0 au ·t−1 and 1

2C0
u̇0√
u0) −

√
u0 · Ċ0 = 0, which provide

Ċ0 = 1/2u̇0t
−1 = 1/2(a+ 1

τ − δ · s0)t−1, and also provide the initial value of the Ermakov-Lewis
energy:

E = E0 = 1
2 q̇

2
0 + k

2 q
2
0 au2 · t−2 = 1

2(a(b− q0) + δ · s0 · q0)2 + k

2 q
2
0 au2 · t−2 (6)

Note that Eq. 2 is a classical addition of kinetic and potential energy, whose value is conserved
for all the GFP evolution period as a consequence of a stimulus, which is equal to the value of Eq.
6. In addition the choice of q(t) in Eq. 5 is clear: the k > 0 case. The case k=0 has the unstable
term k1

∫ t
t0

dr
C2(r) , and the k < 0 case has the unstable term k1 · exp

(√
−k

∫ t
t0

dr
C2(r)

)
. Once the

case k > 0 has been chosen as the stable one, the comparison of Eq. 5 in t = t0 with the initial
values in Eq. 1 provides that k1 = q̇0√

k
and k2 = q0 with q̇0 = a(b− q0) + δ · s0 · q0. Observe that

finally one parameter is non-fixed. The preferred option is taking k1 as the free parameter due
to the k parameter (with dimensions T-2) can be considered in future studies as a measure of the
resistance of the individual to change its personality (as compared with a harmonic oscillator in
Physics).
Then, the conclusion is that the Ermakov-Lewis energy of Eq. 2 can be written as:

E = 1
2 q̇

2
0 + 1

2
q̇2

0
k2

1
q2

0 = Te + Ve =

= 1
2

(√
u(t) · C(t) · q̇ + C2(t) · Ȧ(t) +

(
1
2C(t) u̇(t)√

u(t)
−
√
u(t) · Ċ(t)

)
q

)2

+

+1
2
q̇2

0
k2

1

(√
u(t)
C(t) q +A(t)

)2

(7)
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Moreover, the q(t) dynamics is written as:

q(t) = C (t)√
u (t)

(
−A(t) + k1 · sin

(
q̇2

0
k2

1

∫ t

t0

dr

C2r

)
+ q0 cos

(
q̇2

0
k2

1

∫ t

t0

dr

C2r

))
(8)

Note in Eqs. 7 and 8 that q̇0 = a(b − q0) + δ · s0 · q0, and that k1 is a free but positive-valued
parameter.

4 Application case

An application of the theoretical approach here developed is presented now in order to study the
personality dynamics as a consequence of one methylphenidate dose consumption. To obtain the
simplest mathematical structure of methylphenidate dynamics s(t) a two level pharmacokinetics
model [4] is considered:

dm(t)
dt = −α ·m(t)

m(t0) = M

}
(9)

ds(t)
dt = α ·m(t)− β · s(t)
s(t0) = s0

}
(10)

In Eq. 9 m(t) represents the evolution of methylphenidate before entering in the organism’s
plasma and metabolizing system, being M the methylphenidate initial amount and being α the
methylphenidate assimilation rate. In Eq. 10 the s(t) variable represents the methylphenidate
amount in organism, assuming that its initial value is s0, i.e., the neither metabolized nor excreted
methylphenidate of a possible previous consumption, and β is the methylphenidate elimination
rate. This coupled differential equations system can be integrated:

s (t) = s0e
−β·t +

{
α ·Mβ − αe− α · t− e−β·t : α 6= β,

α ·M · t · e− α · t : α = β.
(11)

The application case is a theoretical case in which one subject consumes 10 mg of methylphenidate,
and his GFP is measured every 7.5 minutes during 180 minutes (3 hours), with the 5 adjectives
scale of the GFP-FAS in the hedonic scale [5] in units called as activation units (au), inside the
interval [0,50] au, i.e., each adjective is scored inside the interval [0,10] in the hedonic scale. A
real ABC experimental design can be seen in [6]. The initial condition q0 is also measured before
consumption, and its value is q0 = 20.0 au. The model parameters are chosen to reproduce
a U-inverted GFP response with a recovering period under the tonic level with an asymptotic
convergence to this value as t → +∞. Besides, the assimilation and elimination rates values for
methylphenidate vary inside the following confidence intervals: α ∈ [0.00617, 0.02173] min-1 and
β ∈ [0.00566, 0.01451] min-1 (95% confidence) [7]. The concrete parameter values proposed for
this application case but inspired in [6] are presented in Table 1.
Observe in Table 1 that the initial value of methylphenidate is s0 = 0 mg, i.e., the individual
has not consumed methylphenidate from very long before. In addition, all the computations and
figures here presented have been done with MATHEMATICA in a period three times the period
of the experimental design of [7], i.e., in a period of 3·180 min = 540 min = 9 hours, in order to
appreciate its asymptotic dynamical behaviours. Note that Figure 1 presents the methylphenidate
dynamics given by Eq. 11 and its asymptotic trend to zero.
Take into account to compute the evolution of the Ermakov-Lewis energy and the kinetic and
potential energies given by Eq. 7, as well as the q(t) or GFP dynamics by Eq. 8, that: (a) the
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Table 1: Parameter values of the application case

Parameter name Symbol Values with units

Initial GFP q0 20 au
Initial stimulus s0 0 mg

Methylphenidate initial amount M 10 mg
Methylphenidate assimilation rate α 0.01746 min-1

Methylphenidate elimination rate β 0.01385 min-1

Homeostatic control power a 0.00536 min-1

Tonic level b 27.49 au
Excitation effect power δ 0.0061267 mg-1·min-1

Inhibitor effect power σ 0.000161 mg-1·min-2

Inhibitor effect delay τ 40.64 min

Figure 1: Stimulus dynamics (methylphenidate’s amount evolution inside organism) given by Eq.
11 versus time.
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Figure 2: Ermakov-Lewis energy (E, upper straight line), kinetic energy (Te, first increasing line),
and potential energy (Ve, first decreasing dotted line), versus time.

Figure 3: GFP or q(t) dynamics (curve line) and the tonic level b = 27.49 au (dotted straight
line), versus time.

A(t) and C(t) auxiliary variables dynamics have been solved numerically by Eqs. 3 and 4 with
the initial values provided in above; (b) the free parameter value k1 has been chosen as k1 = 1
au, thus k = q̇2

0
k2

1
= (a(b−q0)+δ·s0·q0)2

1 = 0.0016 min−2 (note that s0 = 0 mg).
In addition, Figure 2 presents the evolution of the Ermakov-Lewis energy with value E = E0 =
1
2 q̇

2
0 + 1

2
q̇2

0
k2

1
q2

0 = 0.3228 au (constant), jointly with its kinetic and potential partial energies. Note
that, at the beginning, almost all energy is potential but it transforms continuously into kinetic
energy, until an instant after 200 minutes in which suddenly the evolution is inverted to converge
towards a common value, approximately to half the total Ermakov-Lewis energy.
Moreover, Figure 3 presents the GFP evolution or q(t) dynamics together with the tonic level
(b = 27.49 au). Note the U-inverted shape GFP response with a recovering period under the
tonic level (b = 27.49 au) and an asymptotic convergence to this value as t → +∞. Thus, this
hypothetical individual clearly reproduces the response pattern pointed out by the literature as a
consequence of a stimulant drug.
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5 Conclusions and Future work

The here presented finding about a bridge or “isomorphism” between Physics and Psychology,
concretely between analytical dynamics and personality theory, must be emphasized. The con-
clusion is that we can apply the energy conservation principle of Physics to obtain the GFP
dynamics produced by some environmental stimuli; in fact we can consider some psychological
mechanisms as analogous to those of Physics. An application of the theoretical concept of energy
is to consider the invariant Ermakov-Lewis energy as an amount of personality energy involved in
a dynamic response to a stimulus, i.e., having a characteristic number that represents this com-
plex dynamics, since energy is a scalar magnitude. This characteristic energy amount could be
used in inferential statistics, with the sense that a dynamics could be reduced to a representative
scalar. In fact, it has been done already in the context of an application case where 28 individuals
consumed alcohol [8]. On the other hand, the inspiration obtained from the application cases of
the Ermakov-Lewis energy in Physics should be considered. One of the most important applica-
tion for the authors is the one related with the quantum approach, similar for instance to that
considered in the work [9]. In this approach, the tonic level as asymptotic state in Eq. 1 is not
considered, and the quantization rules are applied on the Hamiltonian. Then, a time-dependent
Schrödinger equation arises, from which the wave function can be solved analytically in a similar
way that it has been provided for the Ermakov-Lewis energy. The wave function provides the
quantum version of Hamilton equations deduced by Bohm & Hiley [10] from the Schrödinger
equation, which are stochastic, and from which quantized trajectories and bifurcations can be
studied. Thus, multiple GFP dynamical response patterns with their corresponding asymptotic
states can arise. Therefore, the authors’ hypothesis is that this approach could provide: (a) a way
to study the normal and the disorder dynamical patterns of personality; (b) how a bifurcation
can steer, as a consequence of a stimulus, from a normal pattern of personality to a disordered
one. Then, those sudden changes that many times are observed in personality theory could have
a mathematical explanation.

References
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1 Introduction

Linear systems are widely used to approach computational models in applied sciences, for exam-
ple, in mechanics after the discretization of a partial differential equation. There are numerous
numerical approaches to compute the solutions of these types of problems. However, most of
them lose efficiency as the size of the matrices or vectors involved increases. This effect is known
as the curse of dimensionality problem. To try to solve this drawback, we can use tensor-based
algorithms, since their use significantly reduces the number of operations that we must employ [1].

Among the algorithms based on tensor products strategies [2], the Proper Generalized Decompo-
sition (PGD) family, based on the so-called Greedy Rank-One algorithm [3], is one of the most
popular techniques. From the study of this procedure to solve high-dimensional linear systems,
we observe that there is a type of matrices for which the algorithm works particularly well (very
fast convergence and also a very good approximation of the solution). These are the so-called
Laplacian-Like matrices, which have the form

A =
d∑
i=1

id[ni] ⊗Ai
.=

d∑
i=1

idn1 ⊗ . . . idni−1 ⊗Ai ⊗ idni+1 ⊗ · · · ⊗ idnd ,

which can be easily related with the classical Laplacian operator. We will use this fact to prove
that every generic square matrix could be decomposed so that the study of the associated linear
problem Ax = b would be simpler.

In Section 2 we will present a result that shows that we can decompose any matrix as the sum of
a Laplacian matrix and a linearly independent matrix to it, which would allow us to approximate
the solution of the system using the Greedy Rank-One algorithm. We will also illustrate the
results with some numerical tests in Section 3.

2 Methods

Suppose we have a linear system of the form Ax = β, with A a square matrix in RN×N . We want
to approximate the matrix A by means of a matrix in Laplacian form LA ∈ RN×N , and solve the

1e-mail: mamoji7@posgrado.upv.es
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associated Laplacian linear system LAx = β, in order to approximate the solution of the original
system x∗ by the solution obtained from the Laplacian system x∗L. To do this, we rely on the
following result:

Theorem 16. Given a square matrix A ∈ RN×N , with N = n1 . . . nd ∈ N, and given d ranks
r1, r2, . . . , rd with ri ≤ ni for all i, we can take matrices Ui ∈ Mri(Rni), Vi ∈ Mni−ri(Rni)
(whatever) so that we can project the matrix A onto the subspace of Laplacian matrices

∆(U ,V ) =
d⊕
i=1

span{id[ni]} ⊗ ViR
(ni−ri)×ri U>i ,

where U = (U1, . . . , Ud) and V = (V1, . . . , Vd). That is, if A ∈ RN×N , we can write it as

A = P∆(A) + (I − P∆)(A),

where P∆(A) ∈ ∆(U ,V ) is the Laplacian matrix that best approximates matrix A, in the sense
of the norm that we use to calculate the projection.

Then, we will give a sketch of the proof, showing what is the procedure to obtain the Laplacian
approximation of a square matrix.

Proof. To start, we construct the following Laplacian matrices, from the given base Ui ∈ Rni×ri ,
Vi ∈ Rni×(ni−ri), i = 1, . . . , d,

AX1,...,Xd =
d∑
i=1

idn1 ⊗ · · · ⊗ idni−1 ⊗ ViXiU
>
i ⊗ idni+1 ⊗ · · · ⊗ idnd

=
d∑
i=1

id[ni] ⊗ ViXiU
>
i ∈ RN×N .

Then, we define the space ∆(U ,V ), which is a subespace of RN×N , as

∆(U ,V ) =
{

d∑
i=1

id[ni] ⊗ ViXiU
>
i , Xi ∈ R(ni−ri)×ri

}
.

Thus, we can decompose RN×N as the direct sum of the subspaces

RN×N = ∆(U ,V )⊕∆(U ,V )⊥.

Now, we want to project the matrix A on the previous subspace ∆, that is,

P∆ : RN×N −→ ∆(U ,V )
A 7−→ P∆(A).

To do this, we consider the projections Pi : RN×N → RN×N given by

Pi(RN×N ) = span{id[ni]} ⊗ ViR
(ni−ri)×riU>i ,

and we calculate the projection of A on subspace ∆(U ,V ) as

P∆(A) =
d∑
i=1

Pi(A) =
d∑
i=1

id[ni] ⊗ ViXiU
>
i .
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To obtain the unknown matrices Xi, we proceed as follows. The first projection has the form

P1(A) = V1X1U
>
1 ⊗ idn2 ⊗ · · · ⊗ idnd ,

and we obtain X1 by solving
min
X1
‖A− P1(A)‖2.

Then, and iteratively, we calculate the respective unknown matrices Xk that appear in the pro-
jections

Pk(A) = idn1 ⊗ · · · ⊗ idnk−1 ⊗ VkXkU
>
k ⊗ idnk+1 ⊗ · · · ⊗ idnd ,

solving the associated minimization problem

min
Xk
‖A−

k∑
i=1

Pi(A)‖2,

from k = 2, . . . , d.

Note that we can repeat the algorithm to improve the approximation obtained, that is, to reduce
the value of the residue, which is given by the norm of the difference A− P∆(A).

2.1 Algorithm pseudocode

Algorithm 2 Laplacian decomposition Algorithm
1: procedure Lap(A, r1, . . . , rd, iter max, tol)
2: choose Ui ∈ Rni×ri , Vi ∈ Rni×(ni−ri) for i = 1, 2 . . . , d.
3: iter = 1, Lap = 0
4: while iter < iter max do
5: A← A− Lap
6: for k = 1, 2, . . . , d do
7: Xk ← minXk

‖A−
∑k

i=1 Pi(A)‖
8: Lap = Lap + idn1 ⊗ · · · ⊗ idnk−1 ⊗ VkXkU

>
k ⊗ idnk+1 ⊗ · · · ⊗ idnd

9: end for
10: if ‖A− Lap‖2 < tol then goto 14
11: end if
12: iter = iter + 1
13: end while
14: return Lap
15: end procedure

3 Results

Example 1. The discrete Poisson equation

We can write the Poisson equation
∂2φ

∂x2 + ∂2φ

∂y2 = f
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in discrete form as a linear system Aφ̂ = f̂ , with

A =



D −I 0 0 . . . 0
−I D −I 0 . . . 0
0 −I D −I . . . 0
... . . . . . . . . . . . . ...
0 . . . 0 −I D −I
0 . . . 0 0 −I D


∈ Rnm×nm,

where I is the n× n identity matrix and D is a n× n block given by

D =



4 −1 0 . . . 0
−1 4 −1 . . . 0
... . . . . . . . . . ...
0 . . . −1 4 −1
0 . . . 0 −1 4


.

In that case (m blocks of size n× n), we can write A ∈ Rnm×nm in Laplacian form as

A =



k −1 0 . . . 0
−1 k −1 . . . 0
... . . . . . . . . . ...
0 . . . −1 k −1
0 . . . 0 −1 k


︸ ︷︷ ︸

m×m

⊗idn + idm ⊗



4− k −1 0 . . . 0
−1 4− k −1 . . . 0
... . . . . . . . . . ...
0 . . . −1 4− k −1
0 . . . 0 −1 4− k


︸ ︷︷ ︸

n×n

Example 2. The Laplacian matrix of a simple graph

Given a simple graph G, its Laplacian matrix L is defined as

L = D −A,

where D is the degree matrix and A is the adjacency matrix of the graph.

Figure 1: Simple graph G
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The degree and adjacency matrices of the graph in Figure 1 are, respectively,

D =



1 0 0 0 0 0
0 2 0 0 0 0
0 0 2 0 0 0
0 0 0 1 0 0
0 0 0 0 2 0
0 0 0 0 0 2


, A =



0 0 0 1 0 0
0 0 1 0 1 0
0 1 0 0 0 1
1 0 0 0 0 0
0 1 0 0 0 1
0 0 1 0 1 0


.

So, the Laplacian matrix of the graph is

L = D −A =



1 0 0 −1 0 0
0 2 −1 0 −1 0
0 −1 2 0 0 −1
−1 0 0 1 0 0
0 −1 0 0 2 −1
0 0 −1 0 −1 2


.

We want to find a Laplacian decomposition of the matrix L, and for this we need to set the base
on which to project.

Since n1 = 2, n2 = 3, we take the ranks r1 = 1, r2 = 2, and choose, for example, the following
base

U1 =
(

1
−1

)
, V1 =

(
1
−1

)
; and U2 =


0 0
1 0
0 1

 , V2 =


0
1
−1

 .
We search, then, for X1 ∈ R1×1, X2 ∈ R1×2 matrices so that

P∆(L) = V1X1U
>
1 ⊗ idn2 + idn1 ⊗ V2X2U

>
2 ,

would be the best Laplacian approximation of the matrix L in the fixed basis. We proceed
according to the algorithm:

1. Obtaining X1

min
X1
‖L− P1(L)‖2 = min

X1
‖L− V1X1U

>
1 ⊗ idn2‖2 ⇒ X1 = (1).

2. Obtaining X2

min
X2
‖L− P1(L)− P2(L)‖2 = min

X2
‖L− P1(L)− idn1 ⊗ V2X2U

>
2 ‖2 ⇒ X2 =

(
1 −1

)
.

To determine how good the Laplacian approximation obtained is, we calculate the value of the
residue Res(L),

3. Calculation of the residue

Norm(Res(L)) = Norm(L− P∆(L)) = 0.

Since the residue is worth 0, the matrix L is a Laplacian matrix, and we can write it in the base
of U ′s, V ′s chosen as

L = V1 (1)U>1 ⊗ idn2 + idn1 ⊗ V2
(
1 −1

)
U>2 = P∆(L).
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4 Conclusions

We have presented a result that shows that we can decompose any matrix as the sum of a
Laplacian matrix and a linearly independent matrix to it. In addition, we have described the
procedure to carry out this decomposition in the form of an algorithm.

As we have seen in the different examples, the Laplacian decomposition obtained does not have
to be unique and, furthermore, the “goodness” of the decomposition depends on the chosen
basis. In any case, the idea of the proposed algorithm is to be able to change the traditional
approach to solving a linear system Ax = β, helping us with tensor decompositions that are more
computationally efficient.
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Abstract

Visual quality of color images is studied through costly psychophysical experiments, which are
used to record observers quality scores. Visual image quality metrics pursue to maximize the
agreement between computed quality and observers scores. Therefore, it is of critical importance
to have appropriate measures for this agreement, both for the development and use of the im-
age quality metrics. The most used one is the well known Pearson correlation coefficient while
Spearman rank correlation coefficient is also customary used. In this work we explore the use of
an alternative metric: The standardized residual sum of squares (STRESS). STRESS has some
interesting properties that encourage us to use it for measuring the agreement between computed
image quality and observers scores, being the most important one the possibility to run statistical
significance tests between metrics. We will compare the performance of STRESS with Pearson
and Spearman coefficients using both synthetic datasets as well as a recent visual image quality
evaluation dataset. As it will be shown, the performance is different and we found several points
in favor of using STRESS along with some interesting open issues.

1 Introduction

Image quality assessment is currently an active research topic due to the ubiquitous use of color
images for domestic, scientific and industrial applications. A small proof of this is that the most
popular image quality metric developed so far, the structural similarity index (SSIM) [1], nowadays
accounts for more than 23K citations according to Scopus [2].
In particular, visual quality of color images is studied through costly psychophysical experiments
used to record observers quality scores. Visual image quality metrics aim at maximizing the
agreement between computed quality and observers scores. Therefore, it is of critical importance
to have appropriate measures for this agreement. The most used one is the well known Pearson
correlation coefficient [3] while Spearman rank correlation coefficient [4] is also customary used.
In this work we explore the use of an alternative metric: Standardized Residual Sum of Squares
(STRESS). This metric was originally employed in multidimensional scaling (MDS) techniques

1smorillas@mat.upv.es
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[5,6], and later have been extensively used to measure the agreement between visually assessed and
computed color differences [7], being the standard figure of merit for this problem [8,9]. STRESS
has some interesting properties that encourage us to use it for measuring the agreement between
computed image quality and observers scores. The most relevant one from a theoretical point
of view is the possibility to apply statistical significance tests. That is, the possibility to figure
out, up to a certain degree of confidence, if the performance of two metrics can be considered
different enough, from a statistical point of view. In this paper a comparison of the performance
of STRESS and Pearson and Spearman coefficients is shown, using both synthetic datasets as well
as a recent visual image quality evaluation dataset [11]. As it will be shown, the performance is
quite different and we found several practical points in favor of using STRESS along with some
interesting open issues.

2 STRESS: Standardized Residual Sum of Squares

In multi-dimensional scaling [12,13], loss functions are used to characterize the differences between
two vectors (or objects, in general). When these vectors represent groundtruth and predicted data,
the closeness between them is interpreted as a measure of approximation quality for the prediction.
The usual loss function is the so-called normalized (or Kruskal’s) STRESS, which can be defined
in different equivalent ways, one of them the following:

STRESS(G,P) =


N∑
i=1

(Gi − FPPi)2

N∑
i=1

G2
i


1
2

, (1)

where G and P are N component vectors denoting groundtruth and predicted data, respectively,
and FP is a non-arbitrary scaling factor determined to minimize the value of the loss function for
P in relation to G. FP can be analytically determined to be:

FP =

N∑
i=1

GiPi

N∑
i=1

P 2
i

. (2)

2.1 Statistical significance tests for STRESS

By looking at the numerator of Eq. 1, we can see that we are just using a classical euclidean
distance between two vectors, G and P, one of them appropriately re-scaled (by FP ). In particular,

V =

N∑
i=1

(Gi − FPPi)2

N − 1 (3)

is the residual variance of the differences which, for a large N and from the central limit theorem,
can be stated to follow a chi-squared distribution with N − 1 degrees of freedom [12].
Now, given two different prediction vectors P1 and P2 we can compute their corresponding V1
and V2 with Eq. 3 and compute the ratio

Ftest = V1
V2
,
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which, by definition, follows the distribution of an F variable [13]. It is easy to see that

V1
V2

= STRESS(G,P1)2

STRESS(G,P2)2 .

Using Ftest, we can now formulate the null hypothesis that P1 and P2 have no significant differ-
ences in predicting G. This hypothesis must be rejected when Ftest < FC or Ftest > 1

FC
, where

FC is the critical value of the two-tailed F distribution with a certain (usually 95%) confidence
level and (N − 1, N − 1) degrees of freedom.
Consequently, using Ftest, we may conclude that predictions P1 and P2 are equal (Ftest = 1),
insignificantly different (FC ≤ Ftest ≤ 1

FC
), or significantly different (Ftest < FC or Ftest > 1

FC
).

In the latter case, the one having the lowest value of V would be significantly better than the
other.

3 Experimental results

3.1 Synthetic datasets

Aiming to perform synthetic experiments that allow us to characterize the performance of STRESS
in front of Pearson and Spearman correlations, we generated a dataset of groundtruth and pre-
dicted data using random values. In particular, we have generated 500 pairs of groundtruth and
predicted data using a uniformly distributed probability function in the [0, 5] interval. Initially,
this random generation would also provide random results for the two correlation measures, and
for STRESS. From these data we will study how the agreement measures behave when improving
the agreement between groundtruth and prediction data. In addition, we will analyze how the
introduction of outliers affects the correlations and STRESS.
Therefore, we started by reducing in an increasing way the difference between the groundtruth
and predicted data in each pair by modifying the predicted data towards the groundtruth in a
fixed percentage of each difference (|Gi − Pi|, i ∈ {1, ..., N}) from 0% to 100% in steps of 10%
so that, eventually, we obtain perfect data agreement. We run this experiment five times with
different random initial values. In Figure 1 (left) we have plotted the average results and standard
deviations (multiplyed by 3 for visualization purposes) between the 5 experiments, provided for
STRESS, Pearson and Spearman coefficients. For clarity of presentation, all measures have been
re-scaled in the interval [0, 100] as shown in the legend of the Figure 1 (left). It is clear that
the curve for STRESS is almost linear while the ones for Pearson and Spearman are highly
nonlinear. In particular, it is specially interesting to note that when differences between predicted
and groundtruth data have been reduced 80% or more, Pearson and Spearman correlations have
little sensitivity in this range, while STRESS has the same sensitivity in every reduction step.
This region of good agreement between groundtruth and predicted data is the usual case in most
of the applications of these indexes.
Second, starting again with 500 pairs of random values for G and P, and also repeating five times
the computations, ramdon outliers are introduced in the generated data. In particular, each
outlier corresponds to multiplying by a factor of 10 one random pair prediction, also randomly
chosen. That is, we arbitrarily considered an outlier as a change of one order of magnitude. We
proceeded by increasingly introducing one by one more outliers from one until a number of 10,
which corresponds from 0.2% to 2% of the whole dataset. In Figure 1 (right) we have plotted the
relative worsening observed for STRESS, Pearson and Spearman coefficients (computed in the
range [0, 100] as commented above), with respect to their initial values, when introducing one by
one the outlier while keeping the previous ones in each case. Specifically, we plotted the average
and standard deviations (divided by 5, for visualization purposes) of the relative worsening. We
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Figure 1: Left: STRESS values, and Pearson and Spearman correlations when increasingly reduc-
ing the differences between random groundtruth data and random predictions. Right: Relative
worsening of STRESS values, and Pearson and Spearman correlations when increasing the number
of outliers in the data set.

can see the the worsening ratio has an up to 30% increment for 10 outliers in the case of STRESS.
This plot also shows that STRESS is much more sensitive to the introduction of outliers than
Pearson and Spearman correlations, being the latter almost insensitive to them.

3.2 Image quality scores dataset

Now we compare the performance of STRESS with the classical Pearson and Spearman coefficients
when predicting image quality scores for a real experimental dataset. As groundtruth data we
use the image quality scores dataset in the Colourlab Image Database: Image Quality (CID:IQ)
[11]. This dataset contains 23 pictorial images selected as the reference images with 6 different
distortions over 5 levels. The distortions are JPEG compression, JPEG2000 compression, Poisson
noise, blurring, and two gamut mapping algorithms. These images where evaluated by a total of
17 observers.
In order to predict these data values, we use 10 image quality metrics applied between each
distorted image and the corresponding reference: (1) image Color Appearance Model difference
(iCAMd) [14], (2) Fuzzy Color Structural Similarity (FCSS) [15], (3) Structural Similarity Index
(SSIM) [1], (4) Multiscale Structural Similarity Index (MSSIM) [16], (5) Color Structural Simi-
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Figure 2: Ranks from worst (1) to best (10) obtained for each of the Image Quality Metrics in
the comparison and for each index (rescaled to [0, 100]): Pearson correlation (left), Spearman
correlation (center) and Stress (right). Absolute values of correlations are used.

IQM iCAMd FCSS SSIM MSSIM CSSIM FSIMc MSE RMSE PSNR NCD
iCAMd
FCSS
SSIM

MSSIM
CSSIM
FSIMc
MSE

RMSE
PSNR
NCD

Table 1: Statistical significant performance in terms of STRESS for 95% confidence interval. For
each pair of image quality metrics (IQM), we fill the cell with a green colour when performance
of the metrics is significantly different and with the red colour, otherwise.

larity Index (CSSIM) [17], (6) Feature similarity index (FSIMc) [18], and the classical ones (7)
Mean Squared Error (MSE), (8) Root Mean Squared Error (RMSE), (9) Peak Signal to Noise
Ratio (PSNR), and (10) Normalized Color difference (NCD) [19].
In Figures 2 (left to right), we compare the agreement between the image quality metrics and the
average observers scores, given by the Pearson and Spearman correlation coefficients and STRESS.
Absolute value of correlations found is used as it is meaningless to us whether the correlations are
direct or inverse. In each bar plot, the 10 metrics are sorted from left to right corresponding to
from worst to best agreement predicted in each case. As we can see, the order differs significantly
depending on the agreement measure, but in all cases there are some quality measures with a
similar performance. The statistical significance test explained in Section 2.1 can be used in the
case of STRESS in order to determine whether the differences are really meaningful or not. Thus,
Table 1 shows the statistical significance tests computed for all pairs of metrics. Each position
in the double entry table represents whether the two corresponding metrics show a significantly
different performance (green colour) or not (red colour) for a 95% confidence level. It is interesting
to note that all metrics have a performance that it is not significantly different from at least one
other metric. In particular, among the best performing metrics (FCSS, SSIM and PSNR) we
found not significant differences for a 95% confidence level.
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4 Conclusions

In this work we have studied the application of the standardized residual sum of squares (STRESS)
as an alternative to Pearson and Spearman correlation coefficients to measure the agreement
between psychophysical groundtruth data of image quality and computed image quality metrics.
From synthetic experiments we have seen than STRESS has more sensitivity for smaller differences
between predictions and groundtruth data and it is also more sensitive to outliers in the dataset.
When applying STRESS to an image quality database, we saw how useful it is to have the
possibility to run statistical significance tests to decide whether performance differences among
image quality metrics can be considered meaningful or not. In this case, we found that there
are no statistically significantly different results between the best performing metrics, so we may
wonder if this performance can be really improved.
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1 Introduction

Uncertainty quantification (UQ) for differential equations plays a key role in mathematical
modelling. In literature, one can found two possible approaches to deal with UQ: stochastic
differential equations (SDE) or random differential equations (RDE). On the one hand, in SDE,
uncertainty is introduced in the equation via stochastic processes and they are solved using a
special type of calculus, namely Itô calculus. On the other hand, in the case of RDE, parameters
are turned from deterministic values into random variables defined in a common complete
probability space (Ω,F ,P).

In this work, we propose to study a randomized version of a particular case of the logistic
model that is turned into a RDE and solved using the Random Variable Transformation (RVT)
method. This technique allows us to obtain the first probability density function (1-PDF) of the
solution stochastic process, that can be used to get the expected value of the solution and higher
one-dimensional moments as well as the probability that the solution lies between two values of
interest.

The logistic model with capture or harvesting is a modification of the well-known logistic
model, proposed by P.F. Verhulst and extensively used in ecology. This particular model is
formulated via the following initial value problem (IVP):

p′(t) = rp(t)
(

1− p(t)
K

)
− c(t)p(t), p(t0) = p0, (1)

where p0 represents the initial population size, r the growth rate, K the carrying capacity and c =
c(t) the harvesting intensity coefficient. Different types of capture (or harvesting) can be modelled
varying c(t) expression, some examples are studied in [1]. We will assume these parameters to
be absolutely continuous random variables and their probability density functions (PDF) will be,
respectively, denoted by fp0 , fr, fK and fc and the joint PDF as fp0,r,K,c.
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2 Methods

With the aim of obtaining the aforementioned PDFs, the RVT technique will be used. Let us
state its multidimensional version:

Theorem 17. ( [5], Pg. 24, Section 2.4.2) Let X = (X1, X2, . . . , Xn) be a random vector of
dimension n with support SX and joint PDF fX(x). Let r : Rn → Rn be a one-to-one deterministic
map which is assumed to have continuous first partial derivatives. Then, the joint PDF, fY(y),
of the random vector Y = r(X) is given by

fY(y) = fX(s(y))|Jn|, y ∈ r(SX),

where s(y) is the inverse transformation of r(x) : x = r−1(y) = s(y), and Jn is the Jacobian of
the transformation, i.e.,

Jn = det

(
∂x
∂y

)
= det


∂x1
∂y1

. . . ∂xn
∂y1... . . . ...

∂x1
∂yn

. . . ∂xn
∂yn

 ,
which is assumed to be different from zero.

3 Results

It is easy to obtain the analytical solution of the model (1), given by

p(t) = p0Kq(t)

K + rp0

∫ t

t0
q(z) dz

, q(z) = exp
(∫ z

t0
(r − c(τ)) dτ

)
. (2)

To facilitate notation, we define

h(t) =
∫ t

t0
q(z) dz, t ≥ t0. (3)

Considering parameters p0, r, K and c as random variables and by making a good use of the
results exposed in Theorem 17, with a conveniently chosen mapping, we obtain that the 1-PDF
of the solution is

fp(t)(p) =
∫
D(p0,r,c)

fp0,r,K,c

(
p0, r,

r p0 p h(t)
p0 q(t)− p

, c

)
r p2

0 q(t)h(t)
(p0 q(t)− p)2 dp0 dr dc. (4)

It is interesting to remark that the expression (4) can be expressed in terms of the PDFs of p0,
r, K and c when these variables are assumed to be independent. For the particular case when
(p0, r, c) is independent from K, one can rewrite (4) as

fp(t)(p) =
∫
D(p0,r,c)

fp0,r,c(p0, r, c)fK
(
r p0 p(t)h(t)
p0 q(t)− p(t)

)
r p2

0 q(t)h(t)
(p0 q(t)− p(t))2 dp0 dr dc

= Ep0,r,c

[
fK
(
r p0 p(t)h(t)
p0 q(t)−p

)
r p2

0 q(t)h(t)
(p0 q(t)−p(t))2

]
.

(5)

Throughout this work we will take advantage of this particular form, especially useful when
performing Monte Carlo simulations.
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As it was mentioned before, different types of captures can be modelled by using a proper
expression for c(t). In this case, we studied three types of captures: a perpetual capture, a
finite capture and a punctual capture. As it can be observed in (4), the solution depends on the
expressions of q(t) and h(t), determined by the form of c(t). Down below, we specify functions
that adequately represent these three secenarios.

In the first place, we assume c(t) = cθ(t − t1) =
{

0, t ≤ t1,
c, t > t1,

, where t1 > t0, θ repre-

sents the Heaviside function and c a random capture intensity. One can easily obtain the
following expressions:

q(z) =
{

er(z−t0), z ≤ t1,
er(z−t0)−c(z−t1), z > t1,

h(t) =


1
r

(
er(t−t0) − 1

)
, t ≤ t1,

1
r

(
er(t1−t0) − 1

)
+ 1
r − c

(
er(t−t0)−c(t−t1) − er(t1−t0)

)
, t > t1.

Secondly, a finite capture from time instants t1 to t2 (t2 > t1 > t0) is modelled by the expression

c(t) = c [θ(t− t1)− θ(t− t2)] =


0, t ≤ t1,
c, t1 < t ≤ t2,
0, t > t2.

In this case, the intermediate expressions for q(z) and h(t) are:

q(z) =


er(z−t0), z ≤ t1,
e(ct1−rt0)−(c−r)z, t1 < z ≤ t2,
er(z−t0)−c(t2−t1), z > t2,

h(t) =



1
r

(
er(t−t0) − 1

)
, z ≤ t1,

1
r

(A1 − 1) + 1
r − c

(
De−(c−r)t −A1

)
, t1 < z ≤ t2,

1
r

(A1 − 1) + 1
r − c

(
De−(c−r)t −A1

)
+ 1
r
B
(
er(t−t0) −A2

)
, z > t2,

where D = ect1−rt0 , B = e−c(t2−t1) and Ai = er(ti−t0)

Finally, a punctual capture is studied by using the Dirac delta function, δ(·), and defining c(t) =
cδ(t− t1). Then, one gets for q(z) and h(t):

q(z) = er(z−t0)−cθ(z−t1) =
{

er(z−t0), z ≤ t1,
er(z−t0)−c, z > t1,

h(t) =



∫ t

t0
er(z−t0) dz = 1

r

(
er(t−t0) − 1

)
, t ≤ t1,

∫ t

t0
er(z−t0)−c dz = 1

r

(
er(t−t0)−c − e−c

)
, t > t1.

158



Modelling for Engineering & Human Behaviour 2021

Results for second and third case can be generalised to n-captures but omitted here in order to
avoid cumbersome expressions.

Equilibrium points are another interesting aspect to study in differential equations. It is
easy to obtain the equilibrium points of (1):

p∗1 = 0, p∗2 = (r − c)K
r

, (6)

and using once again the RVT method one can obtain the PDF of the non-trivial equilibrium
point, p∗2:

fp∗2(p∗2) = Er,c
[
fK

(
p∗2r

r − c

) ∣∣∣∣ r

r − c

∣∣∣∣] .
In literature, equilibrium points are usually studied together with their stability. However, since
we are in a probabilistic environment, the equilibrium point p∗2 is stable with a certain probability
obtained by computing the expression:

πs =
∫ r2−c1

max(0, r1−c2)
fY (y) dy =

∫ r2−c1

max(0, r1−c2)

∫ min(c2, r2−y)

max(c1, r1−y)
fr(y + c)fc(c) dcdy. (7)

where Y (ω) = r(ω)− c(ω), ω ∈ Ω, and D(r) = [r1, r2], D(c) = [c1, c2].

3.1 Numerical examples

Let us illustrate the previous results using a numerical example. To this aim, we use Monte Carlo
simulations and the previous expressions depending on mathematical expectation. Taking into
account the biological interpretation of model’s parameters, we assume them to be distributed as
follows:

r ∼ Be[0.4,0.6](5; 1), c ∼ Be[0.02,0.06](2; 5),
p0 ∼ Be[0.05,0.1](2; 2), K ∼ Be[0.8,1](3; 4.5).

In Figure 1, the 1-PDF of the solution is represented as a surface from t = 0 to t = 5 and for
the three aforementioned types of capture. The PDF of the solution in the time instants when
captures were performed (tI = 1 (Case I); tII1 = 1 and tII2 = 4 (Case II); tIII = 1 (Case III)) have
been highlighted with a solid red line.

Figure 1: 3D-graphical representation of the 1-PDF., fp(t)(p), for the time interval t ∈ [0, 5] for
the three studied cases. On the surface, we have highlighted, by means of a solid line, the PDF
corresponding to the time instants tI = 1 (Case I); tII1 = 1 and tII2 = 4 (Case II), and tIII = 1 (Case
III).
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The results obtained for the non-trivial equilibrium point have been represented too. In Figure
2, one can observe the 1-PDF of the non-trivial equilibrium point (left) and how the 1-PDF of
the solution for Case I converges to it as t increases (right). Notice that for cases II and III, c(t)
disappears as t goes to infinity, this is, the model (1) turns into the classic logistic model with
its equilibrium points. This evolution for cases II and III is represented in Figure 3, where the
1-PDF of the solution tends to the PDF of the carrying capacity K.
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Figure 2: Left: PDF of the equilibrium random variable, p∗2, given in (6). Right: Convergence of
the 1-PDFs, fp(t), towards f∗p2 in the Case I with tI = 1.
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Figure 3: Convergence of the 1-PDFs, fp(t), towards the PDF f∗p2 , in the case that the equilibrium
random variable is the carrying capacity, p∗2 = K. Left: Case II with tII1 = 1 and tII2 = 4. Right:
Case III with tIII = 1.

160



Modelling for Engineering & Human Behaviour 2021

4 Conclusions

In this work, a study of a fully randomized logistic model has been performed by making a
good use of the RVT method. The fact that the harvesting term has been considered to be
discontinuous functions turns the model into a hybrid one.

The solution stochastic process has been deeply studied, together with equilibrium points and
their stability. The provided results open new avenues in the realm of hybrid models based on
RDE.
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Panamericana Sur km 1 1/2, 060106 Riobamba, Ecuador.
(\) Institute for Multidisciplinary Mathematics,

Universitat Politècnica de València.
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1 Introduction

Many problems in Computational Sciences and other disciplines can be stated in the form of a
nonlinear equation or nonlinear systems of equations using mathematical modelling. In particular,
a large number of problems in Applied Mathematics and Engineering are solved by finding the
solutions of these equations. In the literature there are many methods and families of iterative
schemes to approximate the simple roots of a nonlinear equation f(x) = 0, where f : I ⊆ R→ R
is a real function defined in an open interval I. We can find in [1–3] several surveys and overviews
of the iterative schemes published in the last years.
In this manuscript, we introduce a new parametric family of multistep iterative schemes for
solving nonlinear systems of equations as an extension of the family presented in [4] for nonlinear
equations. This family is built from the Ostrowski’s scheme, adding a Newton step with a “frozen”
derivative and using a divided difference operator. Firstly, we design a fourth-order triparametric
family that, by holding only one of its parameters, we get to accelerate its convergence and finally
obtain a sixth-order uniparametric family. We study the convergence of this last class of iterative
schemes, analyzed its stability by means of complex dynamics tools and checked its numerical
performance on some test problems. The parameter spaces and dynamical planes presented in [4],
which show the complexity of the family for nonlinear equations, are used in the present work
for systems of nonlinear equations. From the parameter spaces we have been able to determine
different members of the family that have bad convergence properties, since attracting periodic
orbits and attracting strange fixed points appear in their dynamical planes. Moreover, this same
study has allowed us to detect family members with specially stable behavior and suitable for
solving practical problems. Several numerical tests are performed to illustrate the efficiency and
stability of the presented family.
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2 New parametric family

The new parametric family object of study in this manuscript has the following iterative expres-
sion: 

y(k) = x(k) − [F ′(x(k))]−1F (x(k))
z(k) = y(k) − [2[x(k), y(k);F ]− F ′(x(k))]−1F (y(k))

x(k+1) = z(k) − (αI + βu(k) + γv(k))[F ′(x(k))]−1F (z(k))
, (1)

where u(k) = I − [F ′(x(k))]−1[x(k), y(k);F ], v(k) = [x(k), y(k);F ]−1F ′(x(k)), k = 0, 1, 2, ..., and α,
β and γ are arbitrary parameters. The divided difference operator [x, y;F ] is the map [·, ·;F ] :
D ×D ⊂ Rn × Rn → L(Rn), satisfying [x, y;F ](x− y) = F (x)− F (y), ∀x, y ∈ D.

Theorem 18 (triparametric family). Let F : D ⊆ Rn → Rn be a sufficiently differentiable
function in an open convex set D and ξ ∈ D a solution of the nonlinear system F (x) = 0. Let us
suppose that F ′(x) is continuous and nonsingular at ξ and x(0) is an initial estimate close enough
to ξ. Then, sequence {x(k)}k≥0 obtained by using expression (1) converges to ξ with order four,
being its error equation

e(k+1) = (1− α− γ)C2
(
C2

2 − C3
)
e(k)4 +O(e(k)5),

where e(k) = x(k) − ξ, Cq = 1
q! [F ′(ξ)]−1F (q)(ξ) and q = 2, 3, ...

From this theorem, it follows that the new triparametric family has an order of convergence of
four for any real or complex value of α, β and γ. However, convergence can be speed-up if only
one parameter is held and the family is reduced to an uniparametric iterative scheme.

Theorem 19 (uniparametric family). Let F : D ⊆ Rn → Rn be a sufficiently differentiable
function in an open convex set D and ξ ∈ D a solution of the nonlinear system F (x) = 0. Let us
suppose that F ′(x) is continuous and nonsingular at ξ and x(0) is an initial estimate close enough
to ξ. Then, sequence {x(k)}k≥0 obtained by using expression (1) converges to ξ with order six,
provided that β = 1 + α and γ = 1− α, being its error equation

e(k+1) =
(
6C5

2 − 7C3
2C3 + C2C

2
3

)
e(k)6 +O(e(k)7),

where e(k) = x(k) − ξ, Cq = 1
q! [F ′(ξ)]−1F (q)(ξ) and q = 2, 3, ...

From this theorem, it follows that if we only hold α in (1), the new triparametric family is reduced
to an uniparametric family with an order of convergence of six, for any real or complex value of
α, as long as β = 1 + α and γ = 1− α.
So, the iterative expression of the new uniparametric family, dependent only of α and which we
will call CMT(α) family, is defined as

y(k) = x(k) − [F ′(x(k))]−1F (x(k))
z(k) = y(k) − [2[x(k), y(k);F ]− F ′(x(k))]−1F (y(k))

x(k+1) = z(k) − (αI + (1 + α)u(k) + (1− α)v(k))[F ′(x(k))]−1F (z(k))
, (2)

where u(k) = I − [F ′(x(k))]−1[x(k), y(k);F ], v(k) = [x(k), y(k);F ]−1F ′(x(k)), k = 0, 1, 2, ..., and α is
an arbitrary parameter.
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3 Numerical results

In this section, we perform several numerical tests to illustrate the efficiency and stability of the
presented family. We consider two members of the family as representatives. One of them is for
α = 0, whose value is inside the stability region of the parameter spaces shown in [4], that is, it is
in the red area. The other member is for α = 200, whose value is outside the stability region of the
same parameter spaces, located in the black area. These methods are applied on two nonlinear
test systems, whose expressions and corresponding roots are shown in Table 1.

Table 1: Nonlinear test systems and corresponding roots.

Nonlinear test system Roots

F1(x1, x2) = (ex1ex2 + x1 cos(x2), x1 + x2 − 1) ξ ≈ (3.4706,−2.4706)T

F2(x1, x2) =
(

ln(x2
1)− 2 ln(cos(x2)), x1 tan

(
x1√

2
+ x2

)
−
√

2
)

ξ ≈ (0.9548, 6.5850)T

Thus, in Table 2 we show the numerical performance of CMT(0) for initial estimates very close
to the solution (x(0) ≈ ξ). Also, we introduce a comparative analysis between this method and
three others obtained from the literature: Newton of order 2 in [5], Ostrowski of order 4 in [6],
and HMT of order 6 proposed in [7].
The calculations have been developed in Matlab R2020b programming package using variable
precision arithmetics with 200 digits of mantissa. For each method, we analyze the number
of iterations (iter) required to converge to the solution, so that the stopping criteria ||x(k+1) −
x(k)|| < 10−100 or ||F (x(k+1))|| < 10−100 are satisfied. Note that ||x(k+1) − x(k)|| represents the
error estimation between two consecutive iterations and ||F (x(k+1))|| is the residual error of the
nonlinear test system.
To check the theoretical order of convergence of the methods, we calculate the approximate
computational order of convergence (ACOC) given in [8]. In the numerical results, if the ACOC
vector inputs do not stabilize their values throughout the iterative process, it is marked as ‘-’;
and, if any of the methods used does not reach convergence in a maximum of 50 iterations, it is
marked as ‘nc’.
In Table 2, we notice that CMT(0) always converges to the solution even with fewer iterations
than the other methods. But, what about the dependence of CMT(0) on initial estimations? To
answer this question, we analyze this method for initial estimates near and far from the solution,
that is, for x(0) = 2ξ and x(0) = 10ξ, respectively. The results can be observed in Tables 3 and 4.
The results shown in Tables 3 and 4 are encouraging because we can notice that CMT(0) always
converges to the solution in the two nonlinear test systems, regardless of the initial estimates used.
Therefore, we verify this method is robust, according to the stability results shown in [4].
Now, we are going to analyze the CMT(200) method. Its numerical performance, for initial
estimations very close to (x(0) ≈ ξ) and near to the solution (x(0) ≈ 2ξ), is shown in Tables 5 and
6.
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Table 2: Numerical performance of CMT(0) and existing methods on test problems for x(0) ≈ ξ.

System Method ||x(k+1) − x(k)|| ||F (x(k+1))|| iter ACOC

F1 CMT(0) 3.1879e-97 7.7869e-208 3 5.4332
x(0) = (3,−2)T Newton 2.1273e-99 1.6685e-198 7 2

Ostrowski 1.395e-49 3.7549e-115 4 2.6275
HMT 2.0527e-31 7.0573e-187 4 5.7098

F2 CMT(0) 1.8998e-92 3.2794e-207 5 5.701
x(0) = (1, 6)T Newton 8.8873e-66 6.0249e-130 9 2.0531

Ostrowski 1.09e-54 1.9374e-124 6 2.7599
HMT 8.0798e-36 4.1348e-207 6 5.889

Table 3: Numerical performance of CMT(0) on test problems for x(0) ≈ 2ξ.

System x(0) ||x(k+1) − x(k)|| ||F (x(k+1))|| iter ACOC

F1 (6,−4)T 6.4031e-71 8.0537e-173 5 3.1906
F2 (2, 12)T 6.6576e-68 1.4261e-166 6 3.6518

Table 6: Numerical performance of CMT(200) on test problems for x(0) ≈ 2ξ.

System x(0) ||x(k+1) − x(k)|| ||F (x(k+1))|| iter ACOC

F1 (6,−4)T nc nc nc nc
F2 (2, 12)T nc nc nc nc

Note that the results shown in Tables 5 and 6 also corroborate the stability analysis performed
in [4]. The CMT(200) presents convergence problems even for estimates very close to the root
(x(0) ≈ ξ), this method does not converge to the solution in one of two cases. Furthermore,
for estimations near to the root (x(0) ≈ 2ξ), it does not converge to the solution in all cases,
establishing a dependency on the initial estimates used. Therefore, the instability of this method
is verified.

4 Conclusions

A highly efficient family of iterative methods CMT(α) has been designed to solve nonlinear sys-
tems. This family has an excellent numerical performance considering stable members as repre-
sentatives. Numerical experiments confirm the theoretical results. The order of convergence is
verified by the ACOC, which is close to 6. In general, this family has low errors and number of
iterations to converge to the solution.
The method for α = 0, value inside the stability region of the parameter spaces referred to in this
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Table 4: Numerical performance of CMT(0) on test problems for x(0) ≈ 10ξ.

System x(0) ||x(k+1) − x(k)|| ||F (x(k+1))|| iter ACOC

F1 (30,−20)T 6.7666e-41 3.4488e-113 4 6.4467
F2 (10, 60)T 3.9e-70 5.5314e-172 48 3.4528

Table 5: Numerical performance of CMT(200) on test problems for x(0) ≈ ξ.

System x(0) ||x(k+1) − x(k)|| ||F (x(k+1))|| iter ACOC

F1 (3,−2)T 8.1881e-94 1.5574e-207 4 2.5252
F2 (1, 6)T nc nc nc nc

manuscript, proved to be robust. The method for α = 200, value outside the stability region of
the same parameter spaces, proved to be unstable and cannot converge to the solution according
to the initial estimate and the nonlinear system used.
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1 Introduction

The importance of the environment in different aspects of the human being is evident. In
this sense, the influence that the contextual keys of the spaces have on the mental states and
internal psychological processes of the subject has been studied a lot. Specifically, in educational
and academic contexts, most studies have focused on promoting the development of cognitive
processes involved in learning. For instance, it has been proved that outer physical space
influences human perception and behavior, including cognitive performance. The most studied
factors are the color and lighting of the classroom [1,2], but it has also been shown, although to
a lesser extent, the influence of the classroom dimension.

Recently, the use of virtual reality is gaining more and more relevance, both in the gaming field
and in the academic field, but there are few studies that address the characteristics of the virtual
environment [2,3] supporting the results found in real environments. The use of validated virtual
classrooms is beneficial to design online learning spaces, being able to extrapolate the data to
physical classrooms, without assuming the cost of a real construction. These types of studies
have focused on specific cognitive processes such as memory or attention. However, few efforts
have been found to address the improvement of psychological well-being even though it can be
closely related to learning.

There is a growing trend of interest in how to improve the teaching processes of education at
different levels through the configurations of the learning space. In this sense, the objective of this
study is to know what configurations of a virtual classroom can affect human behavior to enhance
memory and attention, while allowing the space to be perceived as pleasant. For this, the facts of
the internal lighting of the classroom, the color of its walls and its spatial dimensions were studied.

To address this objective, a data collection (memory, attention and perception of likes of the
environment) was carried out in an experimental context using virtual reality. Different modified
classroom scenarios were presented in terms of geometry, lighting and color, the means of the
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psychological data in each parameter were obtained and an optimization problem was solved
with the aid of Multiobjective Integer Linear Programming (MOILP) and the use of Wolfram
Mathematica v12.1.

2 Methodology

A total of 112 students participated in the study (50.9% men and 49.1% women, the mean age
was 23.24 years, with a standard deviation of 3.79).

A virtual reality replica of a representative classroom of the Polytechnic University of Valencia
was represented. The original characteristics of the classroom were maintained, modifying the
different parameters studied independently. From among all the possible values for the different
parameters, a set of specific values were selected for this study. The criteria for choosing these
values were subject to the standard measurements in the construction of removable ceilings, to
the normal values in the commercialization of light bulbs and to the equitable distribution of
colors in the Itten chromatic circle [4].

As a result, a total of 29 values of the parameters of a classroom were obtained: 4 for height,
6 for width, 10 for color tone, 2 for color saturation, 3 for lighting and 4 for temperature of
color, to study which combination optimizes the levels of memory, attention and ”likes”. The
study of the 5760 possible combinations (4× 6× 10× 2× 3× 4) separately is not feasible for the
experimental procedure. Note that each visualization, with the corresponding data collection,
has a minimum duration of 25 minutes and must be visualized by at least 6 subjects, this would
be, approximately, 14,400 hours.

Therefore, an attempt was made to reduce the number of combinations, to a total of 56 variables.
These variables studied are those resulting from the combinations of the 2 parameters that make
up each factor (Tables 1-3). Each variable corresponds to a modification of the base classroom.
In this way, each modification consisted of changing the values of the two parameters that
made up each factor studied: lighting, dimension and color. The different changes were applied
separately to the two parameters of each factor, keeping the rest of the parameters with their
original values.

In each visualization presented, data on memory, attention and “I like” were collected. All of
them were statistically normalized.

Psychological semantic memory was measured with the number of words remembered from the
total of a list presented in an auditory way after a task similar to the tests of the DRM paradigm
[5]. There were a total of 16 different lists, each one contained a total of 15 words related to
each other because they belonged to the same semantic field. In each visualization a set of 3
randomized lists was presented and with a delay interval between them of approximately 30
seconds. The total number of correct words remembered among the 45 presented were counted.
A greater number of words remembered implies a better memory.

Attention task was measured by response time to target auditory stimuli while avoiding other
distractors, with a task similar to continuous auditory performance tests [6]. Four different
sounds were presented and only one was the target. These were randomized in a succession of 39
sounds repeated 3 times. The reaction time with a mouse click to the target stimulus out of a
total of 117 sounds was counted. Therefore, a shorter reaction time means better care results.
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On the other hand, the perception of “likes” was evaluated with a Likert scale from −4 to 4
answered by the subjects at the end of each visualization. The exact question was “in general, I
like this classroom.” It was specified before the question that there were no correct or incorrect
answers to avoid a biased answer by the subject. This implies that better “like” results correspond
to higher results close to +4.

Each participant visualized a total of 3 classrooms, each with different random modifications
of the base classroom. Each visualization was modified in the parameters of only 1 of the
studied factors: a) interior lighting (illuminance and color temperature), b) wall color (hue and
saturation) or c) dimension (width and height of the walls). Each visualization was viewed by
6 participants from whom 3 different psychological metrics were collected. These data were
normalized obtaining, in a first phase, the mean values of each psychological variable for each
VR scenario (Table 1-3).

For a better understanding of the data collection obtained and the formulation presented in this
paper, the next notation is given:

• Let axij , a
y
ij and azij be the mean of the level of attention obtained in the lighting conditions,

in the dimension conditions and in the color conditions of the base classroom respectively,
for each given combination. These values correspond to column 5 in Tables 1 to 3, from
where the sets where i and j vary in each case can be obtained.

• Let mx
ij , m

y
ij and mz

ij be the mean of the level of memory obtained in the lighting conditions,
in the dimension conditions and in the color conditions of the base classroom respectively,
for each given combination. These values correspond to column 4 in Tables 1 to 3, with the
same sets for i and j cited above.

• Let lxij , l
y
ij and lzij be the mean of the level of “I like it” obtained in the lighting conditions,

in the dimension conditions and in the color conditions of the base classroom respectively,
for each given combination. These values correspond to column 6 in Tables 1 to 3, with the
same sets for i and j cited above.

• Let ax, ay, az, mx, my, mz, l̄x, l̄y and l̄z be the mean values of axij , a
y
ij , azij , mx

ij , m
y
ij , mz

ij , lxij ,
lyij and lzij respectively, with their respective variations of i and j. Those values are shown
at the end of the respective columns in Tables 1 to 3.

• Let xij , yij and zij be 0-1 variables whose values 1 indicate that the classroom is composed
of a lighting with illuminance of type i and color temperature of type j, a dimension with
height type i and width type j, and a color of the walls with hue type i and saturation type
j respectively, with 0 otherwise. These variables are shown in column 3 of Tables 1 to 3
respectively.

3 Problem formulation and solutions

This work addresses the problem of finding the combinations of the six parameters studied in the
classroom (illuminance, temperature, width, height, hue and saturation) that provide the best
levels of memory, attention and perception of “I like it” of the students. To solve this problem,
it will be modelized in this section as a MOILP problem with three functions to optimize. Note
that to find the best solutions, values obtained for memory and “I like it” must be maximized,
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Iluminance Temperature of color Variable mx
ij ax

ij lxij

500 lx

10500 K x11 -0.3573 0.4647 0.7778
6500 K x12 0.1104 -0.2373 0.6154
4000 K x13 -0.0857 0.208 0.6429
3000 K x14 -0.1174 0.0887 -0.3571

300 lx

10500 K x21 -0.5019 -0.1531 0.3333
6500 K x22 0.4349 -0.7734 0.0714
4000 K x23 -0.0525 0.0225 0.011
3000 K x24 0.2053 -0.2405 0.4615

100 lx

10500 K x31 -0.1168 0.0298 0.5714
6500 K x32 0.5459 -0.2542 1.3846
4000 K x33 0.4598 0.1283 1
3000 K x34 -0.1188 0.2714 0.7059

mx ax l̄x

0.0338 -0.0371 0.5182

Table 1: Grouping of variables for each parameter of the illumination factor

while values obtained for attention must be minimized.

Considering all the notations given in Section 2, the problem of providing the best levels of
memory, attention and perception of “I like it” of the students is formulated here as the following
MOILP problem:

Maximize



3∑
i=1

4∑
j=1

mx
ij · xij +

4∑
i=1

6∑
j=1

my
ij · yij +

10∑
i=1

2∑
j=1

mz
ij · zij ,

−
3∑
i=1

4∑
j=1

axij · xij −
4∑
i=1

6∑
j=1

ayij · yij −
10∑
i=1

2∑
j=1

azij · zij ,

3∑
i=1

4∑
j=1

lxij · xij +
4∑
i=1

6∑
j=1

lyij · yij +
10∑
i=1

2∑
j=1

lzij · zij


(1)

s.t:

3∑
i=1

4∑
j=1

xij = 1,
4∑
i=1

6∑
j=1

yij = 1,
10∑
i=1

2∑
j=1

zij = 1 (2)

3∑
i=1

4∑
j=1

mx
ij · xij +

4∑
i=1

6∑
j=1

my
ij · yij +

10∑
i=1

2∑
j=1

mz
ij · zij ≥ mx +my +mz (3)

−
3∑
i=1

4∑
j=1

axij · xij −
4∑
i=1

6∑
j=1

ayij · yij −
10∑
i=1

2∑
j=1

azij · zij ≥ −ax − ay − az (4)

3∑
i=1

4∑
j=1

lxij · xij +
4∑
i=1

6∑
j=1

lyij · yij +
10∑
i=1

2∑
j=1

lzij · zij ≥ l̄x + l̄y + l̄z (5)
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Height Width Variable my
ij ay

ij lyij

3.2 m

8.4 m y11 0.2123 -0.4279 1
6.2 m y12 0.0964 0.0556 0.1333
6 m y13 0.3807 -0.1804 1.1429

4.8 m y14 -0.3999 0.2504 -0.625
3.6 m y15 -0.1748 0.4341 -2
2.4 m y16 -0.6995 0.6277 0

3.8 m

8.4 m y21 -0.0828 0.1032 -0.0814
6.2 m y22 0.1614 -0.0116 0.1333
6 m y23 -0.3945 0.5679 0.3333

4.8 m y24 0.0007 0.5091 -0.375
3.6 m y25 -0.4977 -0.5824 0
2.4 m y26 -0.0565 -0.1736 -2.1667

4.4 m

8.4 m y31 0.1639 -0.6203 1.1429
6.2 m y32 0.0575 -0.27 -0.1
6 m y33 -0.5299 0.0587 -1

4.8 m y34 0.0537 0.1453 -0.1429
3.6 m y35 -0.1942 -0.2556 -1.3333
2.4 m y36 -0.5925 0.916 -0.8333

2.6 m

8.4 m y41 -0.2256 -0.432 0.5455
6.2 m y42 -0.1003 -0.2714 0.3077
6 m y43 -0.1668 2.2663 -1.2857

4.8 m y44 -0.2615 0.117 1
3.6 m y45 0.1623 -0.0309 -2.625
2.4 m y46 0.0421 0.7354 -1.7143

my ay l̄y

-0.1269 0.1471 -0.3417

Table 2: Grouping of variables for each parameter of the dimension factor

xij , yij , zij ∈ {0, 1} ∀i, j (6)

Where Eq. (1) represents the multiobjective function, that is, the vector with components level
of memory, attention and perception of “like it” of the students. Eq. (2) guarantees that each
classroom is composed of a single parameter of illuminance and temperature of the lighting
aspect, a single parameter of height and width of the aspect size and a single parameter of hue
and saturation of the color aspect of the walls respectively. Eq. (3), (4) and (5) ensures that
the total memory value is higher than the sum of memory means, the total attention value is
higher than the sum of attention means, and the total “I like it” value is higher than the sum of
“I like it” means respectively. Note that these three inequations represent logical lower bounds
for the functions and they could be changed for other inequations more (or less) demanding.
These restrictions will be discussed again later, especially the reason for their inclusion in the
formulation. Finally, Eq. (6) defines the problem variables as binaries.
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Hue Saturation Variable my
ij ay

ij lyij

5B High z11 0.9211 0.0702 -0.3333
Low z12 -0.0039 0.2269 -0.1667

5G High z21 -0.4155 0.2138 -0.2
Low z22 -0.2939 0.4916 -2.1429

5GY High z31 -0.0421 -0.0328 -0.8333
Low z32 -0.0758 0.3397 1.4286

5Y High z41 -0.6764 -0.3718 1.1429
Low z42 -0.1845 -0.6578 1.8571

5YR High z51 0.0605 -0.1496 0.5
Low z52 0.0816 -0.3638 -0.3333

5R High z61 -0.1929 0.3043 -2.125
Low z62 -0.309 0.2662 1.5

5RP High z71 -0.2257 0.6897 -0.625
Low z72 -0.544 -0.3037 -2.1429

5P High z81 0.3314 0.0233 -1.1667
Low z82 0.9799 -0.127 -0.8333

5PB High z91 -0.1766 -0.3066 0.2222
Low z92 0.249 -0.073 1.5714

5GB High z10 1 -0.1321 -0.0261 0.6667
Low z10 2 0.0734 0.0751 -0.1429

mz az l̄z

-0.0288 0.0144 -0.1078

Table 3: Grouping of variables for each parameter of the dimension factor

On the other hand, it is highly unlikely that a MOILP had a single optimal solution and,
therefore, solving a MOILP consists of finding its set of efficient solutions. Remember that given
the MOILP Maximize{Cx : Ax ≥ b, x ≥ 0 and integer}, a feasible solution x′ is efficient if there
is no other feasible solution x such that Cx′ ≤ Cx with at least one strict inequality [7]. In this
case, the objective vector Cx′ is called non-dominated.

Given the complexity of solving a MOILP, following some ideas from Alves and Cĺımaco [8],
a heuristic interactive procedure (based on solving many ILP problems with a single objective
function) has been used to obtain a set of efficient solutions. Due to the limitations in number
of pages to this article, it is impossible to show the details of this heuristic procedure, and
therefore, only the results are given. From 3531 solved ILP problems, only 13 different efficient
solutions have been obtained (see Table 4). According to these solutions, classrooms with large
dimensions (height 3.2 - 4.4 m and width 8.4 - 6 m) are preferable to promote memory, attention
and ”like”. Also, the optimal color temperature is 6500K with an illuminance of 100 lx - 300 lx.
On the other hand, preferred set of wall colors for the classroom include both cool and warm tones.

To solve the 3531 ILP problems, Mathematica was run on a PC Intel®CoreTM I5-7500 with 3.40
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Solution Memory Attention I like

1: x22 = 1, y13 = 1, z82 = 1 1.7955 1.0808 0.381
2: x22 = 1, y31 = 1, z42 = 1 0.4143 2.0515 3.0714
3: x22 = 1, y31 = 1, z82 = 1 1.5787 1.5207 0.381
4: x32 = 1, y13 = 1, z11 = 1 1.8477 0.3644 2.1924
5: x32 = 1, y13 = 1, z42 = 1 0.7421 1.0924 4.3846
6: x32 = 1, y13 = 1, z82 = 1 1.9065 0.5616 1.6942
7: x32 = 1, y13 = 1, z92 = 1 1.1756 0.5076 4.0989
8: x32 = 1, y31 = 1, z42 = 1 0.5253 1.5323 4.3846
9: x32 = 1, y31 = 1, z82 = 1 1.6897 1.0015 1.6942
10: x32 = 1, y31 = 1, z92 = 1 0.9588 0.9475 4.0989
11: x22 = 1, y31 = 1, z51 = 1 0.6593 1.5433 1.7143
12: x22 = 1, y31 = 1, z92 = 1 0.8478 1.4667 2.7857
13: x32 = 1, y11 = 1, z92 = 1 1.0072 0.7551 3.956

Table 4: Set of efficient solutions obtained.

GHz and 16GB RAM. All 3531 ILP problems were found feasible. The average CPU time to
obtain the optimal solution was 0.0035 s.

4 Conclusions

The proposal of this work shows that the different parameters of a spatial configuration can affect
memory, attention and “I like” differently. In any case, the experimenter’s decision will allow the
best choice from among all the efficient possible solutions obtained. Neither of these solutions
is dominated, so the choice of one over the other will be made according to different criteria
depending on the needs of the classroom. Knowing the perception of what is pleasant and the
levels of attention and memory in students can be of great help for the most optimal design of
different types of classrooms: for exams or for teaching. This should serve as the beginning of
the development of effective classroom design keys to improve the academic performance of all
students.
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1 Introduction

A large number of problems in Science and Engineering require the solution of nonlinear equations
or systems. In general, these equations cannot be solved analytically and we must resort to itera-
tive methods to approximate their solutions. With the increasing speed of computers, numerical
techniques have become indispensable for scientists and engineers. The principle of these methods
is to approach the solution of nonlinear equations, of the form f(x) = 0, through a sequence of
iterations, starting from an initial estimation. The most known and widely used method to solve
nonlinear equations is Newton’s scheme, whose iterative expression is

xk+1 = xk −
f(xk)
f ′(xk)

, k = 0, 1, 2, ... (1)

and presents quadratic convergence. This method requires two functional evaluations (d = 2),
one of the function and one of its first derivative, per iteration. The Kung-Traub conjecture [4]
states that an iterative method without memory for finding a simple zero of a scalar equation is
optimal if its order of convergence is equal to 2d−1. Therefore, Newton’s method is optimal.
Research interest in iterative multipoint methods has increased due to the limitations of one-step
methods, which need higher-order derivatives to increase the order of convergence. We aim to
design a new multipoint fixed point class, without memory, that improves or bring together the
existing ones, as for example appears in [7, 8], in different areas such as computational efficiency,
stability and convergence order. We present a family of multipoint parametric iterative methods
in Section 2, whose order of convergence is four, using the weight function technique.

2 Methods

In our research, we have used the weight function [8] and composition techniques to design a
new parametric family of two-steps, whose members reach the fourth-order of convergence. This
technique allows to significantly increase the order of convergence without excessively increasing
the number of functional evaluations. In addition to the order of convergence, we are interested
in methods that are less demanding on the initial estimate. We analyze the stability, using tools
of complex dynamics [3, 4], and we select the values of the free parameter α which converge to
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the roots with a wider set of initial estimations. We can choose the most efficient members of the
family, by studying the behaviour of the fixed points of the operator associated [2] to the iterative
method on quadratic polynomials, which, when applied to the nonlinear function to be solved,
provides us with important information about its stability and reliability.

Theorem 20. Let f : I ⊆ R → R be a sufficiently differentiable function in an open interval I
and x∗ ∈ I a simple root of equation f(x) = 0. Let G(η) be a real function satisfying G(1) = 1 ,
G′(1) = −3

4 , G′′(1) = 9
4 , and |G′′′(1)| < +∞. If γ = 2

3 and we choose an initial approximation
x0 close enough to x∗, then iterative family defined by

yk = xk − γ
f(xk)
f ′(xk)

,

xk+1 = xk −G(η) f(xk)
f ′(xk)

, k = 0, 1, 2, ..., (2)

satisfying the error equation below:

ek+1 =
((

5 + 32G′′′(1)
81

)
c3

2 − c2c3 + c4
9
)
e4
k +O(e5

k),

where ck = 1
k!
f (k)(α)
f ′(α) , η = f ′(yk)

f ′(xk) , k = 2, 3, ... and ek = xk − α and therefore converges to x∗

with order of convergence four.

Belonging to (1.2) class, we introduce a new parametric family (3), with a given function G(η),
which verifies the conditions set out in Theorem 1,

yk = xk −
2
3
f(xk)
f ′(xk)

,

xk+1 = xk −
(

1− 3
4 (η − 1) + 9

8 (η − 1)2 + α (η − 1)3
)
f(xk)
f ′(xk)

, k = 0, 1, 2, . . . , (3)

where α is a free parameter and η = f ′(yk)
f ′(xk)

.

Furthermore, we analyse the dynamical behaviour of the methods, with the representation of
basins of attraction. In order to study the dynamic behaviour of these iterative methods, it
is necessary to recall a few concepts: Let R : Ĉ → Ĉ be a rational function, R is obtained by
applying an iterative method on a quadratic polynomial. The orbit of point z0 ∈ Ĉ is defined
as the successive application of the operator R on that point, such that it is determined by the
set [1, 2]:

{z0, R(z0), R2(z0), . . . , Rn(z0), . . .},

where Rn(z0) is the application of the R operator for n iterations.
Thus, a fixed point zF ∈ Ĉ is one which is kept invariant by the operator R, it is one that
satisfies the equation R(zF ) = zF . All the roots of the quadratic polynomial are fixed points of
the operator R.

The dynamic stability of fixed points can be classified as follows:

176



Modelling for Engineering & Human Behaviour 2021

• Attractive if |R′(zF )| < 1,

• Superattractive if R′(zF ) = 0,

• Repulsive if |R′(zF )| > 1,

• Parabolic or Neutral if |R′(zF )| = 1.

The basins of attraction [5] determine the final state of the orbit of any point in the complex plane
after successive application of the operator R. We define the basin of attraction of an attracting
fixed point zF ∈ Ĉ is the set of preimages of any order that meets

A(zF ) = {z0 ∈ Ĉ : Rn(z0)→ zF , n→ +∞}.

It can be proven that, the α parameter values -50, -40, -20+45i and -16-45i give us unstable
behaviour and the values 1, -20i, 8+20i and -4.5+10i stable behaviour, as it is numerically checked
in the following section.

(a) α = −40 (b) α = 1

Figure 1: Dynamical planes

It can be observed in Figure 1(a) that corresponds to an unstable member of family (1.3) that
the basins of attraction of the roots of the polynomial (in orange and blue color in the figure)
are very narrow. Moreover, with an initial estimation in the black area, the method converges to
z = 1 that is an attracting strange fixed point. However, when an stable element of family (1.3)
is selected, the only basins of attraction observed are those corresponding to the roots.

3 Results

In this section, we show the behaviour of the new method defined in (3), which is a particular
family of the method defined in (2), is compared with different values of the free parameter α
and displayed in Table 1 and 2. When the parameter α is within the stable zone, the method
achieves better approximation with fewer iterations. Numerical computations have been carried
out by using MATLABő R2019a, by using variable precision arithmetics with 1000 digits
of mantissa, on a PC equipped with a Intelő Core™ i5-5200U CPU 2.20GHz. We show
the execution time, calculated with the command cputime. The stopping criterion used is
|xk+1 − xk| + |f(xk+1)| < 10−200, and the approximated computational order of convergence
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(ACOC) [6], has been also shown in the tables, whose expression is:

ACOC = ln |(xk+1 − xk)/(xk − xk−1)|
ln |(xk − xk−1)/(xk−1 − xk−2)| , k = 2, 3, . . .

The nonlinear test functions are as follows:

1. f1(x) = sin2x− x2 + 1,
2. f2(x) = cosx− xex.

α |f(xk)| |xk+1 − xk| Solution Iteration ACOC Time(s)
-50 7.0883e-1007 8.4884e-253 -1.4044 8 4.0 0.2516
-40 0 1.4357e-402 -1.4044 29 4.0 0.7766

-20+45i - - - - - -
-16-45i 2.4842e-1432 5.1013e-425 1.4044 10 4.0 0.4992

1 0 1.8974e-331 1.4044 6 4.0 0.2258
0-20i 7.0302e-1505 8.8753e-498 1.4044 7 4.0 0.2617
8+20i 1.2843e-1457 1.4709e-450 1.4044 7 4.0 0.2750

-4.5+10i 3.5457e-891 1.0501e-223 1.4044 6 4.0 0.3719

Table 1: f1(x) = sin2x− x2 + 1, x0 = 2

α |f(xk)| |xk+1 − xk| Solution Iteration ACOC Time(s)
-50 1.0082e-1007 4.6325e-399 -14.137 8 4.0 0.3758
-40 - - - 5 - -

-20+45i 2.9787e-1009 2.2945e-324 - 17.278 12 4.0 0.4570
-16-45i d - - - - -

1 0 5.7578e-315 0.517 6 4.0 0.3391
0-20i 1.9236e-1366 6.3944e-359 0.517 7 4.0 0.3391
8+20i 5.1542e-1269 2.9387e-318 0.517 7 4.0 0.3305

-4.5+10i 3.0281e-1747 1.7704e-740 0.517 7 4.0 0.3852

Table 2: f2(x) = cosx− xex, x0 = 1

4 Conclusions

We have presented a new fourth-order parametric family of iterative methods for solving nonlinear
equation f(x) = 0. The class has been generated using composition and weight functions tech-
niques. With the help of dynamical analysis we select the most stable methods by choosing some
values of a free parameter. The described numerical examples allow us to confirm the theoretical
results corresponding to the proposed convergence and stability. On the other hand, when the
parameter alpha is unstable, the method needs more iterations to converge or fails to converge.
These numerical tests confirm that the new family of methods is suitable for solving non-linear
equations, when the adequate values of the free disposable parameter are used.
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Abstract

In this communication, we review the concept of subdirect sum of matrices that was introduced
in 1999 as an extension of the usual sum of matrices (or as a variation of the direct sum of
matrices by allowing overlapping of square blocks). This matrix operation appears naturally
when studying matrix completion problems, numerical methods with overlapping blocks to solve
linear systems of equations, applications of the finite element method to solve partial differential
equations, etc. In this communication, we show the usual technique to analyse the properties of
this matrix operation when it is applied to a particular class of matrices (e.g., M-matrices, Doubly
Diagonally Dominant matrices, etc.) and the two common types of theoretical results that are
being published until present times. Finally, we also comment on some new lines of research.

1 Introduction

It is known that iterative methods to solve linear systems of equations can be solved by using
the classical methods of Gauss-Seidel and Jacobi. These methods (and others) can be also im-
plemented by using block matrices and in some circumstances these blocks can show overlapping
among them. In these cases (see, e.g., [3]) it is needed to handle sums of matrices that are not of
the same size but overlap in an square block. For example, the block matrices

A =
[
A11 A12

A21 A22

]
, B =

[
B11 B12

B21 B22

]
, (1)

with A22 and B11 of size k × k, can be summed in the form

C =


A11 A12 O

A21 A22 +B11 B12

O B21 B22

 (2)

and this sum is called the k-subdirect sum (or simply the subdirect sum) of A and B, and it is
denoted as C = A⊕k B.
Another application where these sums can appear is in the solution of the Poisson equation by
using Finite Elements, in the context of stiffness matrices (see, e.g., [4]). The concept of k-subdirect
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sum was introduced in 1999 by Fallat and Johnson in [10], although some results (not using the
term subdirect sum) where known previously (see [9]).

2 Methodology

For some matrix classes one needs to put additional conditions on the entries of the matrices in
order to establish a result about the subdirect sum of these classes. Sometimes these conditions
only affect the overlapping blocks A22 and B11. To manage these situations it is a standar
procedure to use the following notation. Assuming that A and B are square matrices of sizes n1
and n2, respectively, it is useful to define the sets

S1 = {1, 2, . . . , n1 − k}
S2 = {n1 − k + 1, n1 − k + 2, . . . , n1}
S3 = {n1 + 1, n1 + 2, . . . , n}

(3)

and denoting C = (cij) the elements of C = ⊕kB, and t = n1 − k, one can write

cij =



aij i ∈ S1, j ∈ S1 ∪ S2

0 i ∈ S1, j ∈ S3

aij i ∈ S2, j ∈ S1

aij + bi−t,j−t i ∈ S2, j ∈ S2

bi−t,j−t i ∈ S2, j ∈ S3

0 i ∈ S3, j ∈ S1

bi−t,j−t i ∈ S3, j ∈ S2 ∪ S3

(4)

or, more graphically

Figure 1: Sets for the subdirect sum C = A⊕k B, with t = n1 − k and p = t+ 1.

Given a particular matrix class, the questions that are usually addressed are the following.

1. If A and B belong to a class, does A⊕1 B belong to the same class?

2. A matrix of the form

C =


C11 C12 O

C21 C22 C23

O C32 C33


that belongs to a class, can be written as A⊕1 B with A and B in the same class as C?
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3. Question 1 with k > 1.

4. Question 2 with k > 1.

Clearly, when k = 1 things are simpler. For example, it is easy to prove that [10]

det(A⊕1 B) = detA11 detB + detAdetB33

Sometimes it is needed to put additional conditions on the diagonal terms of the overlapping. See,
for example, [5], [6], [2].

3 Results

The most important results about subdirect sum are summarized below, in chronological order,
by the year of publication. In each case we detail the class matrix that has been analysed (to see
the particular results for each class we refer the reader to the original paper).

• Some positivity classes of matrices and M-matrices are studied in [10]. In particular it is
shown that for k > 1 the subdirect sum of M-matrices is not in the class. We recall that A
is a M-matrix when all the principal minors are positive and aij ≤ 0 for i 6= j. They also
study: positive definite matrices (xTAx > 0) for all x 6= 0); semi positive definite matrices
(changing the strict inequality in the previous class for ≥ 0; P-matrices (all principal minors
are positive); P0-matrices (all principal minors are nonnegative);totally nonnegative matrices
(all minors are nonnegative); completely positive matrices (of the form BBT with B ≥ 0);
doubly nonnegative matrices (positive semidefinite and with all the terms nonnegative) and
inverse of M-matrices.

• In [5] some conditions are shown such that the subdirect sum of inverse of M-matrices are
in the class, jointly with related questions.

• In [6] the authors study the class of S-Strictly Diagonally Dominant matrices (A verifies
|aii| >

∑
i 6=j |aij | for all i, when j ∈ S and another (intricate) condition when j /∈ S)

• In [24] it is studied the class of doubly diagonally dominant matrices (the definition is a
little bit intricate, see the paper for details) and related problems.

• In [12] the authors consider P-matrices that are also strictly diagonally dominant and they
also answer question 4 for P0 matrices

• In [25] the authors show conditions such that the subdirect sum of H-matrices is in the class,
and related results.

• In [2] it is shown conditions such that the subdirect sum of Σ-strictly diagonally dominant
matrices is in the class. The class of Σ-SDD matrices is a generalization of S-SDD matrices,
and it is also a subclass of H-matrices.

• The subdirect sums of accretive, dissipative and Benzi-Golub matrices are treated in [13].
These matrix classes are based upon the decomposition of a complex matrix as a sum of a real
matrix and an imaginary matrix combined with the definition of positive (semi)definiteness.

• In [1] the authors give conditions such that the questions 3 and 4 have positive answer for
inverse-positive matrices. A matrix is inverse-positive when all the elements of its inverse
are nonnegative.
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• In [14] the authors give conditions such that such that the questions 3 and 4 have positive
answer for inverse-positive matrices, generalizing the results of [1].

• In [21] it is shown some results about B-matrices and doubly B-matrices (that are subclasses
of P-matrices).

• In [15] the authors we generalize the definition of subdirect sum to the set of all bounded
linear operators on Hilbert spaces. They also deal with the class of all bounded linear
operators with non-negative Moore–Penrose inverse. They obtain previous known results as
corollaries of their results.

• In [17] the authors give conditions such that the subdirect sum of Nekrasov matrices is in
the class. Nekrasov matrices are a generalization of SDD matrices.

• In [18] the authors give sufficient conditions such that the subdirect sum of two weakly
chained diagonally dominant matrices is in the class. WCDD matrices are a subset of
diagonally dominant matrices.

• In [8] it is shown some conditions such that the subdirect sums of SDD1 matrices lays in
the class. SDD1 matrices are a generalization of SDD matrices.

• In [11] the authors show some sufficient conditions for the subdirect sum of QN-matrices
to lay in the class. QN-matrices are a generalization of Nekrasov matrices. As a particular
case they give results on Nekrasov matrices.

• In [20] the authors show some conditions such that the subdirect sums of p-norm strictly
diagonally dominant matrices is in the class. The class of p-norm SDD was introduced
in [16].

• In [19] the authors give several results about the subdirect sum of Doubly strictly diagonally
dominant matrices and related results (e.g., the sum of an SDD matrix and a DSDD matrix,
with some conditions).

4 Conclusions and future works

We have presented a literature review of the concept of subdirect sum of matrices that was
introduced in [10] in 1999. We have shown that a broad range of matrix classes have been studied
in the literature. A close look at the references show that up to 9 different groups of researches
from 7 countries (China, India, Portugal, Russia, Serbia, Spain and USA) have been involved in
these studies about subdirect sums.
It is important to remark that some of the matrix classes that have been studied (e.g., S-SDD,
Σ-SDD, B-matrices, etc.) are related to the problem of localization of eigenvalues, see, e.g., [22].
Also, while most studies are centered on the question whether the subdirect sum of two matrices
is in the class (or the reciprocal problem) there is one paper (see [15]) that extends the concept
of subdirect sum to Hilbert spaces, opening new topics of research. Another new lines of research
on this topic come related to its use in the discipline of complex networks. For example, the role
of subdirect sums in problems of overlapping graphs in multilayer networks, its connection with
the concept of simplicial complexes [7], network motifs [23], etc.
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1 Introduction

Population models have claimed the attention of researchers on dynamical systems from the
beginning of the discipline ( [2, 4]). Among the simplest possible models, the logistic equation
outstands as one of the most relevant ( [5, 7]). This model captures the behaviour of a single
population under ideal conditions. During the last years, coupled logistic equations have been
used to model the growth of a single specie that lives in different (but connected) environments
(or patches) (see [1]). In this context, the models are coupled linearly by the so-called connectivity
matrix, that is, an adjacency matrix corresponding to the graph describing the corridors between
the several patches. There are several works suggesting that several patches could increase the
total population of a certain species (see [6] and references therein). In this work we study a
continuous system that models the interplay between pray species living in two different patches
and a predator (for instance, the human impact on a specific species when hunting on a certain
reserve is allowed). This situation can be modeled as follows:

ẋ1 = r1x1

(
1− x1

k1

)
+D(x2 − x1),

ẋ2 = r2x2

(
1− x2

k2
− ay

b0(1 + ε sin(t)) + x2

)
+D(x1 − x2),

ẏ = y

(
−s+ ax2

b0(1 + ε sin(t)) + x2

)
.

(1)

Where xi are the populations of the pray in the i-th patch, y is the population of the predator
in the patch 2. The constants are all positive and represent: ri the rate of birth of the pray in
each patch, ki the maximum population of preys in each patch, D the connectivity between both
patches, the rate of death of the predator, s the rate of death prays in patch 2 due to the predator, a
the rate of birth due to the predated preys respectively and b0 and ε the stationality. This model
couples a classic predator-pray with stationality model (see [3]) with a logistic equation, via a
biological corridor.

1ruth.oliva@unah.edu.hn
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2 Analysis of the models

In this section we analyse the different models: First we focus on the effect the parameter D
has on the population of prays. Then, we study how the predators and stationality affect the
behaviour of x2. To finish, we consider the full model.

2.1 No predator (y = 0)

When the predator is not present the system consists in a coupled pair of logistic models. It can
be written as

ẋ1 = r1x1

(
1− x1

k1

)
+D(x2 − x1)

ẋ2 = r2x2

(
1− x2

k2

)
+D(x1 − x2)

(2)

We recall that, xi represents the population of the prey at patch i, ri the rate of birth and ki
the maximum population (both at patch i). The parameter D, a number between 0 and 1, is the
connectivity between both patches. Several aspects of this system are studied in [6].
Taking D = 0, means that both patches are disconnected and, therefore, the logistic models are
no longer coupled.
Let us consider, first, the case D = 0. The dynamics of the model is rather trivial: There exist
four equilibrium points: p0 = (0, 0), p1 = (k1, 0), p2 = (0, k2) and p3 = (k1, k2). The equilibrium
point at the origin is always a repulsive source, p1 and p2 are saddles and p3 is sink.
The lines x1 = 0 and x1 = k1 are vertical isoclines (that is, the vector field does not has horizontal
component since ẋ1 = 0). In an analogous way, x2 = 0 and x2 = k2 are horizontal isoclines
(the vector field dos not has vertical component since ẋ2 = 0). Therefore, the rectangle given
by the vertices p0 and p3 is an invariant rectangle without fixed points. Therefore, applying the
Poincaré-Bendixon theorem the point p3 is the ω-limit and p0 is the α-limit of the points in the
rectangle. As a consequence, the invariant rectangle is foliated by heteroclinic orbits connecting
p0 and p3. See Figure 1, left.
Let us consider now the case 0 < D ≤ 1. The main issue we are concerned with here, is how the
parameter D affects the location and the stability of the equilibria. In this regard, it is easy to
see that the equilibria always lie on an ellipse.

0.20.2 0.40.4 0.60.6 0.80.8 11 1.21.2

-0.2-0.2

0.20.2

0.40.4

0.60.6

0.80.8

11

1.21.2

00

0.5 1.0 1.5 2.0

0.5

1.0

Figure 1: Left: Sketch of the phase portrait for k1 = k2 = 1 in the disconnected patches model
(D = 0). Right: Evolution of the fixed points in the phase space for D ranging from 0 to 1.
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Lemma 21. All the equilibrium points of system 2 lie on an ellipse

(x1 − x0
1)2

σ2
a

+ (x2 − x0
2)2

σ2
b

= 1,

where σa, σb, x0
1, x

0
2 are constants depending on k1, k2, r1 and r2.

Proof. In order to determine the equilibrium points of system 2 x′1 = 0 and x′2 = 0 must hold.

r1x1

(
1− x1

k1

)
+D(x2 − x1) = 0

r2x2

(
1− x2

k2

)
+D(x1 − x2) = 0

Adding both equations and doing some algebraic manipulations we get(
x1 −

k1
2

)2

k2
1
4 + r2k1k2

4r1

+

(
x2 −

k2
2

)2

k2
2
4 + r1k1k2

4r2

= 1.

which is an ellipse centered at (k1
2 ,

k2
2 ), with major axis σa = k2

1
4 + r2k1k2

4r1
and σb = k2

2
4 + r1k1k2

4r2
.

As the origin is always an equilibrium point, we can write down the equation leading to the rest
of the equilibria as a cubic one and, therefore, there is always another equilibrium. Moreover,
there are exactly three equilibrium points for values of D lying in a four dimensional manifold
parametrized by r1, r2, k1 and k2.
In Figure 1, right, we display the evolution of the equilibrium points with respect to D with
r1 = 1, k1 = 2, r2 = 1 and k2 = 1. A couple of bifurcations can be observed. Let us follow p2: It
starts at the point (0, 1) and take (biologically meaningless) values for which x1 is negative. At
D = 1/2, it matches with p0. Here, the linear behaviour of p2 turns from saddle to sink and the
one of p0 turns from sink to saddle. When p2 crosses the origin, it moves to the fourth quadrant
where it meets p1 in a saddle-node bifurcation at some critical value D∗ > 1/2. For D > D∗ there
exist only two equilibrium points: The origin (which is a saddle) and p3 which is an attractor.

2.2 Predator and stationality

In this section, we study system 1 with y > 0. We consider, in the first instance, the condition
D = 0. In this case, the model reduces to:

ẋ2 = r2x2

(
1− x2

k2

)
− ayx2
b0(1 + ε sin(t)) + x2

ẏ = y

(
−s+ ax2

b0(1 + ε sin(t)) + x2

)
.

This system is a classic predator-pray model but taking into account the seasonality (which is
captured by the periodic term). In particular, it is studied in [3]. Let us provide a brief summary
of some particularities of the system that can be found in the above-mentioned paper.
Taking ε = 0 the system becomes a classical predator-prey model. It can be shown that.

• There are three equilibrium points q0 = (0, 0), q1 = (k2, 0) and

q2 =
(
b0s

a− s
,−b0r2(−ak2 + b0s+ k2s)

k2(a− s)2

)
.
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Figure 2: For the parameter values: r1 = 1, k1 = 2, k2 = 1, r2 = 0.73, b0 = 0.28, a = 2, s = 1 and
ε = 0.35. Left: Strange attractor at the plane (x2, y) for D = 0. Right: Period doubling cascade
(w.r.t. D) that lead to the disappearance of the former strange attractor.

• When b0 goes from being smaller to being larger than the following critical value
k2(a− s)

s
.

q2 undergoes a Hopf birfurcation and q1 goes from a saddle to a sink. In particular, when b0
is smaller than the above-mentioned critical value, there is a periodic orbit that separates
the phase space.

When ε > 0, the system becomes non-autonomous with periodic time dependence. In particular,
there are, no longer, equilibrium points. By means of the Implicit Function Theorem, it is easy
to see that all of the equilibria can be continued to periodic orbits of period 2π and, for values of
ε which are small enough, they maintain their linear stability. Those periodic orbits are, usually,
called dynamical equivalents of the equilibria. The situation turns out to be more dramatic when
examining the fate of the periodic orbit existing prior the Hopf bifurcation. If ε is small enough,
the periodic orbit subsists as an invariant torus.
A deep analysis of this system can be found in [3]. Essentially, the authors find ranges of the
parameters for which invariant tori undergo period doubling cascades leading to chaotic behaviour.
Let us focus now on the influence of the parameter D. To cope with periodic time dependent
systems, it is usual to consider the stroboscopic map, i.e., the map obtained by evaluating the
flow of system (1) at time 2π. This tool is useful because it allows us to decrease the dimension
of the phase space. Also, the invariant structures decrease their dimension. Periodic orbits of the
system appear as fixed points of the stroboscopic map while invariant tori are seen as invariant
curves.
When D > 0, the interchange of members of x1 and x2 is allowed. In Figure 2, left, we display a
strange attractor for D = 0 in the stroboscopic map.
This strange attractor is produced after the breakdown of an invariant curve as ε (see [3]). The
breakdown occurs when ε is taken to be large enough.
In Figure 2, right, we display the continuation of the strange attractor with respect to D. The
attractor undergoes a period halving cascade as D gets bigger. Therefore, numerical evidence
suggest that the strange attractor turns to be an invariant curve again with rather small values
of D.
Figure 3 displays an analogous situation as Figure 2. This time, the strange attractor for D = 0
(the one displayed in the left panel) is produced after an invariant curve undergoing a period
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Figure 3: For the parameter values: r1 = 1, k1 = 2, r2 = 1, k2 = 1, b0 = 0.4, a = 2, s = 1 and
ε = 0.7. Left: Strange attractor at the plane (x2, y) for D = 0. Right: Period doubling cascade
(w.r.t. D) that lead to the disappearance of the former strange attractor.

doubling cascade. In Figure 3, right, we display the continuation of the attractor with respect
to D. As the case before, the attractor undergoes a period halving cascade until it becomes an
invariant curve.

3 Conclusions

In this paper we cope with a model that captures the interaction between two species: a predator
and a prey. The pray is allowed to move between two connected patches while the predator
only can live in one of those. Seasonality in the predator growth is introduced as a periodic
perturbation.
First, we study the dynamics of the prey in absence of predators. In particular, we focus on the
equilibrium points and analyse their stability and bifurcations for a particular set of parameter
values. The dynamics is rather simple: The system has, at least, two equilibrium points and,
at most, four of them. There is always one attracting equilibrium point. In this case, the total
population provided by the coordinates of the attractor i.e. x1 + x2 decreases monotonically in
D. This is because our choice of the parameters. If r1 > r2 and k1 > k2 (or viceversa) the total
population is increased if D is small enough.
We review some results on the model capturing the interaction between the pray of one of the
patches and the predator: Due to the periodic perturbation, there appear strange attractors.
This means that the interaction between the pray and the predator has chaotic behaviour. We
demonstrate numerically (for a couple of strange attractors) that if D is large enough, the at-
tractors undergo period-halving cascades to become attracting invariant tori. Therefore, allowed
interchange of individuals between parches removes the chaotic behaviour.
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1 Background

One of the leading causes of death in developed countries is lung cancer; in Spain in 2015, there
were 17,173 cases in men and 4,047 in women and Galicia 1,534 in total, which represents 7.18%
being the fifth Autonomous Community that presents these cases after Andalućıa, Cataluña,
Comunitat Valenciana and Comunidad de Madrid at the national level. According to the statistics
in 2007 of the WHO (World Health Organization) [8] and the MSPS (Ministry of Health and Social
Policy) [2]; Spain has a life expectancy at birth of 81 years.
Chemotherapy consists in the administration of antineoplastic or cytostatic drugs by intravenous
or oral route to prevent the multiplication of cancer cells. These drugs enter the bloodstream
and reach all areas of the body, which allows this treatment to be useful even for those cancers
that have spread or metastasized to organs distant from the lung. Depending on the type and
stage of lung cancer, chemotherapy may be given as a primary (primary) treatment or as an
auxiliary (adjuvant) treatment to surgery or radiation therapy. A combination of anti-cancer
drugs (polychemotherapy) is usually used in chemotherapy for lung cancer [6].

2 Objectives

The aim of this study is to analyze the treatments applied with parenteral chemotherapy to 80
cancer patients with lung cancer in the University Hospital Complex of Santiago (CHUS) during
the years 2018 and 2019 in order to achieve the following objectives:

1st. Know what the chemotherapy treatment schemes are and in which lines they are used.

2nd. Analyze the cost of parenteral cancer chemotherapy.
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3th. Analyze the correct classification of patients in terms of survival for each treatment scheme.

4th. To evaluate the hospital treatment of cancer in the period studied through a Discriminant
and Logit analysis.

3 Materials and Methods

This is a prospective study of patients diagnosed with lung cancer since December 31, 2017 in a
tertiary hospital that offers healthcare to an area of 392,511 inhabitant, consisting of 42 bordering
municipalities [4]. The study was carried out analyzing the parenteral chemotherapy treatments
against lung cancer corresponding to 80 patients treated during a period from 2018 and 2019, in
the University Hospital Complex of Santiago (CHUS).
At the present time, only three therapeutic options grouped in the adjuvant context are accepted
in both small and small cell lung cancer, with different costs and effectiveness, that is, LINE 1
ADJUVANT (Cisplatin or Carboplatin), LINE 2 PALLIATIVE (Docetaxel) and NOT TREAT-
MENT. For this reason, the methodology described above was chosen to determine whether the
incremental cost (versus no treatment) of using Line 1 and Line 2 to increase the overall survival
of patients with lung cancer represents an efficient use of the resources of our System National
Health Global survival has been considered as the main result, excluding any other health benefit,
in the pharmacoeconomic analysis.

3.1 Discriminant Analysis

Discriminant analysis is a tool of multivariate analysis that allows assigning or classifying new
individuals within previously defined groups. The analysis starts from a table of data from n
individuals in which p independent or explanatory quantitative variables have been measured, as
a profile of each of them. An additional qualitative variable, dependent or classificatory, with two
or more categories, has defined by other means the group to which each individual belongs. It is,
then, a table nx (p + 1) in which each case has a profile and a group assignment.

3.2 Logit Analysis

In a different way than discriminant analysis, we can study the impact that each of the explanatory
variables has on the probability that the event under study will occur. The logistic regression
analysis is a very flexible tool in terms of the nature of the explanatory variables, since these can
be of scale and categorical. Even more, we can study the impact that each of the explanatory
variables has on the probability that the event under study will occur. The logistic regression
analysis is a very flexible tool in terms of the nature of the explanatory variables, since these can
be of scale and categorical. The logistic regression model starts from the hypothesis that the data
follow the following model:

ln
(

p

1− p

)
= b0 + b1 × xb2 × ∗x2 + · · ·+ bk × xk + u = x× b+ u (1)

4 Results

4.1 Discriminat analysis

Because discriminant analysis is very demanding on the normality of the quantitative variables
introduced, the Kolgomorov-Smirnov test has been used for a sample with the object to check
whether the observed cumulative distribution functions of the variables used in the present study
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Table 1: Logistic Regression Model.
Coefficients Estimate Std. Error
Constant 9.655∗∗∗ 0.94
Gender 6.244∗∗ 0.14

Age -0.023∗∗ 0.03
Cost -34.016∗∗ 0.024

Survival 3.989∗∗

Patient Status 9.654∗∗

Correct classification 63%
∗∗, statistical significance at the 5% level
∗∗∗, statistical significance at the 1% level;

follow a Normal distribution. For all the variables studied, the p-value is greater than 0.05, so
that at the level of 95% significance, we can accept the null hypothesis that the data from the
different study variables fit a Normal distribution [7] With values of Lambda Wilks of 0.457 with
P value 0.001 and Canonic correlation of 0.560, the equations for the different therapies are:

D0 =− 69, 662 + 14, 570 sex + 0.854 age + 26, 376 ID stage
− 0.0000294 total cost + 3, 183 patient status + 0.547 survival (2)

D1 =− 47, 948 + 12, 266 sex + 0, 715 age + 18, 709 ID stage
− 0, 0000195 total cost + 2, 552 patient state + 0, 927 survival (3)

D2 =− 69, 105 + 15, 007 sex + 0, 840 age + 29, 239 ID stage
− 0, 0000309 total cost + 0.818 patient status + 0, 737 survival (4)

The three highest coefficients belong to the ID stage factor, the sex factor and the patient’s status
factor and age. All coefficients are positive, except the intercept and the cost. In our case, 75%
has been correctly classified. Logistic regression With this model we can estimate the probability
of an event based on a set of predictor variables, which can er qualitative or quantitative. In our
case, sex and age are qualitative while the costs would be the only quantitative variable. The
percentage of correct classification was 63.8% of cases.
The Cox and Snell statistic of Nagelkerke (0.799) and the R2 McFadden (0.972), both with high
values of explanation of the regression. The model explains between 0.799 and 0.972 of the
dependent variable.
The model correctly classifies patients as belonging to therapeutic option 2 (57%) and, to a lesser
extent (36.7%) to palliative care.

4.2 Decision Trees

In this first Cost / Effectiveness tree of Microcytic Lung Cancer Treatment, we find that it is better
to give chemotherapy treatment Palliative since this decision offers the lowest Cost / Effectiveness
ratio. In this second Cost / Effectiveness tree of Non-Small Cell Lung Cancer Treatment, we find
that it is better to give chemotherapy treatment Adjuvant since this decision offers the lowest
Cost / Effectiveness ratio.
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5 Discussion

In relation to discriminant and logit analysis, other articles such as Richard et al (2008) state: The
main objective of this study was to evaluate and compare three statistical classification techniques
- logistic regression, discriminant analysis and classification trees - to identify personality charac-
teristics associated with the risk of Acute Cardiovascular Ischemic Events (ACEs). In addition to
improving the results obtained by two classification techniques, Logistic Regression and Discrim-
inant Analysis, the technique of Classification Trees (CA) or Decision Trees provided additional
information on the associations between personality profiles and the increased likelihood of AHE.
The results show that CAs lead to higher rates of correct classifieds, either considering the overall
percentages or those corresponding to sensitivity and specificity. In addition, the CA obtained
stands out for the high percentages of classified correctness achieved, both for the clinical group
and the control group. These results in favour of the CA were also found by means of the C index,
which is a quantification of discrimination. As for the personality variables associated with an
increased likelihood of developing FASD, the Anxiety scales.
In the study by Hernandez Barajas and Correa Morales [1] shows the results of a simulation
comparison study of three classification techniques, multinomial logistic regression (MLR), non-
metric discriminant analysis (NDA) and linear discriminant analysis (LDA). The performance of
the techniques was measured using the misclassification rate.

6 Conclusions

1. The average cost of adjuvant parental cancer chemotherapy is €1,318.9 for microcytic lung
tumors and €3,467.35 for non-small cell tumors. The average cost of palliative cancer
chemotherapy for small cell lung tumors is €1,106.73, and non-small cell lung tumors is
€10,761.35.

2. The effectiveness measured as average survival of the adjuvant parental oncological
chemotherapy treatment in small cell lung cancer is 13 months. And in the non-small
cell it is 14 months. The survival of palliative parental oncological treatment is 10 months
for small cell lung tumors and 11 months for non-small cell tumors. The survival of patients
with lung cancer without parental oncological treatment is 4 months for small cell tumors
and 3 months for small cells.

3. The method that best classifies these patients is the Discriminan Analysis versus the Logit
technique.
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1 Introduction

Semiarid ecosystems are characterised by low water availability, resulting in low vegetation cover
usually distributed in patchy spatial structures. In these ecosystems, vegetation dynamics may
present alternative stable states, and show hysteresis in degradation and recovery trajectories,
being prone to critical transitions towards irreversible degraded states, either as the result of
gradually deteriorating environmental conditions or as lack of recovery from isolated or repeated
random disturbances [1–3].
Through the use of different types of vegetation models, the main factors underlying these complex
dynamics can be analysed and potential early indicators of regime shifts may be proposed, what
can be affected by the presence of temporal delays or environmental noise [4–6].
In this work, we analyse a model incorporating delay effects into the mean-field approximation [7]
to a cellular automata model that includes common processes in drylands. The original cellu-
lar automata model considers three states, vegetated, bare and degraded, with transition rates
depending of factors such as facilitation, competition, and environmental conditions [8].
The mean-field model considered in this work consists of a system of two independent non-linear
differential equations, including a discrete delay term. We characterise the equilibria of our model,
their stability, and analyse the presence of bifurcations in terms of a parameter representing
environmental conditions. Examples of the effects of delayed responses on vegetation recovery
after random disturbances are presented and discussed.

2 Methods and Results

Each cell or site in the original cellular automata model in [8] can be in one of three possible
states, vegetated (+), empty (0), and degraded (−). Transition between states depend on a set of
parameters representing basic processes occurring in dryland vegetation. Vegetated sites can be
transformed to empty sites at a constant mortality rate (m). Empty sites can grow up vegetation
depending on plant establishment (b), which can be diminished by competition (c), and they can
also degrade at a constant rate (d). Degraded sites can recover at a low rate (r) that can be
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Figure 1: Equilibria of the mean field model in terms of parameter b.

enhanced by local facilitation from surrounding vegetation (f). Using the original notation in [8],
the dynamics of site frequencies, vegetated (ρ+), empty (ρ0), and degraded (ρ−), in the mean field
model are given by

dρ+
dt

= −mρ+ + ρ0ρ+(b− cρ+),
dρ0
dt

= mρ+ − ρ0 (ρ+(b− cρ+) + d) + ρ−(r + fρ+),
dρ−
dt

= dρ0 − ρ−(r + fρ+),

with ρ+, ρ0, ρ− ≥ 0 and ρ+ + ρ0 + ρ− = 1. From this last condition, the system reduces to two
independent equations, and it can be written as

dx(t)
dt

= −mx(t) + (1− x(t)− y(t))x(t)(b− cx(t)),

dy(t)
dt

= d (1− x(t)− y(t))− y(t) (r + fx(t)) , (1)

with x ≡ ρ+, y ≡ ρ−, x, y ≥ 0, and x+ y ≤ 1.
Since plant establishment depends on the seed bank in the soil, for a wide class of dryland
vegetation species it is reasonable to consider that available seeds were produced in the previous
season, which may be incorporated in the previous model by introducing a discrete delay term,
resulting in the delay model

dx(t)
dt

= −mx(t) + (1− x(t)− y(t))x(t− τ)(b− cx(t)),

dy(t)
dt

= d(1− x(t)− y(t))− y(t)(r + fx(t)), . (2)

with initial conditions y(0) = y0 and x(θ) = ϕ(θ), ∀θ ∈ [−τ, 0].

Equilibrium points, stability, and bifurcations

The mean field model, both with and without delay, has one trivial equilibrium, corresponding to
a system deprived of vegetation, called desert equilibrium, with x = 0 and y = d/(d+ r).
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Figure 2: Delay effects on the dynamics of vegetation (blue) and degraded sites (orange).

For certain range of parameter values, there can be non-trivial equilibria, given by the roots in
(0, 1] of the cubic equation

x3 + (−1− b

c
+ r

f
)x2 + (−m

c
+ b

c
− r

f
− br

cf
)x− md

cf
− mr

cf
+ br

cf
= 0. (3)

Parameter b, plant establishment, is dependent on and can represent environmental conditions,
and thus it is the most appropriate to be used as a bifurcation parameter, and to analyse changes
in the dynamics of the system in terms of b for fixed values of the rest of parameters.
It can be proved that there is a critical b value, bc, below which the only possible equilibrium
is the trivial one. Also, there can be a maximum b value, bm, where there is only one positive
equilibrium, However, for bc < b < bm, there are two non trivial equilibria for vegetation (Figure
1).
Independently of the presence of the delay or its value, the trivial equilibrium is stable if b < bm
and unstable otherwise. Similarly, for bc < b < bm, there is a stable equilibrium with positive
vegetation and an unstable one, so that the system exhibit bistability. For b greater than bm the
positive equilibrium is stable. Hence, the system is prone to critical transitions from a state of
positive vegetation to the desert state when, corresponding to worsening environmental conditions,
b approaches its critical value bc, where there is a fold bifurcation.
However, the presence of the delay can give rise to oscillatory behaviours in the evolution of the
system towards the equilibrium values, as well as affecting the final outcome when starting close
to the unstable equilibrium (Figure 2).

Recovery from perturbations

The presence of the delay may also affect the capacity of the system to recover from random
disturbances. As shown in Figure 3, following a perturbation from equilibrium values, removing
vegetation, the existence of a delay can allow the system to recover, where the corresponding
system without delay ends in the desert state.
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Figure 3: Dynamics of vegetation (blue) and degraded sites (orange) after perturbations in the
models without (left) and with delay (right).

Figure 4: Final state of the system, vegetated (green) and desert (yellow), after different levels of
perturbations from equilibrium, without (left) and with delay (right).

A more detailed analysis is presented in Figure 4. Starting from a positive stable equilibrium,
different magnitudes of perturbations are simulated by displacing the system to new x and y
values, and the final equilibrium state, with or without vegetation, is obtained. As shown in the
figure, the presence of the delay greatly diminishes the region in the parameter space ending in
the desert state.

3 Conclusions

The mean field dryland vegetation models considered in this work, both with and without delay,
may exhibit bistability for a range of environmental conditions, as represented by plant establish-
ment (b), with the presence of a fold bifurcation for a critical value of b.
The presence of a delay term may result in oscillatory unstable dynamics, depending on the
magnitude of the delay, and it can also affect the final outcome of the system, either sustaining
positive equilibrium vegetation or ending in the desert state.
The presence of a delay affecting colonization may help vegetation recovery after random distur-
bances, increasing the regeneration capacity of the system.
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1 Introduction

It is well known that Control Theory is a branch of Mathematics with many applications in
Engineering. Some authors of this contribution have recently studied a complete probabilistic
solution to random continuous first-order control problems (differential equations) [1]. Many
control theory problems can be modelled by systems of first-order difference equations. In practice,
model parameters are set by means of measurements that usually involve errors, so uncertainties.
In this contribution, we are interested in the stochastic study of the following discrete control
system

~x(k + 1) = A~x(k) +~b u(k), k = 0, 1, 2, . . . ,K − 1,
~x(0) = ~x0,

(1)

where, for each step k = 0, 1, 2, . . . ,K, ~x(k) ∈ Rn represents the state of the system, A is a n× n
matrix containing the free dynamics part, ~b is a n× 1 vector, and u(k) is a scalar control. Given
an initial state ~x0, we are interested in exact controllable systems. That is, those systems in which
a given final state ~x1 ∈ Rn can be reached from every initial state ~x0 in a fixed number of steps
K <∞, i.e. given any initial condition ~x0,

~x(K) = ~x1. (2)

In particular, we study a complete stochastic analysis considering that initial value ~x0 and final
target ~x1 in (1)–(2) are random vectors.
Finally, we apply our findings in a numerical example.

2 Methods

In Theorem 1, we provide the solution ~x(k) of problem (1) in a compact expression that will
simplify our investigation. It is important to notice that this solution is a stochastic process.

1drosello@imm.upv.es



Modelling for Engineering & Human Behaviour 2021

Theorem 1. The solution of the initial value problem (1) for a fixed step k = 1, 2, ...,K is

~x(k) = Ak~x0 +
k∑
j=1

Ak−j~b u(j − 1) = Ak~x0 + Uk~uk, (3)

where each component of the vector ~uk is the scalar control evaluated in 0, 1, 2, ..., k − 1, i.e.,
~uk = [u(0), u(1), . . . , u(k − 1)]>, being the superscript > the transpose operator. Uk is a n × k
matrix defined as Uk =

[
Ak−1~b | · · · |A~b | ~b

]
.

Proof We prove it by induction.

• If k = 1, then by Eq. (1)

~x(1) = A~x(0) +~b u(0) Eq. (1)= A~x0 +~b u(0) = A1~x0 + U1~u1.

• If k = 2, then by Eq. (1)

~x(2) = A~x(1) +~b u(1) Step k=1= A
(
A~x0 +~b u(0)

)
+~b u(1)

= A2~x0 +A~b u(0) +~b u(1) = A2~x0 +
[
A~b |~b

] [ u(0)
u(1)

]
= A2~x0 + U2~u2.

• Let us assume that this is true for k, let us see for k + 1

~x(k + 1) = A~x(k) +~b u(k)
Eq. (3)= A

(
Ak~x0 + Uk~uk

)
+~b u(k)

= A

Ak~x0 +
[
Ak−1~b | · · · |A~b | ~b

]


u(0)
u(1)

...
u(k − 1)



+~b u(k)

= Ak+1~x0 +
[
Ak~b | · · · |A2~b | A~b

]


u(0)
u(1)

...
u(k − 1)

+~b u(k)

= Ak+1~x0 +
[
Ak~b | · · · |A2~b | A~b | ~b

]


u(0)
u(1)

...
u(k − 1)
u(k)


= Ak+1~x0 + Uk+1~uk+1.

�
As we are interested in controllable discrete systems, in addition of the stochastic process solution
it is also necessary the conditions of controllability. As components of A and ~b are deterministic,
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necessary and sufficient condition for the controllability of system (1)–(2) can be found in the
literature [2–4], since these conditions do not depend on the initial and final state.
If K > n, the stochastic process solution of controllable system (1)–(2) can be expressed as

~x(k) = Ak~x0 + Uk~uk = G~x0 +H~x1 (4)

where
G = Ak −HAK ,

H = Uk
[
Ik 0k×(K−k)

]
S,

Uk =
[
Ak−1~b | · · · |A~b | ~b

]
,

S = U>KL−1,

L = UKU>K .

Let us fix k > 0. We define the mapping r : R2n → R2n whose components are

~z1 = r1(~x0, ~x1) = G~x0 +H ~x1,

~z2 = r2(~x0, ~x1) = ~x0,

The inverse mapping s = r−1 is

~x0 = s1(~z1, ~z2) = ~z2,

~x1 = s2(~z1, ~z2) = H−1 {~z1 −G~z2} ,

The absolute value of the Jacobian of s is

|J2n| =
∣∣∣det

(
H−1

)∣∣∣ .
Notice that s is well defined and |J2n| 6= 0 w.p. 1.
Now, applying the random variable transformation technique [5, Pag.25], the probability density
function of the random vector (~z1, ~z2) in function of the joint PDF of the random vector of input
parameters (~x0, ~x1), is

f~z1,~z2(~z1, ~z2) = f0
(
~z2, H

−1 {~z1 −G~z2}
)
| det

(
H−1

)
|. (5)

As ~x(k) = ~z1, marginalizing (5) with respect to ~z2 = ~x0 we obtain the first probability density
function

f1(~x, k) =
∫
Rn
f0
(
~x0, H

−1 {~x−G~x0}
) ∣∣∣det

(
H−1

)∣∣∣ d~x0, (6)

where
~x0 = (x01, . . . , x0n)>,

d~x0 =
∏

1≤i≤n
dx0i.
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Figure 1: First probability density function, given by (6), of the solution stochastic process of
controllable system (1)–(2) at k = 0 considering the data of the Example.

3 A numerical example

In this section, we provide a numerical example to Eq. (1)–(2) where final reached target is a
deterministic vector coming from an initial random vector. We consider the following deterministic
values for parameters and the number of steps, K, to reach the final condition:

A =
(

1/2 1
−1 1/4

)
, ~b =

(
1/2
1

)
, ~x1 =

(
1
1

)
, K = 10 (7)

We consider ~x0(ω) a multivariate Normal distribution with mean ~µ = (3, 2) and variance-
covariance matrix

Σ =
(

0.08 0.03
0.03 0.03

)
, i.e. ~x0 = (x01, x02) ∼ N(~µ,Σ) (8)

Notice that

rank(U2) = rank
(
A~b|~b

)
= rank

(
5/4 1/2
−1/4 1

)
= 2

so Kalman’s controllability condition is fulfilled and problem (1)–(2) considering (7)–(8) is exactly
controllable for K ≥ 2.
Now, we can determine the first probability density function of the solution stochastic process
of (1)–(2) using (6). This probability density function is represented in different steps, k, in
particular, k = 0 in Figure 1 and k = 8 in Figure 2. In this figures, we can observe the evolution
in the probability density function of the solution as k increases.
Finally, in Figure 3, we have represented the phase portrait. The expectation of the solution
stochastic process follows the shape of an spiral line, being represented in each step, k, by pink
points. Also, at each step, confidence regions of 50% and 90% are represented in blue and red
lines, respectively.
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Figure 2: First probability density function, given by (6), of the solution stochastic process of
controllable system (1)–(2) at k = 8 considering the data of the Example.
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Figure 3: Phase portrait for controllable system (1)–(2). The expectation of the solution is
shown in a pink point. 50% (blue) and 90% (red) confidence regions are plotted at all steps k,
k = 0, 1, 2, . . . , 10, using the data of the Example.
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4 Conclusions

In this work, we have determined a complete probabilistic solution of a randomized first-order
linear control difference equation. This randomization has been considering the initial and final
condition are random vectors. The solution has been provided via the first probability density
function of the solution stochastic process of the difference system. This has been possible by
applying the random variable transformation method. Finally, a numerical example has been
illustrated in order to show the capability of the obtained theoretical results.

Acknowledgements

This work has been partially supported by the Spanish grant PID2020-115270GB–I00 funded by
MCIN/AEI/10.13039/501100011033 and the grant AICO/2021/302 (Generalitat Valenciana).

References

[1] Cortés, J.C., Navarro-Quiles, A., Romero, J.V., Roselló, M.D., Zuazua, E., Full probabilistic solution
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1 Introduction

Large silencers are commonly used to attenuate noise in many ventilation applications, gas turbine
systems, as well as large internal combustions engines (trucks, freight trains, etc.), among others.
For their acoustic modelling and design, the well-established computational methods considered
for the relatively small automotive exhaust silencers [1-8] can be extended. As these models
for small devices usually assume that plane waves are present in the inlet/oulet ducts (even if
higher order acoustic modes are propagating inside the silencer), some problems may arise. If
numerical methods such as the finite element method (FEM) are applied [2, 3], a large increase
in the number of degrees of freedom is required to achieve sufficiently accurate predictions at
higher frequencies. When analytical approaches [4-8] are taken into account, the increase in the
number of propagating higher order modes for large configurations significantly affects the silencer
performance [9]. This influence is associated not only with the modes inside the silencer, but also
with the modes present in the incident sound field within the inlet port [10-13]. It is worth noting
that, for large inlet ducts, the incident plane wave excitation hypothesis no longer holds, and
multimodal excitation is necessary.
The previous comments can be extended to a number of aftertreatment devices (ATD) such
catalytic converters and particulate filters. While their acoustic attenuation performance can be
assessed accurately for sizes typical of small automotive exhaust systems [14-19], further research
is required for large ATD since the ducts and chambers involved are big enough to allow higher
order modes to propagate inside the device as well as along the inlet/outlet ports. Accordingly,
in this article the mode matching method is applied to the compatibility conditions of the three-
dimensional (3D) acoustic fields at the ATD geometric discontinuities, leading to the computation
of the complex wave amplitudes in all the subdomains involved and the corresponding transmission
loss (TL). To have a realistic model, 3D propagation must be considered in the inlet/outlet ducts
and chambers, while 1D wave propagation has to be assumed along the small capillaries of the
catalytic converter/particulate filter monoliths of the ATD; therefore, these monoliths can be
replaced by plane wave four-pole transfer matrices from an acoustical point of view [17-19]. On
the other hand, for large ATD inlet ducts such as those found in heavy-duty and off-road engines,
the usual models with plane incident wave excitation are not accurate since the onset of higher
order incident modes in the inlet duct is expected for the frequency range of interest. Therefore,
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a TL variation is likely to occur depending on these modes, similar to the results found in large
dissipative silencers [9]. Results are presented for three different multimodal incident sound field
hypotheses [20]: equal modal amplitude (EMA), equal modal power (EMP) and equal modal
energy density (EMED). A relevant influence on the sound attenuation is found for the test
problems considered in the current investigation.

2 Overview of the acoustic problem

Figure 1.1 shows a circular concentric ATD including a monolith. As shown in recent studies [19],
the sound attenuation of an exhaust device incorporating a monolith can be properly predicted if
the monolith is replaced by a plane wave four-pole matrix providing a relationship between the
acoustic fields at both sides of the capillary region. Therefore, the presence of higher order modes
in the cylindrical inlet/outlet regions is combined with one dimensional wave propagation within
the capillary ducts of the central monolith.

Figure 1: Scheme of a circular concentric ATD incorporating a monolith. The latter is replaced
by a transfer matrix to model its acoustic behaviour.

In all the rigid ducts involved (A, B, D and E), the acoustic pressure and velocity fields can be
written in terms of a series expansion. For example, the solution of the wave equation in region
A is given by [4]

PA(r, z) =
∞∑
n=0

(
A+
n e
−jkA,nz +A−n e

jkA,nz
)

ΨA,n(r) (1)

UA(r, z) = 1
ρ0ω

∞∑
n=0

kA,n
(
A+
n e
−jkA,nz −A−n ejkA,nz

)
ΨA,n(r) (2)

In the particular case of circular concentric ducts, the transversal pressure modes in Eqs. (1.1)
and (1.2) are given by Bessel functions of the first kind and order zero, i.e. ΨA,n(r) = J0(αnr/R1),
where αn are the roots satisfying the rigid wall boundary condition [4-7].
The complete acoustic field of the system requires the computation of the wave amplitudes A±n ,
B±n , D±n and E±n in all the ducts. The continuity conditions of the acoustic fields at the interfaces
between ducts A and B (inlet expansion), as well as ducts D and E (outlet contraction) are
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taken into account. The mode matching method [4-7] is here applied to the previous continuity
conditions of the acoustic fields at all the interfaces to couple the solutions of the wave equation in
the corresponding ATD subcomponents [19]. Regarding the capillary ducts, the acoustic coupling
between both sides of the monolith (at the interfaces SB ≡ SD, see Figure 1.1) can be expressed
as [14-19]

PB(r, z = LB) = Tm11PD(r, z′ = 0) + Tm12UD(r, z′ = 0) on SB ≡ SD (3)

UB(r, z = LB) = Tm21PD(r, z′ = 0) + Tm22UD(r, z′ = 0) on SB ≡ SD (4)

In matrix form yields{
PB(r, z = LB)
UB(r, z = LB)

}
=
[
Tm11 Tm12
Tm21 Tm22

]{
PD(r, z′ = 0)
UD(r, z′ = 0)

}
on SB ≡ SD (5)

2.1 Mode matching method. Equations associated with the monolith

The equations and integrals associated with the inlet expansion and outlet contraction are omitted
here for the sake of brevity. It is worth noting that advantage can be taken from the orthogonality
properties of the rigid duct transversal modes, thus reducing the computational effort of the
mode matching approach. Computational details of the corresponding integrals can be found
in references [1, 4-7, 19]. Here, the application of the mode matching method focuses on the
monolith. Thus, Eqs. (1.3) and (1.4) are multiplied by the transversal mode ΨB,s(r) = ΨD,s(r) =
J0(αnr/R2), with s = 0, 1, 2, . . . , Nm (a suitable series truncation is considered). Integrating over
SB ≡ SD, yields the following equations for s = 0, 1, 2, . . . , Nm

B+
s e
−jkB,sLB +B−s e

jkB,sLB = Tm11

(
D+
s +D−s

)
+ Tm12

kD,s
ρ0ω

(
D+
s −D−s

)
(6)

kB,s
ρ0ω

B+
s e
−jkB,sLB −B−s ejkB,sLB = Tm21

(
D+
s +D−s

)
+ Tm22

kD,s
ρ0ω

(
D+
s −D−s

)
(7)

As indicated in [19], it is worth noting here that very simple algebraic expressions have been
obtained, where neither integrations nor modal summations appear, relating directly wave coeffi-
cients with equal modal number. These equations do not depend on the transversal cross section,
provided that its geometry is axially uniform.

2.2 Multimodal excitation

As indicated previously, plane wave propagation in the inlet/outlet ducts of large ATD no longer
holds. Thus, a procedure to account for multimodal excitation is described here. This can be
summarized in five main steps. Step 1 is associated with the computation of the number of
propagating modes in each duct for a given excitation frequency. For the inlet, this includes
the plane wave mode (always present) and the non-planar excitation modes up to N , obtained
through the condition

kA,n =
√
k2

0 − (αn/R1)2 ≥ 0 for n = 0, 1, ..., N (8)

Note that N can vary during an ATD acoustic computation, increasing as the excitation frequency
exceeds the cut-on frequencies of the successive transverse higher order modes. Step 2 requires
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the computation of the excitation wave amplitudes A+
n of the inlet duct [9, 20]. If only a plane

wave (PW) is included in the analysis, this yields

A+
0 = 1;A+

n = 0 for n > 0 (9)

Alternative mode mixtures include equal modal amplitude (EMA), equal modal power (EMP) and
equal modal energy density (EMED), the corresponding expression being as follows [20]:

A+
n = 1 for n ≤ N (EMA) (10)

A+
n =

√
(δ2
n/N) (1/Re (kA,n/k0)) for n ≤ N (EMP) (11)

A+
n =

√√√√δ2
n

/ N∑
j

Re (kA,j/k0) for n ≤ N (EMED) (12)

where δn depends on the integration of the transversal modes over the cross section [20]. Once
the excitation wave amplitudes A+

n are known, the mode matching system of equations is solved
in step 3. While the treatment of the monolith has been outlined previously in Section 1.2.1, the
reader is referred to reference [19] for details of the complete mode matching equations. Then,
step 4 implies the computation of the acoustic incident/transmitted power at the end sections of
the inlet/outlet ducts:

Potinc =
∫
S

1
2Re (PincU∗inc)dS = π

ρ0ω

N∑
n=0

kA,n|A+
n |2

∫ R1

0
J0 (αnr/R1)2 rdr (13)

Pottrans =
∫
S

1
2Re (PtransU∗trans)dS = π

ρ0ω

N∑
n=0

kE,n|E+
n |2

∫ R3

0
J0 (αnr/R3)2 rdr (14)

And finally, in step 5 the transmission loss is evaluated as

TL(dB) = 10 log
(
Potinc
Pottrans

)
(15)

2.3 Acoustic modelling of the ATD monolith

Figure 1.2 shows examples of monoliths and schemes of the associated flow pattern. Catalytic
converter capillaries have upstream and downstream ends open, while particulate filters capillaries
are characterized by channel ends alternatively plugged to force the flow through the porous walls
[15].

Figure 2: Monolith and flow pattern: (a) Catalytic converter (CC); (b) Particulate filter (PF).
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As indicated previously, the acoustic modelling assumes plane wave propagation in the capillaries,
that can be computed through transfer matrices involved in Eqs. (1.3)-(1.7), relating the acoustic
fields at both sides of the monolithic region. For further details of the models implemented in the
current investigation to obtain these matrices, the reader is referred to works [14, 15, 20].

3 Results and discussion

Two axisymmetric configurations with a catalytic converter monolith are considered for validation
and computation purposes. In the first case, geometry 1 has inlet and outlet ducts defined by
the radii R1 = R3 = 0.125 m, while the chambers and monolith are characterized by the radius
R2 = 0.25 m and the lengths LB = LD = 0.1475 m and LC = 0.175 m (see Figure 1.1 for
details). In the second case, geometry 2 is defined by the dimensions R1 = R3 = 0.25 m, R2 = 0.5
m, LB = LD = 0.475 m and LC = 0.75 m. It is worth noting that in this latter case radii
have been doubled and thus more higher order modes will propagate. Cold flow hypotheses with
T = 25◦C are retained through the computations, the properties for the air being c0 = 346.1
m/s and ρ0 = 1.184 kg/m3. Regarding the monolith acoustic model, the following values are
assumed: resistivity R = 1500 Pa·s/m2, porosity φ = 0.88, geometrical factor αg = 1.14, dynamic
viscosity µ = 1.837 · 10–5 Pa·s, thermal conductivity κ = 0.0255 W/(m·K) and specific heat
Cp = 1006.4 J/(kg·K). The detailed model for the four-pole matrix computation can be found
in the bibliography [14, 20].

3.1 Geometry 1: N = 1

For the conditions associated with this case, the incident modal field has a maximum of one
higher order mode (N = 1), the cut-on frequency being 1688.6 Hz [1]. As it can be seen in Figure
1.3, the mode mixture rules modify the attenuation above this frequency value; in general, when
incident energy propagates in higher order modes this seems to have a positive impact on the
performance of the aftertreatment device. As observed by Kirby and Lawrie for large dissipative
silencers [9], the three different multimode excitations considered for the incident acoustic field
yield comparable results in general, although EMA predictions are lower than both EMED and
EMP predictions.
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Figure 3: TL of an ATD (catalytic converter) for different modal excitations.
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3.2 Geometry 2 (double radii): N = 4

In this case, the incident acoustic field has a maximum of four higher order modes (N = 4),
the cut-on frequencies being 844.3 Hz, 1545.8 Hz, 2241.6 Hz and 2935.7 Hz respectively [1]. As
shown in Figure 1.4, the main trends observed in the previous figure are also found here, the same
comments being applicable in general. Anyway, the TL discrepancies among the different models
seem to have decreased slightly in the high frequency range.
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Figure 4: TL of an ATD (catalytic converter) for different modal excitations and double radii.

4 Conclusions

An accurate and efficient analytical method has been presented for the acoustic modelling of large
ATD with a monolith. The model is based on the mode matching method and assumes 3D wave
propagation in the inlet/outlet regions and 1D wave propagation in the monolith (these hypotheses
have been validated experimentally in previous works). In large aftertreatment devices, plane wave
(PW) propagation in the inlet/outlet ducts no longer holds for the frequency range of interest,
and energy incident on the device propagating in higher order modes may have a strong impact
on the acoustic attenuation performance. The specification of the incident modal field requires a
knowledge of the source characteristics, but this is currently an open field of research and there
is a lack of accurate representations as well as experimental validation. In addition to the PW
model, several mode mixtures have been implemented: equal modal amplitude (EMA), equal
modal power (EMP) and equal modal energy density (EMED). As expected, a strong influence of
the mode mixture technique on the attenuation has been found. The three different multimode
conditions adopted for the incident sound field can yield predictions that are consistent with the
literature for some particular configurations, in the sense that at higher frequencies the acoustic
performance of the exhaust device generally improves when energy from the source is carried by
higher order modes (especially if dissipative effects are present in the analysis). However, the
opposite trend has been also found for other geometries analysed in the current work (not shown
for the sake of brevity). Thus, a plausible conclusion is that an accurate TL estimation in large
aftertreatment devices requires the consideration of multimodal excitation, but the results are
strongly dependent on the particular configuration under analysis and the mode mixture rule
chosen. Literature seems to suggest that EMED is probably the most suitable model, although
this depends on the noise source characteristics and further work is required.
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[15] Allam, S., Åbom, M., Sound propagation in an array of narrow porous channels with application to
diesel particulate filters. Journal of Sound and Vibration, Volume(291):882–901, 2006.

[16] Denia, F. D., Antebas, A. G., Kirby, R., Fuenmayor, F. J., Multidimensional acoustic modelling of
catalytic converters. Krákow, The Sixteenth International Congress on Sound and Vibration, 2009.

[17] Jiang, C., Wu, T. W., Xu, M. B., Cheng, C. Y. R., BEM modeling of mufflers with diesel particulate
filters and catalytic converters. Noise Control Engineering Journal, Volume(58):243–250, 2010.

214



Modelling for Engineering & Human Behaviour 2021

[18] Denia, F. D., Mart́ınez-Casas, J., Baeza, L., Fuenmayor, F. J., Acoustic modelling of exhaust devices
with nonconforming finite element meshes and transfer matrices. Applied Acoustics, Volume(73):713–
722, 2012.

[19] Denia, F. D., Mart́ınez-Casas, J., Carballeira, J., Nadal, E., Fuenmayor, F. J., Computational perfor-
mance of analytical methods for the acoustic modelling of automotive exhaust devices incorporating
monoliths. Journal of Computational and Applied Mathematics, Volume(330):995–1006, 2018.

[20] Mechel, F. P., Formulas of Acoustics. Berlin, Springer, 2008.

215



38

Solving non homogeneous linear second order
difference equations with random initial values:

Theory and simulations

J.-C. Cortés[,1 A. Navarro-Quiles\ and S.-M. Sferle[

([) Instituto Universitario de Matemática Multidisciplinar,
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1 Introduction

Difference equations and differential equations are powerful equations for modeling the dynamics
of real world phenomena. The former are suitable for modeling the evolution of species whose
generations do not overlap and grow at regular intervals over fixed periods of time (e.g., annual)
or for modeling the dynamics of economic quantities that are evaluated in discrete periods by
connecting the present value with previous capitalized values (in a general sense). For its part,
differential equations have been successfully applied to describe the dynamics of quantities from
their instantaneous change. When both types of equations are applied to real problems, it is
often necessary to take into account the inherent uncertainty of the phenomena under study or
the sampled data errors required to determine the data specifying these models.
This simple approach leads to the need to examine this type of equations, both from a theoretical
and applied point of view, taking into consideration the randomness in their formulation. There
are different types of strategies to introduce randomness in the study of these problems, but in
the present work we will consider noises defined through random variables or stochastic processes
with regular sampling behavior.
This document is organized as follows. In Section 2, we will determine the first probability density
function (1-p.d.f.). of the solution of the initial value problem (i.v.p.) bearing in mind the nature
of the roots of the associated characteristic equation. In Section 3, we will illustrate the theoretical
results developed through examples. The last section draws conclusions.

1jccortes@mat.upv.es
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2 Computing the 1-p.d.f.

Let us consider the following initial value problem
Zn+2 +A1Zn+1 +A2Zn = B, n = 0, 1, 2, . . . ,

Z0 = Γ0,

Z1 = Γ1.

(1)

In this problem, we will treat the parameters A1, A2 and B as constant coefficients, and, without
loss of generality, we will treat the initial conditions Γ0 = Γ0(ω) and Γ1 = Γ1(ω) as dependent
continuous random variables (r.v.’s) defined on a common probability space (Ω,F,P), which have
an arbitrary joint probability density function, fΓ0,Γ1(γ0, γ1). In the following, the domains of the
input parameters Γ0,Γ1 will be denoted as follows

DΓ0 = {γ0 = Γ0(ω), ω ∈ Ω : γ0,1 ≤ γ0 ≤ γ0,2},
DΓ1 = {γ1 = Γ1(ω), ω ∈ Ω : γ1,1 ≤ γ1 ≤ γ1,2},

where the endpoints of each interval can take any real value. For notation reasons, the sample
dependence for r.v.’s denoted by the w-notation will be omitted.
Thus, since the problem is a non homogeneous linear second order difference equation with random
initial conditions, its solution will be a stochastic process, say {Zn : n ≥ 0}. Therefore, our
objective now is to determine the solution of the i.v.p. and, in addition, to calculate the first
probability density function since from it we can determine statistical characteristics such as the
mean E[Zn], the variance V[Zn] or any other statistical moment

E[(Zn)k] =
∫ ∞
−∞

zkfZn(z)dz, n, k = 0, 1, 2, . . .

Notice that this makes a considerable difference from the deterministic scenario.
In order to figure out the 1-p.d.f. of the solution of the i.v.p. we will use the Random Variable
Transformation (R.V.T.) technique. Among the numerous versions of this technique, the one we
are going to implement throughout this work is found in [2].

Theorem 1. Let V = (V1, ..., Vm) be a random vector of dimension m with joint p.d.f. fV (v). Let
r : Rm → Rm be a one-to-one deterministic map which is assumed to be continuous with respect to
each one of its arguments, and with continuous partial derivatives. Then, the joint p.d.f. fW (w)
of the random vector W = r(V ) is given by

fW (w) = fV (s(w)) |Jm|, (2)

where s(w) is the inverse transformation of r(v) : v = r−1(w) = s(w) and Jm is the Jacobian of
the transformation, i.e

Jm = det
(
∂v

∂w

)
= det

(
∂s(w)
∂w

)
= det


∂s1(w)
∂w1

· · · ∂sm(w)
∂w1... . . . ...

∂s1(w)
∂wm

· · · ∂sm(w)
∂wm

 ,
which is assumed to be different from zero.

Based on the deterministic theory, it is known that the general solution Zn of (1) is equal to the
sum of the general solution of the associated homogeneous equation and a particular solution of
the non-homogeneous equation

Zcn = Zhn + Zpn,
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and depends on the character of the roots of the associated characteristic equation

r2 +A1r +A2 = 0,

that is, on the values

r1 =
−A1 +

√
A2

1 − 4A2

2 , r2 =
−A1 −

√
A2

1 − 4A2

2 . (3)

The nature of the roots, which can be real or complex, depends on the discriminant

∆ = A2
1 − 4A2.

So,

1. if the discriminant is positive, ∆ > 0, then there are two distinct real roots, i.e.

r1, r2 ∈ R and r1 6= r2.

2. if the discriminant is zero, ∆ = 0, then there is a real root of double multiplicity, i.e.

r1 = r2 = r ∈ R.

3. if the discriminant is negative, ∆ < 0, then there are two distinct complex roots, i.e.

r1 = a+ ib, r2 = a− ib ∈ C and r2 = r1.

Regarding the particular solution, which will be the same for the three cases, let us assume
that it is a constant discrete function Zn = k, with a constant k to be determined. Given this
circumstance, the particular solution obtained is

Zpn = B

1 +A1 +A2
, (4)

where 1 +A1 +A2 6= 0.
We will now examine each of the three cases.

2.1 Real and distinct roots

The solution of the (1) is

Zcn = r1(r2)n − r2(r1)n
r1 − r2

Γ0 + (r1)n − (r2)n
r1 − r2

Γ1 + B

1 +A1 +A2

(
r2 − 1
r1 − r2

(r1)n + 1− r1
r1 − r2

(r2)n + 1
)
,

where r1 and r2 are given by (3).
Now, we are going to calculate the 1-p.d.f. of the r.v. Z = Zn. To do so, we set n and we apply
the Theorem 1 using the following identification: m = 2 and

V = (Γ0,Γ1), fV(v) = fΓ0,Γ1(γ0, γ1),
W = (W1,W2) = r(Γ0,Γ1).

The inverse mapping is given by
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W1 = r1(Γ0,Γ1) = r1(r2)n−r2(r1)n
r1−r2

Γ0 + (r1)n−(r2)n
r1−r2

Γ1 + B
1+A1+A2

(
r2−1
r1−r2

(r1)n + 1−r1
r1−r2

(r2)n + 1
)

⇒ Γ0 = s1(W1,W2) =
(
W1 − (r1)n−(r2)n

r1−r1
W2 − B

1+A1+A2

(
r2−1
r1−r2

(r1)n + 1−r1
r1−r2

(r2)n + 1
))

r1−r2
r1(r2)n−r2(r1)n ,

W2 = r2(Γ0,Γ1) = Γ1 ⇒ Γ1 = s2(W1,W2) = W2.

The corresponding Jacobian is

J2 = r1 − r2
r1(r2)n − r2(r1)n 6= 0.

Thus, we obtain the joint p.d.f. of the random vector W = (W1,W2) by applying (2)

fW(w) = fΓ0,Γ1

((
w1 −

(r1)n − (r2)n
r1 − r2

w2 −
B

1 +A1 +A2

(
r2 − 1
r1 − r2

(r1)n + 1− r1
r1 − r2

(r2)n + 1
))
·

· r1 − r2
r1(r2)n − r2(r1)n , w2

)
·
∣∣∣∣ r1 − r2
r1(r2)n − r2(r1)n

∣∣∣∣ , wi,1 ≤ wi ≤ wi,2, 1 ≤ i ≤ 2.

Lastly, taking into account that Z = W1, we obtain the 1-p.d.f. of the solution as follows

fZn(z) =
∫ γ1,2

γ1,1
fΓ0,Γ1

((
z − (r1)n − (r2)n

r1 − r2
γ1 −

B

1 +A1 +A2

(
r2 − 1
r1 − r2

(r1)n + 1− r1
r1 − r2

(r2)n + 1
))
·

· r1 − r2
r1(r2)n − r2(r1)n , γ1

)
·
∣∣∣∣ r1 − r2
r1(r2)n − r2(r1)n

∣∣∣∣ dγ1.

(5)

To avoid cumbersome notation in this general context, we prefer to leave the explicit definition of
the domains in the examples section.

2.2 Real and equal roots

The solution of the (1) is

Zcn = (1− n)rnΓ0 + (nrn−1)Γ1 + B

1 +A1 +A2

(
nrn − nrn−1 − rn + 1

)
,

where r = r1 = r2.
Now, we are going to calculate the 1-p.d.f. of the r.v. Z = Zn. To do so, we set n and we apply
the Theorem 1 using the following identification: m = 2 and

V = (Γ0,Γ1), fV(v) = fΓ0,Γ1(γ0, γ1),
W = (W1,W2) = r(Γ0,Γ1).

The inverse mapping is given by

W1 = r1(Γ0,Γ1) = (1− n)rnΓ0 + (nrn−1)Γ1 + B
1+A1+A2

(
nrn − nrn−1 − rn + 1

)
⇒ Γ0 = s1(W1,W2) =

(
W1 − (nrn−1)W2 − B

1+A1+A2

(
nrn − nrn−1 − rn + 1

)) 1
(1−n)rn ,
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W2 = r2(Γ0,Γ1) = Γ1 ⇒ Γ1 = s2(W1,W2) = W2.

The corresponding Jacobian is

J2 = 1
(1− n)rn 6= 0.

Thus, we obtain the joint p.d.f. of the random vector W = (W1,W2) by applying (2)

fW(w) = fΓ0,Γ1

((
w1 − (nrn−1)w2 −

B

1 +A1 +A2

(
nrn − nrn−1 − rn + 1

))
·

· 1
(1− n)rn , w2

)
·
∣∣∣∣ 1
(1− n)rn

∣∣∣∣ , wi,1 ≤ wi ≤ wi,2, 1 ≤ i ≤ 2.

Lastly, taking into account that Z = W1, we obtain the 1-p.d.f. of the solution as follows

fZn(z) =
∫ γ1,2

γ1,1
fΓ0,Γ1

((
z − (nrn−1)γ1 −

B

1 +A1 +A2

(
nrn − nrn−1 − rn + 1

))
·

· 1
(1− n)rn , γ1

)
·
∣∣∣∣ 1
(1− n)rn

∣∣∣∣ dγ1.

To avoid cumbersome notation in this general context, we prefer to leave the explicit definition of
the domains in the examples section.

2.3 Complex roots

The solution of the (1) is

Zcn = Rn sin(θ(1− n))
sin(θ) Γ0+Rn−1 sin(θn)

sin(θ) Γ1+ B

1 +A1 +A2

(
Rn sin(θ(n− 1))

sin(θ) − Rn−1 sin(θn)
sin(θ) + 1

)
,

where R = |r1| = |r2| =
√
a2 + b2 and θ = arctan( ba).

Now, we are going to calculate the 1-p.d.f. of the r.v. Z = Zn. To do so, we set n and we apply
the Theorem 1 using the following identification: m = 2 and

V = (Γ0,Γ1), fV(v) = fΓ0,Γ1(γ0, γ1),
W = (W1,W2) = r(Γ0,Γ1).

The inverse mapping is given by

W1 = r1(Γ0,Γ1) = Rn sin(θ(1−n))
sin(θ) Γ0 + Rn−1 sin(θn)

sin(θ) Γ1 + B
1+A1+A2

(
Rn sin(θ(n−1))

sin(θ) − Rn−1 sin(θn)
sin(θ) + 1

)
⇒ Γ0 = s1(W1,W2) =

(
W1 − Rn−1 sin(θn)

sin(θ) W2 − B
1+A1+A2

(
Rn sin(θ(n−1))

sin(θ) − Rn−1 sin(θn)
sin(θ) + 1

))
sin(θ)

Rn sin(θ(1−n)) ,

W2 = r2(Γ0,Γ1) = Γ1 ⇒ Γ1 = s2(W1,W2) = W2.

The corresponding Jacobian is
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J2 = sin(θ)
Rn sin(θ(1− n)) 6= 0.

Thus, we obtain the joint p.d.f. of the random vector W = (W1,W2) by applying (2)

fW(w) = fΓ0,Γ1

((
w1 −

Rn−1 sin(θn)
sin(θ) w2 −

B

1 +A1 +A2

(
Rn sin(θ(n− 1))

sin(θ) − Rn−1 sin(θn)
sin(θ) + 1

))
·

· sin(θ)
Rn sin(θ(1− n)) , w2

)
·
∣∣∣∣ sin(θ)
Rn sin(θ(1− n))

∣∣∣∣ , wi,1 ≤ wi ≤ wi,2, 1 ≤ i ≤ 2.

Lastly, taking into account that Z = W1, we obtain the 1-p.d.f. of the solution as follows

fZn(z) =
∫ γ1,2

γ1,1
fΓ0,Γ1

((
z − Rn−1 sin(θn)

sin(θ) γ1 −
B

1 +A1 +A2

(
Rn sin(θ(n− 1))

sin(θ) − Rn−1 sin(θn)
sin(θ) + 1

))
·

· sin(θ)
Rn sin(θ(1− n)) , γ1

)
·
∣∣∣∣ sin(θ)
Rn sin(θ(1− n))

∣∣∣∣ dγ1.

To avoid cumbersome notation in this general context, we prefer to leave the explicit definition of
the domains in the examples section.

3 Examples

In this section, we are going to illustrate the theoretical results through numerical examples. The
aim is to plot the 1-p.d.f. of the solution of the i.v.p. (1) obtained in the three cases for some
values of n.
In the first case we assume that the constant coefficients take the following values

A1 = −4, A2 = −2 B = 10.

Furthermore, we consider that the random inputs follow a joint Gaussian distribution, i.e.

(Γ0,Γ1) ∼ N (µ,Σ), µ = (1, 10), Σ =
(

6 0.05
0.05 6

)
.

Figure (1) shows the 1-p.d.f. at n = 0, 1, 2, 3. It seems to diverge monotonically as n increases.
In the second case we assume that the constant coefficients take the following values

A1 = −1, A2 = 1/4 B = 1.

We also consider a joint Gaussian distribution, but now with the following mean and covariance
matrix

µ = (1, 1.5), Σ =
(

0.1 0.05
0.05 0.1

)
.

Figure (2) shows the 1-p.d.f. at n = 0, 1, 2, 3, 4, 5. It seems to converge monotonically as n
increases.
Finally, the values that we assume in the last case are

A1 = 1, A2 = 1/2 B = 3, µ = (0.5, 1), Σ =
(

0.2 0.01
0.01 0.3

)
.

Figure (3) shows the 1-p.d.f. at n = 0, 1, 2, 3, 4. It seems to converge oscillating as n increases.
Note that in all cases the z-domain of fZn(z) is −∞ < z <∞.
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Figure 1: Plot of the 1-p.d.f., fZn(z), of the solution, Zn, in case I at different values of n = 0, 1, 2, 3.
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Figure 2: Plot of the 1-p.d.f., fZn(z), of the solution, Zn, in case II at different values of n =
0, 1, 2, 3, 4, 5.
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Figure 3: Plot of the 1-p.d.f., fZn(z), of the solution, Zn, in case III at different values of n =
0, 1, 2, 3, 4.

4 Conclusions

In this work we have provided a general explicit formula for the 1-p.d.f. of the solution of a non-
homogeneous linear second order difference equation with random initial values, which depending
on the character of the roots of the associated characteristic equation has one form or another,
and where the random inputs involved are statistically dependent. The study has been based
on the Random Variable Transformation technique. Moreover, we have shown with examples
the theoretical development obtained, in which it can be observed that it is the deterministic
counterpart.
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1 Introduction

More and more researchers use Linear Programming (LP) to solve optimization problems
in the field of building management, and particularly in problems related to environmental
impact, energy consumption and energy efficiency. To be brief, three very recent articles
will be cited. Brütting et al. [1] use Mixed Integer Linear Programming to minimize the
environmental impact comparing the reuse of construction waste for the production of structural
elements with structural elements made with new materials. Salandin et al. [2] use Integer
Linear Programming (ILP) to minimize the cost of the refurbishment of a façade to improve
its energy efficiency. Finally, Soler et al. [3] also use ILP to obtain the adequate material for
the different layers of the opaque part of a façade in order to minimize its embodied CO2 emissions.

Following the ideas of the two last cited articles, the authors [4] used an ILP approach to
minimize the total energy footprint associated to the opaque part of the envelope (façade plus
roof) of a Chile’s social interest home in the zone named central Chile, the most populated
area. This approach took into account all legal conditions, available materials and their prices in
Chile, and budgetary limitations imposed by the government of Chile. Comparing with the data
corresponding to a typical social house in this zone of Chile, in the obtained optimal solution the
energy footprint decreased by 28% and the thermal resistance of the walls increased by 546%
(very excellent results), but at the cost of increasing the budget for the opaque envelope by
65%, due to the much more efficient materials chosen. Although this optimal solution meets all
constraints, particularly budget constraint, and a part of this budget is assumed by the Chilean
government, this extra 65% cost of the opaque envelope must be assumed by the buyer, who is a
very humble family whose income probably does not allow this extra cost, and even if it could,
the family would prefer to live in a more “polluting” house but having better conditions of life.
For these families, any extra Chilean peso is good for buying food, clothes, etc.

This work tackles the problem commented above: how to reduce the energy footprint and improve
the energy efficiency of social houses for humble families without excessively affecting the economic

1felipe@monsalve.es
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conditions of the family. To do this, the same ILP model created in [4] is used as follows:

1. The set of materials that can be used for the different layers for both the walls and the roof
has been considerably increased. This implies that the number of possible solutions also
increases, and then the probability of a lower cost.

2. By using Mathematica 12.1 [5], the ILP problem is executed iteratively, decreasing the
upper bound of the budget, until the minimum budget necessary to meet the rest of the
conditions is obtained. From all the solutions obtained, a balanced solution (budget vs
energy conditions) is chosen.

The chosen solution improves the energy conditions of the initial optimal solution thanks to the
new materials: the energy footprint decreases by 43% and the thermal resistance of the walls
is the same (increases by 546%). But it only uses a 24% of extra cost for the opaque envelope
(almost a third of the initial optimal solution), which approximately represents a 6% of the total
value of the house.
Chile’s housing deficit is 425,000 homes together with the 314,000 that need replacement. There-
fore, given the potential saving of energy footprint and oil (Chile is 100% dependent on oil) due
to the high growth of energy efficiency of the solution, a realistic proposal is for the Chilean
government to assume this 6% of extra cost in the part that it subsidizes for social houses.

2 Optimal solution

As stated before, the problem of minimizing the total energy footprint associated to the opaque
part of the envelope of a Chile’s social interest home, has been modeled as an ILP problem. The
general formulation of the ILP problem is the same that was given in [4]. Therefore, it will not be
repeated here, and the reader is referred to that article to see the objective function, equations
and other details. In the same way, due to the page limitations for this article, it is impossible
to show here the tables with all the possible materials used for each layer of the walls and roof,
with their different characteristics (price, thickness, thermal resistance, energy footprint, etc.).
An exhaustive information of all these data can be found in [6].

It is relevant to mention that in this case, the façade will have up to 8 layers (exterior termination
of walls, exterior wall cladding, wall structure, air chamber walls, thermal insulation walls,
secondary wall structure (for internal cladding support), interior wall cladding and interior
finishing of walls), while the roof will have up to 5 layers (exterior deck cladding, protective
barrier against roof the moisture, cover air chamber, indoor thermal insulation and roof structure).

Taking into account all the conditions imposed on this type of construction for Central Chile zone
by the Chilean legislation, and all the data on the possible materials to be used for each layer
of the walls and roof, an ILP problem has been formulated according to the general formulation
given in [4] and solved with Mathematica 12.1, obtaining an optimal solution with the following
opaque part of walls and roof composition:

Perimeter walls:

• Exterior cladding: 6 mm thick fiber cement plate with felt.

• Main structure: wooden partition with 3”x2” slats.

• Insulation I: slightly ventilated air chamber 30 millimeters thick.

225



Modelling for Engineering & Human Behaviour 2021

• Insulation II: glass wool R122.

• Secondary structure: wooden partition in 2”x2” slats.

• Inner lining: plasterboard cardboard (laminated plaster) 8 millimeters thick.

Roof:

• Cover: concrete tile.

• Moisture barrier: asphalt felt.

• Insulation I: lightly ventilated air chamber 80 millimeters thick.

• Insulation II: Glass wool R122.

• Structure: wooden trusses.

Note that the CPU time to obtain the optimal solution was only 0,015625 seconds, in a HP
Pavilion 24-b215la with Intel Core i3-7100T processor 3.40 GHz, 4 cores, and 8.00 GB RAM.

The main data of the optimal solution have been compared (see Table 1) with those corresponding
to a house from a social interest executed in Villa Alemana (Región de Valparáıso, Central Chile)
by Quinta Servicios Ltda. which has a façade surface of 77,91m2 and a roofing surface of 60,83m2.
This comparison is used because this type of house is the most representative among all the social
interest houses built. Note that due to Chilean legislation [7], the cost is not given in Chilean
pesos but in “Unidades de Fomento” (UF). A UF is a non-physical currency, which its Chilean
Peso value is actualized every day by the Servicio de Impuestos Internos (tax office).

Typical house Optimal solution Difference
Energy footprint [MJ] 71,703.24 25,409.19 -65%
Cost [UF] 48.19 71.78 +49%
Thermal resistance walls [W/(m2K)] 0.39 2.52 +546%
Thermal resistance roof [W/(m2K)] 1.25 2.38 +90%

Table 1: Comparison between a typical house and the optimal solution

Table 1 shows that the energy footprint decreases by 65% and the thermal resistance of the walls
increases by 546%, which are very excellent results, but the cost increases by 49%, which in any
case is a 25% less increase compared to the solution obtained in [4].

3 Obtaining solutions with lower cost

As commented in the Introduction, although the obtained optimal solution meets all constraints,
and a part of the budget is assumed by the Chilean government, this extra 49% cost of the opaque
envelope must be assumed by the buyer, who is a very humble family whose income probably
does not allow this extra cost. Since the savings obtained by the optimal solution in both energy
footprint and thermal insulation are spectacular, it could be considered sacrificing part of these
energy improvements if this sacrifice implies a reduction of the total cost of the house envelope.
Taking into account this last comment, in this section the same ILP problem used in Section 2
to obtain the optimal solution is solved iteratively, but putting as upper bound to the budget,
one UF less (in integer units) each time, starting from the cost of the optimal solution (71.78
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UF), until the ILP proposed is unfeasible. Therefore, the last feasible ILP problem will give the
solution of minimum cost complying with all Chilean legal regulations for Central Chile.

Table 2 shows that when moving from the case with a minimum cost (55.59 UF) to those that
allow up to 60 UF and 65 UF (which present identical solutions), it is possible to considerably
reduce the energy footprint (to less than half) at the cost of losing thermal insulation, particularly
in the walls. The same happens when moving from the minimum cost solution to the optimal
solution. This is due to the materials used. Both in the optimal solution and in the budgets
of up to 60 and 65 UF, glass wool is used as an insulating material. Although wool meets the
requirements of the Chilean legislation, it has a worse performance as a thermal insulator than
expanded polystyrene, which is much cheaper, and therefore, it has been used in the solution
with minimum cost.

The solution proposed for the scenarios with cost upper bounded by 60 UF or 65 UF would
be positioned as the most recommended, because although it is not the one that reduces the
energy footprint of the house the most, it is the one that presents a better balance between the
environmental impact, economic resources allocated and thermal comfort for its end users. Note
also that its thermal resistances, both for the walls and the roof are practically the same than
those given by the optimal solution.

Typical Optimal Minimum Cost Difference Difference
house solution cost bounded to optimum vs 60UF/65UF vs

solution 60UF/65UF typical house typical house
Energy footprint [MJ] 71,703.24 25,409.19 91,843.18 41,131.66 -65% -43%
Cost [UF] 48.19 71.78 55.59 58.33 +49% +24%
Thermal resistance 0.39 2.52 3.96 2.52 +546% +546%
walls [W/(m2K)]
Thermal resistance 1.25 2.38 2.33 2.36 +90% +89%
roof [W/(m2K)]

Table 2: Comparison between maximum cost scenarios

Both the optimal solution (71.78 UF) and the proposed as more realistic solution (58.33 UF)
have the same walls structure and only differ in two layers of the roof. Next, the five layers
corresponding to the roof of the realistic solution are given:

• Cover: 0.35 mm zinc ribbed plate.

• Moisture barrier: asphalt felt.

• Insulation I: lightly ventilated air chamber 100 millimeters thick.

• Insulation II: Glass wool R122.

• Structure: wooden trusses.

Note that the use of wooden structures has been common in all the scenarios considered. This
is due to the fact that, although the production process from the time a tree is felled until the
wooden ribbon is placed in the house entails an energy cost, while the tree is alive, through the
process of photosynthesis it contributes to the reduction of the level of CO2 in the atmosphere,
so that it compensates for the environmental impact of its production process. Alternatives to
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this structure cannot compensate CO2 emissions in this way. The difference between the impact
on the environment between the optimal solution and the selected as more realistic solution lies
in the material selected for the roof: the production process of metal roofs is much more harmful
to the environment than the one of the of concrete tiles (although its production is much cheaper).

The proposed solution allows a reduction of the energy footprint of the house of 43% on the type
housing analyzed that, considering the housing deficit of the country of 425,000 homes along
with the 314,000 that need replacement, the potential impact could reach around 22, 610x106 MJ
(twenty and two thousand six hundred and ten million mega joules).

This study shows that, without making profound changes in the materials or construction
techniques present in Chile, the impact of construction activity in the republic can be greatly
minimized, thus delivering concrete measures that allow the declarations of intent that the
country has shown to materialize with the environmental commitments to which the country has
committed.

Table 2 shows that the proposed solution increases by 24% the resources allocated to the envelope
of the house. But if this increase is taken over the total cost of the house, adjusted to the total
550 UF available (the minimum cost allowed by the Chilean legislation for his type of houses,
520 UF subsidy and 30 UF paid by the buyer), this increase represent a 6% of additional cost,
which when applying 25% of industrial profit and indirect expenses and, subsequently, the VAT
tax, would be a total budget of 581.45 UF.

If the Chilean government assumed this difference by increasing the subsidy provided from 520
UF to 552 UF, it would not only be contributing to the materialization of this reduction in
the energy incorporated into the houses, but it would be quintupling the thermal insulation in
the façade walls and increasing by 89% that of the roof, which would substantially improve the
comfort of the home and consequently the quality of life of its end users.

This improvement in insulation would not only affect the quality of life in the housing of families,
but would also improve the economic situation, especially of vulnerable families, by reducing the
needs of spending on heating during the winter and, to a lesser extent, on refrigeration during the
summer.

4 Conclusions

The results presented in this paper show that with a reasonable increasing of the economic effort,
the energy footprint of each new social interest house can be reduced an amount of 43%. Consid-
ering the country’s housing deficit of 425,000 homes along with the 314,000 that need replacement,
the potential impact could be around 22, 610x106 MJ. Moreover, with the proposal presented here,
the increment of thermic isolation would mean a huge energy and money saving on Chile’s homes
for heating in winter, which is also subsidized by the government. Therefore, the application of
the proposal presented here will allow not only to improve the quality of life of people, but also to
guide Chilean housing policies towards the fulfillment of the environmental objectives acquired by
the country, and also to improve the country’s economy, this last considering that Chile is 100%
dependent on oil. The final conclusion is therefore that the Chilean government should assume
this 6% of extra cost in the part that it subsidizes for social houses.
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2020; pp. 109-114.

[5] Wolfram, Mathematica. http://www.wolfram.com/mathematica. (Accessed 10 May 2021).

[6] F. Monsalve, Uso de la programación lineal entera para la reducción de la huella energética en
la vivienda de interés social en Chile. Trabajo Final de Máster. ETSIE, Universitat Politècnica de
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(d) Departamento de Matemática Aplicada
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1 Introduction

Space exploration is becoming one of the fastest developing research areas in recent times. How-
ever, the cost of sending a rocket with meaningful payload into interplanetary flights is so over-
whelming that demands the reduction of the margin of error to the maximum.
Launch vehicles are responsible for lifting the satellites outside Earth’s atmosphere and carrying
them to orbit. After the separation of the spacecraft from the launch vehicle, there are some
operations that the satellite must be able to perform, such as orbit transfers, orbit maintenance,
attitude control and de-orbiting maneuvers. According to the literature [3], orbit transfer is the
operation that consumes up to 70% of the total ∆v needed to perform the mission. Therefore,
the minimization of orbit transfer propellant requirements would have very positive consequences
in satellite deployment missions. Nonetheless, other variables such as the time of flight (TOF)
taken to complete the transfer, should be considered when designing a space mission.
Classical orbit transfers are only able to provide optimal results at very specific conditions. Hence,
the aim of this paper is to develop and implement a program able to provide optimal solutions,
in terms of propellant and time of flight, for any orbit transfer in the near-Earth region.

2 Methods

2.1 Optimal Orbit Transfer Problem

The optimal orbit transfer problem can be stated as follows: given an initial orbit, described by
the keplerian elements a0, e0, i0,Ω0, ω0 and a final orbit, described by af , ef , if ,Ωf , ωf , find the
region of the optimal solutions that minimize total ∆v and TOF. As we are using the ε-constraint
approach [4], ∆v will be treated as the main objective, whereas TOF will be the constrained one.
The transfer problem will be solved using Lambert arcs [5, 6] in order to reduce the dimension
of the optimization problem, and employing the iterative method introduced in [7] to ensure a
feasible solution, even if not the optimal one.

1jomofer@mat.upv.es
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In addition, the problem is solved applying up to four impulses. In the two-impulse case, no
additional variables are needed. For the case of more impulses, the intermediate impulse locations
are not restricted, therefore four more variables are needed for each new impulse. Hence, the
impulse locations and the transfer time between them are defined as variables. A more detailed
diagram can be seen in Figure 1.

Figure 1: Objective Function Diagram

2.2 Genetic Algorithm

The genetic algorithm (GA) tries different variable combinations until the stopping criterion
decides that the optimum has been found. This stopping criterion is the Bit String Affinity (BSA),
which compares the individual’s chromosomes and stops the search when they are considerably
similar (over 90%).
With this method, the solution space must be bounded and its accuracy comes determined by
the number of bits allocated to each variable. In this sense, increasing the solution space or the
number of bits will increase the algorithm accuracy, but increasing also the computational cost.
The r bound distance for the impulse location variables depends on the TOF ε-constraint limit. In
order to minimize the solution space limitation, the maximum distance away from the Earth has
been taken equal to twice the semi-major axis of such orbit (considering it to be very eccentric). A
10% extra was added to avoid being too restrictive. Following the literature recommendations [8],
the population size is four times the total number of bits, whereas the mutation probability is
obtained in terms of the number of bits. Since the genetic algorithm cannot handle constraints, a
penalty needs to be added to the objective function. If any of the constraints is broken, a quantity
proportional to the constraint violation is added to the ∆v result, artificially worsening the result
and forcing the algorithm to search for other solutions.
Finally, due to the random nature of this method, the algorithm has been executed multiple times
to increase the possibilities to find the optimal point. In this paper, up to 25 consecutive runs
of the genetic algorithm will be performed. The genetic algorithm MATLAB program used was
obtained from the literature [8].

3 Results

In this paper, a transfer from a Molniya to a GEO orbit will be optimized. The orbital parameters
that define each of the orbits are shown in Table 1.
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Table 1: Initial and Final Orbit Parameters
Initial Orbit (Molniya) Final Orbit (GEO)
Parameter Value Parameter Value

a0 26600 km af 42164 km
e0 0.74 ef 0
i0 63.4º if 0º
Ω0 0º Ωf 0º
ω0 280º ωf 0º

In order to find the Pareto frontier plot, the TOF ε-constraint limits need to be discussed. To
obtain a reference value from where to choose the limits, a TOF-unconstrained optimization run
was performed. This was achieved by establishing a very large TOF-limit so the overall minimum
∆v corresponding time of flight for the two-impulse case was computed. The unconstrained
optimization results gave 10.7h as the reference time of flight. Hence, it was decided to analyze
the following time of flight values to obtain a representation of the Pareto frontier: 500h, 50h,
25h, 15h, 12h, 10h, 8h, 5h, 3h, 1h.

3.1 Pareto Frontier

The Pareto frontier can be found in Figure 2, where the different regions of the plot correspond
to different number of impulses.

Figure 2: Pareto Frontier Results

The blank area between the two and three-impulse optimal regions is due to the existence of a
non-optimal region: the two-impulse region starts increasing from the TOF = 10.7h point and the
three-impulse does not improve ∆v value until close to the TOF = 15h point. The four-impulse
case did not produce any of the optimal points, and thus, is not represented.
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3.2 Transfer Orbits

It could be seen on Figure 2 that the TOF = 500h, represented by the dotted line, did not produce
a meaningful improvement in the propellant consumption. Hence, we have chosen two different
solutions to contemplate different cases regarding the mission priorities.

Time Of Flight = 10h

This option represents the best compromise between propellant and TOF. It requires a total ∆v of
4.14 km/s, which is a high value due to the plane change requirements. It is also performed using
only two impulses, which increases the mission reliability. The transfer data needed is shown in
Tables 2 and 3.A plot of the transfer orbit can be seen on Figure 3.

Figure 3: TOF = 10h Orbit Plot

Table 2: TOF = 10h Transfer Orbit Data
Impulse Location Impulse Coordinates TOF
1 (º) 2 (º) 1 (km/s) 2 (km/s) 1 (h)

164.1 173.3
-0.8857 -1.4199

10.00.3094 -1.7637
0.0191 2.2664

Time Of Flight = 50h

This case represents a situation in which TOF is not relevant for the mission, but as much
propellant as possible needs to be saved, employing a three-impulse orbit. It can be seen in Figure
4 how the transfer arc separates from Earth and performs the maneuver near the periapsis, where
the velocities are smaller. Therefore, the ∆v values are also reduced, as seen in Table 4. The
keplerian elements of the transfer arc can be seen in Table 5.
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Table 3: TOF = 10h Transfer Orbit Parameters
Parameter Value

at 36304.0 km
et 0.4520
it 62.95º
Ωt -6.693º
ωt 314.16º
θ∗d 133.0º
θ∗a 225.8º

Table 4: TOF = 50h Transfer Orbit Data
Impulse Location Impulse Coordinates (km/s) TOF (h)

1 (º) 2 (km) 3 (º) 1 2 3 1 2

152.2
-102618

332.5
-1.1764 -0.3633 -0.3095

28.5 21.515433 0.7686 -0.9088 -0.5313
-1389.7 0.4533 0.9299 -0.1523

Figure 4: TOF = 50h Orbit Plot

4 Conclusions

The optimizer presented is more versatile and more accurate than the ones similarly implemented
in [9–11], that either are very problem-specific, or are limited to the co-planar or the two-impulse
case. It has proven to be able to obtain the optimal result with a relative error at least one order
of magnitude lower than previous works.
Moreover, the computational cost is acceptable: at maximum 5 minutes per time of flight value,
and it can be reduced to under a minute in the two-impulse case. This includes all the repetitive
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Table 5: TOF = 50h Transfer Orbit Parameters
Transfer Arc 1 Transfer Arc 2

Parameter Value Parameter Value
at1 66075.9 km at2 75555.9 km
et1 0.6900 et2 0.4420
it1 61.16º it2 2.36º
Ωt1 -8.975º Ωt2 -27.476º
ωt1 -14.14º ωt2 -1.49º
θ∗at1 90.5º θ∗at2 200.4º
θ∗dt1 195.1º θ∗dt2 1.49º

calculations needed to ensure the genetic algorithm convergence. Furthermore, this problem
settings allow the program to always come up with a solution, that even if not the optimal one,
it will be a close one. The Pareto frontier obtained is a useful tool in the mission design as it
visually represents the compromises between the different options.
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1 Introduction

Recently, Spain has become one of the most important entry points for immigrants in Europe,
causing usually humanitarian problems, due to people is taking the risk of losing their lives once
they decide to cross the strait in those small boats, however these problems persist once they are
able to get in Spain. There are also national security problems such as the ones occurred recently
in Ceuta, even it was spoken about invasion of Spanish territory. These problems in most of the
cases do not appear randomly, but they are encouraged by the interests of the sending countries
or by the political relations between the sending and receiving countries.

In this context, it is important to point out that it is increasingly difficult to quantify this type of
immigration. It has been distinguished two kinds of immigration; the legal and the irregular. It is
also necessary to distinguish two kinds of irregular immigration, due to the problem that arises is
different whether it is an adult, or panied man unaccominor. For that immigration population is
divided into three compartments: unaccompanied immigrant minors (MENAS) M(n), irregular
immigrants I(n) and regular immigrants L(n), where n denotes the time step.

The aim of this paper is to build a discrete population model, described by a system of difference
equations that allows to quantify the size of the immigrant population flow in Spain in a short
period of time,

Z(n+ 1) = A(n) ∗ Z(n) +W (n) , (1)

where Z(n+ 1) = [M(n), I(n), L(n)]T and A(n) ∈ R3×3 and W (n) ∈ R3×1 will be defined later.

Starting from known initial data of the stratified population, in this case the second semester
of 2018 [1] the objective of the present work is to estimate the population’s variation from one
semester to another, taking into account how some relevant factors could affect to this immigration

1e-mail: shtorto@ialumni.upv.es
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flow. These factors are of economic type, [2] the economy is especially linked to legal immigra-
tion, because the better the economy of a country does, the job offers increase and therefore, the
immigrant population is attracted, regulation laws, not all the governments of the country have
the same policy regarding the problem and this, as it will be seen, influences the development
of immigration, and the changes between the groups of migrant population. The sending coun-
tries, for instance Morocco, somehow end up using illegal immigration for political and economic
purposes.

Once, it has been seen the populations and the study period, a series of hypotheses should be
taken into consideration in order to obtain values which normally are uncertain, as in this type of
problem there is no transparency in the data. In this case, it has been studied what has happened
in the entry of illegal immigrants by sea during the last years, subsequently making a least squares
adjustment, see figure 1, where it has been captured both the general trend and the peaks that
have occurred on a specific basis.

Figure 1: Least squares adjustment of the illegal immigration

It has been proposed a function that has a linear part, a periodic part as well as Gaussian
exponential terms with very small standard deviation. This adjustment has allowed to estimate
the inflows of illegal immigrants in future years.

f(x) = 15.675 + a(x–2004, 5)–b
(

sin
(
π(x− 2004.5)

16

))2

+ c e3(x−2006.5)2 + d e3(x−2018.5)2 + g e3(x−2020.5)2
.

(2)

These peaks which can be observed in the figure 2 match with moments of crisis, such as the crisis
of the cayucos in 2006, the crisis of the Aquarius in 2018 or the migratory crisis that recently
occurred in Ceuta. In addition, it has been observed that, recently, these crises occur with a
shorter time of difference. On the horizontal axis, which is the temporal, it is pointed out in red
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when the PSOE has governed in Spain, while in blue when the PP has governed. Assuming that
from now on there will be no change of government.

Figure 2: Least squares adjustment of the illegal immigration and prevision

In the model, constant coefficients have been considered although they are susceptible to variation.
It is important to point out that since the values are uncertain, our model allows to study its
sensitivity to these coefficients. Matrix A(n) in (1) takes the form

A(n) =


1− βage 0 0

0 1− βlegal 0
βage βlegal 1

 (3)

where βlegal refers to the proportion of illegal immigrants who manage to legalize their situation
from one semester to another. Making a bibliographic review, it has been concluded that a first
estimate would be that 1 in 100 illegal immigrants become legal. Regarding the second coefficient,
βage, in this case it refers to the proportion of MENAS that become legal when they reach the age
of majority. It has been estimated that 9 out of 100 MENAS became legal. It has been observed
that among the MENAS there is an increasingly high percentage that is close to 18 years of age
because they are interested in transitioning to legality. Obviously, it is a very difficult proportion
to calculate among other things because of the difficulty of knowing the real ages.

Let us denote αm as the relationship between the MENAS and the entries of illegal immigrants,
it means, that in our case, it could be translated to out of every 10 illegal entries, 4 are MENAS.
This estimate has been obtained taking into consideration recent historical data. According to
new entries, as it has already been said, on one hand, we have those of illegal immigrants B(n),
and on the other hand, the net migratory balance of legal immigrants, whose term is C(n) [1]
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In the expression (1) the term W (n) is:

W (n) =


αmB(n)

(1− αm)B(n)
C(n)

 (4)

The semi-annual net migratory balance of legal immigrants is closely related to the economy. In
this particular case, the economic indicator that it has been used, has been the unemployment rate.
Referring to the case of illegal entries, it has been studied a recent historical data and subsequently
an adjustment, in this case as linear, obtaining a correlation coefficient close to -1, which means
that we have an almost functional relationship. In the figure 3 it is important to highlight that
in this graph the abscissa axis is not time, but rather the percentage of unemployment.

Figure 3: Adjustment of the legal immigration and economy

Therefore, taking into consideration the institutions’ forecasts on the unemployment rate, it was
possible to forecast the migratory balance in the future, [3]. In the other hand, the population of
MENAS from the beginning of the study to the present, it has been multiplied approximately by
three, however the expectations are that it will be multiplied by 10 by the end of 2025. Moreover, as
it already was mentioned previously, due to some values are uncertain, it is important to highlight
that it is possible to study the sensitivity of the model, to the variation of the coefficients.´

In the graphic 4, it can be seen the specific example of the βage, coefficient, which, as it was
commented, is the proportion of MENAS that transition to legal status when they reach the age
of majority. However, this study could also be carried out on the rest of the coefficients. In this
case, where it has been assumed that 9 out of 100 MENAS become legal when they reach the age
of majority, it means 9% it has been applied a range of variability between 6% and 12%. It is also
observed that the model is robust against this coefficient, because of the small variations in the
coefficient lead to small changes in the results.

Taking into consideration the population of MENAS obtained previously in each period and the
cost that this would entail, it could be estimated the necessary budget to meet this social need. In
this particular case, it has been made a downward estimate of € 2000 / month, due to this cost is
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Figure 4: Sensitivity on the coefficient βage

not uniform throughout the country, because it depends on the different autonomous communities.
Therefore, in this study, it has not been taken into consideration the amount of deportation of
immigrants, which currently is around € 1600 per person. Getting at the end of the studied
period, it could be reached the figure of 2000 million euros. For instance, in order to get an idea,
the state budget for this year 2021, destined to student scholarships is around 2000 million euros
and the one destined to the vital minimum of 3000 million euros [4]

2 Conclusions and future work

In the first place, the increase in the legal immigrant population is related to the economic situation
in which Spain finds itself. Second, following a series of hypotheses, the estimated population has
been obtained in a short period of time from the different study subpopulations, these data is
providing the possibility to estimate the economic cost that this entails for the country. On the
other hand, it is unquestionable that the peaks in the entry of immigrants depend fundamentally
on specific political events or intentions. Finally, it is important to point out that the model is
exportable to other scenarios, taking into consideration the peculiarities of borders and policies
between countries.
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([) Instituto de Matemática Multidisciplinar, Universitat Politècnica de València,
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1 Introduction

The need to solve nonlinear equations, f(x) = 0, is present in many problems in applied mathe-
matics. Generally, it is difficult to find an exact solution to such problems, so iterative methods
are used to approximate the solution. In this paper, we propose the following derivative-free
parametric family of iterative methods:

yk = xk −
f(xk)

f [wk, xk]
, where wk = xk + βf(xk),

xk+1 = yk −H(µk)
f(yk)
f [yk, xk]

, where µk = f(yk)
f(wk)

,

(1)

where H is a weight function of variable µ = f(y)/f(w). We prove that, under certain conditions
of function H, the methods have order of convergence four, so they are optimal according to
the Kung-Traub conjecture [6]. From the form of the error equation, we introduce memory with
different approximations obtaining different schemes whose convergence is studied in Section 2.
The behaviour of the different proposed methods to approximate solution of test functions is
presented in Section 3.

2 Convergence analysis

Let f : D ⊆ R→ R be a sufficiently differentiable function in a set D ⊂ R that contains a root α
of f(x) = 0. Let consider the divided difference operator

f [x+ h, x] = f(x+ h)− f(x)
h

. (2)

First, we prove that the order of the parametric family M4, defined in (1), is 4 for any β ∈ R,
β 6= 0.
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Theorem 22. Let f : R → R be a sufficiently differentiable function in a neighbourhood of α
which we denote by D ⊂ R such that f(α) = 0. We assume that f ′(α) 6= 0. Let H(t) be a
real function that verifies that H(0) = 1, H ′(0) = 1 and |H ′′(0)| < ∞. Then, taking an initial
estimate x0 sufficiently close to α, the sequence of iterates {xk} generated by the proposed family
(1) converges to α with order 4, for any value nonzero of β ∈ R, and its error equation is:

ek+1 = 1
2C2(1 + βf ′(α))(−2C3(1 + βf ′(α)) + C2

2 (6 + 4βf ′(α)−H2))e4
k +O(e5

k) (3)

where Cj = 1
j
f (j)(α)
f ′(α) for j = 2, 3, . . ., ek = xk − α and H2 = H ′′(0).

According to the Kung and Traub conjecture, [6], for a iterative method without memory that
performs d evaluations to be optimal, it must be verified that 2d−1 is the order of the method.
In addition, the method without memory cannot exceed the order 2d−1. However, methods with
memory, that is, methods that use more than one previous iteration to obtain iteration k + 1, do
not have this limit and can increase their order of convergence without increasing the number of
functional evaluations.
In this case our proposed family performs 3 evaluations, since we evaluate the function f in the
approximations xk, wk and yk. The proposed family of schemes (1) is optimal since 22 = 23−1.
Then, we have a family of optimal methods whatever the parameter β ∈ R\{0}.
From the error equation we note that if β = − 1

f ′(α) , then family M4 would increase its order by
at least one unit. Since the value of α is unknown, we approximate the value of f ′(α) in order to
increase the order of the iterative scheme.
Moreover, for this approximation we use functional evaluations already performed by the methods
of the family, so we do not increase the computational cost.
In this way we obtain a method with memory. If we take the Newton’s interpolating polynomial of
degree 1 at nodes xk and xk−1, i. e, N1(t) = f(xk) +f [xk, xk−1](t−xk), then we can approximate
the derivative of f evaluated at the solution as follows:

f ′(α) ≈ N ′1(xk) = f(xk)− f(xk−1)
xk − xk−1

.

We choose the value for the parameter βk = − 1
N ′1(xk) and so we obtain a method with memory,

which we denote by M4N1.

Theorem 23. Let f : D ⊆ R → R be a sufficiently differentiable function in a neighbourhood of
α which we denote by D ⊂ R such that f(α) = 0. We assume that f ′(α) 6= 0. Let H(t) be a real
function that verifies that H(0) = 1, H ′(0) = 1, H ′′(0) = 2 and |H ′′′(0)| < ∞. Then, taking an
estimate x0 sufficiently close to α, the sequence of iterates {xk} generated by the method M4N1
converges to α with order 2 +

√
6 ≈ 4.4495.

As can be seen, by introducing memory to family M4, we have managed to increase the order of
convergence without introducing new functional evaluations, but the increase we have achieved is
small, and for this reason we continue to search for new approximations for the family parameter
in order to increase the order further.
Instead of using an interpolation polynomial of degree 1, we will use a polynomial of degree 2
where, as we have already mentioned, the nodes will be prior approximations so as not to have to
carry out further functional evaluations.
If we define N2(t) = f(xk) + f [xk, xk−1](t− xk) + f [xk, xk−1, yk−1](t− xk)(t− xk−1), an approxi-
mation of the derivative would be

f ′(α) ≈ N ′2(xk),
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so we choose
βk = − 1

N ′2(xk)
,

and we obtain another method with memory, which we denote by M4N2.

Theorem 24. Let f : D ⊆ R → R be a sufficiently differentiable function in a neighbourhood of
α which we denote by D ⊂ R such that f(α) = 0. We assume that f ′(α) 6= 0. Let H(t) be a real
function that verifies that H(0) = 1, H ′(0) = 1, H ′′(0) = 2 and |H ′′′(0)| < ∞. Then, taking an
estimate x0 sufficiently close to α, the sequence of iterates {xk} generated by the method M4N2
converges to α with order 1

2(5 +
√

33) ≈ 5.37228.

Methods M4N1 and M4N2 increase the order of the original family in more than a unit. Now, we
consider the Newton’s interpolation polynomial which interapolates in the points xk, xk−1, yk−1
and wk−1.
If we define N3(t) = N2(t) + f [xk, xk−1, yk−1, wk−1](t− xk)(t− xk−1)(t− yk−1), then an approxi-
mation of the derivative would be:

f ′(α) ≈ N ′3(xk).
So we choose

βk = − 1
N ′3(xk)

,

obtaining a method with memory, which we denote by M4N3.

Theorem 25. Let f : D ⊆ R −→ R be a sufficiently differentiable function in a neighbourhood
of α which we denote by D ⊂ R such that f(α) = 0. We assume that f ′(α) 6= 0. Let H(t) be a
real function which verifies that H(0) = 1, H ′(0) = 1, H ′′(0) = 2 and |H ′′′(0)| <∞. Then, taking
an estimate x0 close enough to α, the sequence of iterates {xk} generated by the M4N3 method
converges to α with order p ≈ 6.

By introducing memory to family M4, we have managed to increase the order by two units, which
is significant since we started from a family of order 4, and we have obtained a method with
memory of order 6.

3 Numerical experiments

In this section, we approximate the solution of different nonlinear equations to compare the
parametric family M4 with the memory methods discussed previously.
For the computational calculations, we use Matlab R2020b with variable precision arithmetic of
1000 digits. As stopping criterion we use

|xk+1 − xk|+ |f(xk)| < 10−100.

We use also a maximum of 100 iterations as stopping criterion.
In the numerical results, we compare for each method and the differente examples the approx-
imation obtained, the norm of the equation evaluated in that approximation, the norm of the
distance between the last two approximations, the number of iterations necessary to satisfy the
required tolerance, the computational time and the approximated computational order of conver-
gence (ACOC), defined by Cordero and Torregrosa in [4], which has the following expression:

p ≈ ACOC = ln(|xk+1 − xk|/|xk − xk−1|)
ln(|xk − xk−1|/|xk−1 − xk−2|)

.

The equations we are trying to solve as follows:
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• f1(x) = cos(x)− x, which has a real root at α ≈ 0.73908513.

• f2(x) = arctan(x)− 2x
x2+1 , which has a real root at α ≈ −1.39175.

The initial estimations used for each equation are shown in Table 1.

Table 1: Initial estimations for the iterative process
f(x) x0 x−1 w−1 y−1 z−1

f1(x) 1 2 1.75 1.5 1.3
f2(x) -1 -0.25 -0.5 -0.75 -0.85

As M4 is a family of iterative methods, we have selected parameter β = −1 and the weight
function H(t) = t2 + t+ 1, which satisfies conditions of the theorems.

Table 2: Numerical results for f1(x).
Method |f(xk)| |xk+1 − xk| Iteration ACOC Time
M4 7.98384×10−225 1.76651×10−897 5 4 0.2547
M4N1 6.36668×10−125 6.52553×10−555 4 4.4822 0.2172
M4N2 2.43352×10−190 8.10487×10−1022 4 5.3755 0.2500
M4N3 8.22231×10−257 5.63335×10−1540 4 5.99732 0.2891

Table 3: Numerical results for f2(x).
Method |f(xk)| |xk+1 − xk| Iteration ACOC Time
M4 3.83003×10−287 4.31925×10−1149 5 4 0.2484
M4N1 4.49563×10−177 2.0329×10−788 6 4.4329 0.3578
M4N2 1.69774×10−171 6.23524×10−921 4 5.38703 0.2734
M4N3 7.11925×10−222 9.37588×10−1330 4 5.99633 0.3063

The results obtained for each method are shown in Tables 2 and 3, for the functions f1(x) and
f2(x), respectively. We can see in Tables that in all cases the ACOC is close to the theoretical
convergence order proved in Section 2 and that the time taken by the methods is similar. It can
be seen that the best results for these numerical experiments are given by the memory methods
M4N2 and M4N3. Both methods give the closest approximations to the solution and with the
fewest number of iterations.

4 Conclusions

In this work, we have designed a parametric family of 4-order optimal iterative methods. We have
also introduced memory to this family in different ways using approximations for the parameter of
the family in order to increase the order without increasing the number of functional evaluations,
and what we have achieved is to increase the order by up to 2 units.
In the numerical experiments, we have verified the theoretical results concerning the order of
convergence of the methods. It also can be seen that methods with memory obtain better results
than the initial family and with similar computational time.
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1 Introduction

Nowadays, non-invasive detection of anomalies in nuclear power plants is possible through neutron
noise monitoring. The early detection of such anomalies gives the possibility to take proper actions
before they lead to safety concerns or impact on the plant availability. In this context, neutron
noise is studied to analyse the effects of small perturbations in nuclear reactors that are generally
produced by stochastic fluctuations of the coolant properties, such as its density or temperature,
and mechanical vibration of fuel elements, controls rods and other structures in the reactor.
Normally, these fluctuations are expressed as perturbations in the cross-sections of the materials
of the reactor. This makes necessary to develop accurate simulations of the neutron noise against
cross sections pertubations.
In this work, a full formulation of the neutron noise multigroup SPN equations in the frequency-
domain is developed. This formulation differs from the classical diffusive formulations because it
keeps all the terms of the time derivatives of the neutron flux [?].

2 Neutron noise in the full SPN approximation

Generally, the simplified spherical harmonics equations (SPN equations) are derived from the
one-dimensional spherical harmonics equation (PN equations) where the spatial derivatives are
substituted by gradients [1]. Different assumptions on the time derivatives of the neutron moments
yield different formulations of the time-dependent SPN equations [3]. This Section derives the
full SPN equations in frequency-domain (FSPN -FD equations) from the full SPN equation in
time-domain (FSPN -TD equations), which takes into account all time-derivatives of the neutron
moments. The FSPN -TD equations can be expressed as

V ∂
∂t

Φn +∇
(

n

2n+ 1Φn−1 + n+ 1
2n+ 1Φn+1

)
+ ΣnΦn

= δn,0

(
(1− β)RpFΦ0 +

K∑
k=1

λkRd
kCk

)
, n = 1, . . . , N.

(1)
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The equations for the delayed neutron precursor concentration are

∂

∂t
Ck = −λkCk + βkFΦ0 , k = 1, . . . ,K, (2)

where

Φn =
(

Φn
1 ,Φn

2 , . . . ,Φn
G

)T
, F =

(
ν1Σf1 ν2Σf2 . . . νGΣfG

)
, (3)

Σn =



Σt1 − Σn
s11 −Σn

s21 . . . −Σn
sG1

−Σn
s12 Σt2 − Σn

s22 . . . −Σn
sG2

...
... . . . ...

−Σn
s1G −Σn

s2G . . . ΣtG − Σn
sGG


, (4)

V = diag(1/v1, 1/v2, · · · , 1/vG), Rp =
(
χp1 χp2 . . . χpG

)T
, (5)

Rdk =
(
χdk,1 χdk,2 . . . χdk,G

)T
. (6)

The magnitude Φn
g = Φn

g (x, t) is defined as the nth-moment of the neutron flux in the spheri-
cal harmonics expansion. Ck denotes the delayed neutron precursor concentration. Subindex g
(g = 1, . . . , G) refers to the energy group while subindex k (k = 1, . . . ,K) refers to the neutron
precursors group. The total and the fission macroscopic cross-sections are denoted by Σtg and
Σfg, respectively. The value of Σn

sgg′ is the nth-component of the scattering cross-section in the
spherical harmonics expansion. The value of νg is the mean number of neutrons produced by
fission. The value of vg is the neutron velocity. The spectrum of the prompt and the delayed
neutrons are χpg and χdg,k. The fraction of the delayed neutrons is βk such that the total delayed
neutron fraction β = ∑K

k βk. Finally, the neutron precursor delayed constants are represented
by λk. Usually, it is assumed that the scattering is isotropic, therefore Σn

s,gg′ = 0, for n > 1.
Moreover, the total cross-section, Σt, is approximated by the transport cross-section Σtr.
Following the previous notation, the steady-state multigroup SPN equations are expressed as

∇
(

n

2n+ 1φ
n−1 + n+ 1

2n+ 1φ
n+1

)
+ Σn,0φn = δn0

keff
RF0φ0 n = 1, . . . , N, (7)

where φn = Φn(x, 0) is the steady-state neutron flux moments

R =
(
χ1 χ2 . . . χG

)T
, (8)

where χg is defined as χg = χpg(1− β) +∑K
k χ

d,k
g βk. Superindex 0 in Σn,0 and F0 indicates that

the operators correspond to the value of them at initial conditions, t = 0. At the beginning of
the transient, fission cross-sections are divided by keff when the steady-state problem is solved
to assume that the reactor is in a critical state. Therefore, in the following, it is supposed that
keff = 1.
To develop the neutron noise equations, the quantities are split into the sum of the mean and the
oscillatory part as

Φn = φn + δΦn, Σn = Σn,0 + δΣn,
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F = F0 + δF , Ck = C0
k + δCk , (9)

where for all the quantities p, it is assumed that ‖δp‖λ‖p0‖, i.e. the fluctuations are much smaller
than the magnitudes in steady-state.
Substituting the neutron noise separations (9) into the equations (1) and (2), using the steady-
state equations (7) and removing the second order terms, we obtain the first-order neutron noise
FSPN equations

V ∂
∂t
δΦn +∇

(
n

2n+ 1δΦ
n−1 + n+ 1

2n+ 1δΦ
n+1

)
+ Σn,0δΦn + δΣnφn

= δn,0

(
(1− β)Rp(F0δΦ0 + δFφ0)+

K∑
k=1

λkRdkδCk

)
, n = 1, . . . , N,

(10)

where the equations associated with the neutron precursors are

∂

∂t
δCk = −λkδCk + βk

(
F0δΦ0 + δFφ0

)
, k = 1, . . . ,K. (11)

To obtain the neutron noise equations in the frequency domain, the following step is to apply the
Fourier Transform, defined as,

f(ω) = F [f(t)] =
∫ ∞
−∞

exp (−iωt)f(t)dt, (12)

to the previous equations, which permits isolating the concentration of precursors from the Equa-
tion (11) and substituting this term into the Equation (10). The full frequency-domain equation,
once the precursors term is removed, has the form

iωVδΦn
g+∇

(
n

2n+ 1δΦ
n−1 + n+ 1

2n+ 1δΦ
n+1

)
+ Σn,0δΦn − δn,0ΓF0δΦ0

= −δΣnφn + δn,0ΓδFφ0, n = 1, . . . , N,
(13)

where

Γ = (1− β)Rp +
K∑
k=1

λkβk
iω + λk

Rdk. (14)

3 Numerical results

The full and diffusive SPN equations in frequency-domain are spatially discretized by using a
continuous Galerkin finite element method with Lagrange polynomials of order 3. This discre-
tiazation is implemented in C++ by using structures from the open-source libraries deal.II [4]
and PETSc [5]. This part has been developed as an extension of the open source neutronic code
FEMFFUSION [6]. More details about the implementation of the time-dependent SP3 equations
with the finite element method are found in [3].
To test the frequency-domain SPN equations proposed, we solve a two-dimensional a 2-dimensional
simplified UOX fuel assembly for Pressurized Water Reactors (PWRs). The simplified fuel as-
sembly is shown in Figure 1. The system includes 264 homogeneous square fuel pins and 25
homogeneous water holes. The size of the system is 21.58 cm × 21.58 cm, the size of the fuel pin
is 0.7314 cm × 0.7314 cm, and the size of the water hole is 1.26 cm × 1.26 cm . The assembly is
surrounded by a water blade of thickness equal to 0.08 cm. The boundary conditions are reflective.
The nuclear data are generated with respect to 2 energy groups, and scattering is assumed to be
isotropic. The cross sections for this benchmark can be found in [7].

248



Modelling for Engineering & Human Behaviour 2021

Figure 1: Fuel assembly problem.

A perturbation located in the pin marked with a circle in Figure ?? is introduced at t = 0:

δΣt(t) = 0.041 Σ0
t sin (ω0t) ,

δΣs(t) = 0.034 Σ0
s sin (ω0t) ,

δΣf (t) = 0.021 Σ0
f sin (ω0t) .

The angular frequency of the perturbation is set to ω0 = 2π, in other words, a frequency of 1 Hz.
This type of perturbation over the macroscopic cross-sections is a generic kind that can construct
all other types of perturbations.
Figure 2 shows the static results for the diffusion approximation (DSP1 ), the Diffusive SP3
approximation (DSP3 ), the Full SP3 approximation (FSP3 ) and a reference SN calculations
(S32) from [7,8]. It must be taken into account that the steady-state FSP3 and DSP3 formulations
are mathematically equivalent. SP3 approximations represent more accurately the neutron flux,
specially when there is a strong change in the gradient of the neutron flux. This difference can be
seen in the peaks in the centre of the water blades and the fuel pins.
Figure 3 shows the relative neutron noise amplitude (%) and Figure 4 shows the neutron noise
phase in the two-dimensional benchmark for DSP1 , DSP3 and FSP3 . On the one hand, an im-
provement over the diffusion approximation can be seen for DSP3 and FSP3 formulations. On the
other hand, FSP3 does not show remarkable difference with respect to its diffusive approximation,
DSP3 . It must be noted that the linear system associated with FSP3 eqautions is much bigger
than the DSP3 system, and its associated matrix is worse conditioned [2]. Due to the difficulties
to solve the Full SP3 approximation and the no significant differences found with respect the
DSP3 , the full formulation is not recommended for this type of problems. Similar results can be
observed for the neutron noise phase. However, the global change in the phase is not relevant as
it is less than 1 degree.
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Figure 2: Steady-state solution.
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Figure 3: Relative noise amplitudes in time-domain and frequency-domain calculation.
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Figure 4: Noise phase.
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4 Conclusions

This work presents a rigorous formulation of the neutron noise SPN equations in the frequency
domain. A comparison between this formulation and the diffusive approximation is provided
studying a two-dimensional benchmark. A continuous Galerkin finite element method is imple-
mented to solve these equations.
Approximations of order N = 3 obtain more accurate results than the diffusion approximation
(N = 1) in neutron noise problems without excessive computational demands. Between the diffu-
sive and full formulations, the differences are negligible. Therefore, to provide an accurate solution,
with reasonable computational demands, the diffusive SPN approximation is recommended.
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1 Introduction

Grey models represent a good data modeling solution, especially when there is incomplete infor-
mation [3] and the causes producing the evolution of a trend are unknown [10], what is known
as grey action. The theory of grey models has been reviewed and described in several texts,
with applications in different areas, such as energy growth [6], road traffic safety [5], increase of
uncertainties of measurement equipment [2], and many other [1, 8, 12,13].
Grey modeling equations are represented as linear differential equations of different orders, de-
pending on the type of grey model,

dx(1)

dt
+ ax(1) = b (1)

for first-order grey models GM(1,1) [7], and

d2x(1)

dt
+ a1

dx(1)

dt
+ a2x

(1) = b (2)

for second-order grey models GM(2,1) [9]. In these equations, a or ai are the development co-
efficients, b is the value that represents the grey action of the data set, and the variable in the
equations, x(1), represents accumulated values.
The question that could be raised is what grey action consists of and why it should be modeled
as a constant [11]. Possibly if, a priori, it is known that a variable will be affected by a certain
”grey action” and this in turn will grow, it is reasonable to consider that b, in this case, could be
interpreted as b = b(t).
This is a phenomenon that particularly occurs in equipment calibration. For instance, the loss
of precision of the equipment does not only depend on its use [4], but also on other factors that
can enter the grey action, such as the experience of the operators, which may vary if there are
changes of staff in the laboratory, or the lack of regular maintenance of equipment.

1cavf1@alu.ua.es
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This work presents an analysis of different response functions for first and second order grey
models applied to real data from a YOKOGAWA W310 digital power meter (PMD), using the
historical data from its calibration certificates of a photometric test and calibration laboratory
(1).

Figure 1: Photometry laboratory where PMD is used

2 Methods and Results

The analysis of equipment properties is important for laboratories that issue test and calibration
results under quality controls. An acceptable metric for monitoring equipment drift growth is
increasing the uncertainty of its calibration.
The PMD is a data logger that, among other magnitudes, measures the voltage (V) of SSL and
HID lamps in a photometric laboratory. Historical calibration certificates for this equipment are
available, including data from the years 2015 to 2020. The models considered in this work for
different hypothesis on the grey action will be based on the values corresponding to the period
2015-2019. For each model, the predicted value for 2020 will be calculated and compared with
the actual calibration result.
Different modifications were made to the grey action in GM(1,1), with different functions that
can model linear, quadratic, sinusoidal, and exponential behaviors,

dx(1)

dt
+ ax(1) = bt, (3)

dx(1)

dt
+ ax(1) = bt2, (4)

dx(1)

dt
+ ax(1) = b sin(t) (5)

dx(1)

dt
+ ax(1) = be−t (6)

Additionally, the GM (2,1) model was also solved and its response was analyzed from its complex
solution and also taking only the real part.
The different variations considered here represent different implications for laboratories. The
polynomial growth represents that the grey action will grow smoothly with time, that is, the
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laboratory is loosing competition. The sinusoidal behavior represents very well a rotation of
analysts, since the grey action can rise and fall with time. The exponential action models that
the laboratory will reduce its grey action over time through the use of its equipment, which would
imply a growth in PMD drift.
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Figure 2: Results for the different simulated models

Figure 2 shows the behavior for the different response functions. The sinusoidal model shows
a result very similar to the real values and those of the classical GM(1,1), which is consistent
since the main problem in this laboratory is the rotation of its analysts. For this case, the other
response functions do not adequately model the data for the year 2020. A comparison of the
values obtained is shown in Table 1.

Year of calibration Real data GM(1,1) GM(1,1) linear GM(1,1) sinusoidal GM(1,1) exponential GM(1,1) quadratic GM(2,1) real part GM(2,1) modulus
2015 0,006 0% 0% 0% 0% 0% 0% 0%
2016 0,0072 63% 4482% 3% 31% 11% 0% 0%
2017 0,014 29% 189% 19% 1% 39% 19% 11%
2018 0,036 24% 40% 26% 33% 10% 48% 42%
2019 0,037 14% 61% 6% 15% 23% 20% 16%
2020 0,065 1% 5% 2% 18% 10% 35% 34%

Table 1: Values obtained with the different simulated models

As presented in Table 1, the minimum errors for the year 2020 are obtained with GM(1,1) and
with the sinusoidal modification that models the reality of the laboratory in which the calculation
was applied. It must be taken into account that the uncertainty values by themselves are really
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low since the PMD is a precision equipment, so that errors of the order of 1% and 2% are, in
practice, considered 0.
The second order grey model GM(2,1), even although it does not provide a result close to the
real one for 2020, is worth to be analyzed. The response of this model is a complex function, the
voltage can be represented by a phasor when there are capacitive effects and, quite possibly, the
use of the equipment over time has increased the capacitance of the PMD. Although the analysis
of the module and only the real part shows that the complex component is close to zero, its
existence can be interpreted from this point of view and it is an interesting case to study in depth.

3 Conclusions

The use of grey models for modeling the uncertainties of laboratory measurement equipment is
a reliable practice. In the case of application to this work, its predicted value is practically the
same as the value obtained.
The alteration of the grey action in the modeling equation by time-dependent functions may
reflect laboratory realities. In the particular laboratory considered in this work, there is lot of
movement from its analysts, which can be modeled as a sinusoidal function, resulting in an error
for this model also very close to zero.
Using the second-order grey model, complex values are obtained from its solution, what could
have a deeper physical interpretation given that the electrical quantities in an electronic circuit
are inherently phasorial, with real and complex terms. These characteristics deserve to be studied
in more detail.
As a future work, grey models could also be applied to the entire set of equipment in the laboratory
and a calibration plan for its equipment could be generated from the modeling and simulation of
its uncertainties.
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1 Introduction

Many practical problems are nonlinear in nature, therefore, the problem of solving a nonlinear
equation is considered to be one of the significant domain. In addition, construction of higher order
optimal iterative methods for multiple roots having prior knowledge of multiplicity (m > 1) has
remained one of the most important and challenging tasks in computational mathematics. Due
to advancement in computer technology, various higher order as well as optimal schemes have
been proposed for computing the multiple roots of the nonlinear equations. Most of these require
derivative evaluation of the involved function [1,2,8–10] while very few are derivative-free [4,5,7]
and only one is of optimal eighth order [6] so far.
Motivated by the exploration going on in this area and with a requirement to achieve more
optimal derivative-free schemes, we present an eighth-order optimal derivative-free method to
find repeated zeros of the nonlinear equation when m ≥ 1. This proposed family of the method
has four functional evaluations and is based on the first-order divided differences and weight
functions. There are two weight function involved in this family of methods, one is univariate and
the other is multivariate. We compare our methods with two of the recent derivative free methods
of seventh [5] and eighth order [6] using standard test problems and modelling applications.

2 Construction of Optimal Eighth Order Method

We propose a family of methods of eight-order for finding repeated roots with multiplicity m > 1.

sk = tk + γf (tk) , where γ ∈ R−{0} ,

yk = tk −m
f(tk)
f [tk, sk]

,

1fizazafar@bzu.edu.pk
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zk = yk −mukH(uk)
f(tk)
f [tk, sk]

,

tk+1 = zk −mvkP (uk, vk, wk)
f(tk)
f [tk, sk]

, (1)

where uk = (f(yk)
f(tk) ) 1

m , vk = (f(zk)
f(tk) ) 1

m and wk = ( f(zk)
f(yk)) 1

m . Let H : C → C and P : C3 → C
be analytic in the neighborhood of 0 and (0, 0, 0) . The investigation on the convergence analysis
of the proposed family (1) and the conditions on weight functions H(uk) and P (uk, vk, wk) are
apparent from the following result.

Theorem 26. Let t = α be a repeated root with multiplicity m ≥ 1 of the function f(t). In
addition, we suppose that f : C → C be analytic in a region enclosing repeated zero of f(t) with
known multiplicity m. Suppose that the initial guess t0 be sufficiently close to the multiple zero
α. Then, the proposed method defined by equation (1) has eighth-order of convergence when the
conditions given below are satisfied:

H(0) = 1, H
′(0) = 2, H

′′(0) = −2 and H ′′′(0) = 36,
P000 = 1, P100 = 2, P001 = 1, P101 = 4− P010,

|P110| <∞, |P002| <∞

where, Pijl = ∂i+j+l

∂ui∂vj∂wl
P (u, v, w) |(0,0,0). (2)

Then, the proposed scheme has the following error equation:

ek+1 = − 1
24m7 (b1((11 +m)b21 − 2mb2)(−24(1 +m)2b31+

(3P002(11 +m)2 + 2(−665− 84m+ 5m2 + 6P110(11 +m)))b41
− 12m(P002(11 +m) + 2(−10 + P110 + 4m))b21b2 + 12(−2 + P002)m2b22

+ 120m2b1b3))e8
k +O

(
e9
k

)
, (3)

bj = m!
(m+ j)!

f (m+j) (α)
fm (α) , j ∈ N

From Theorem 1, we can obtain several new multiple root finding two-point methods by using
different cases for H(uk) and P (uk, vk, wk) in the proposed scheme (1). Some particular cases of
the proposed scheme are given as follows:

FZ1: We take H(uk) = 1 + 2uk − u2
k + 6u3

k and P (uk, vk, wk) = 1 + 2uk + 4vk + wk in (1).

FZ2: Also as another special case let H (uk) = 1−9u2
k

1−2uk−4u2
k

and P (uk, vk, wk) = 1+2uk+wk+4ukwk
in (1).

It is noteworthy that the selection of specific values of parameter γ can be made under the point of
view of an improvement of the stability and a widening of the set of converging initial estimations.
We are also analyzing these aspects.

3 Numerical Results

We investigate the performance and convergence behavior of our proposed eighth order methods
namely denoted by FZ1 and FZ2, respectively, by carrying out some test functions involving
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standard nonlinear functions and some applied examples. We compare the methods with the
recent derivative free methods of seventh order (see [5], Case I(a), Case I(b), Case II(c)) denoted
by SH1, SH2 and eighth order (see [6], M-1, M-4) denoted as SH3, SH4. We take the value of
γ = 0.001.
For numerical tests, all computations have been performed in computer algebra software Maple 16
using 300 significant digits of precision. Tables show per step numerical errors of approximating
real root |tk − tk−1| of first three iterations and the absolute residual error of the test function at
the third iteration and the computational order of convergence (see [3]). The numerical errors are
shown with 5 sf.

COC ≈ ln |f(tk+2)/f (tk+1) |
ln |f (tk+1) /f (tk) |

, k = 1, 2, ...

We have taken into consideration the following test problems.

Example 1. Consider the nonlinear function given by:

f1 (t) =
(

cos πt2 + t2 − π
)5
.

This function has multiple zero at α = 2.034724896 with multiplicity m = 5 and we take initial
guess t0 = 2.35. The numerical results are presented in the Table 1.

Table 1: Comparison of multiple root finding methods for f1 (t)
Methods |t1 − t0| |t2 − t1| |t3 − t2| |f1 (t) | COC

SH1 0.31518 9.0774× 10−5 1.3313× 10−28 3.4471× 10−971 6.99
SH2 0.31518 9.2540× 10−5 1.5655× 10−28 1.1472× 10−968 6.99
SH3 0.31512 1.4983× 10−4 3.5252× 10−30 4.9603× 10−1170 7.99
SH4 0.31504 2.3131× 10−4 2.4969× 10−28 2.5964× 10−1094 7.99
FZ1 0.31522 5.1854× 10−5 2.6901× 10−34 6.9572× 10−1337 7.99
FZ2 0.31522 6.3806× 10−5 1.5845× 10−33 7.8605× 10−1306 7.99

Example 2. Consider the nonlinear function with multiple root α = 1.365230013 having multi-
plicity m = 6 as follows:

f2 (t) =
(
t3 + 4t2 − 10

)6
.

We choose the initial guess t0 = 1.33. The numerical results are shown in Table 2.

Table 2: Comparison of multiple root finding methods for f2 (t)
Methods |t1 − t0| |t2 − t1| |t3 − t2| |f2 (t) | COC

SH1 0.048173 0.012943 6.3782× 10−14 7.9072× 10−547 6.98
SH2 0.048173 0.012943 6.5758× 10−14 3.3895× 10−546 6.98
SH3 0.041758 6.5287× 10−3 2.4152× 10−17 4.1759× 10−786 8.00
SH4 0.039425 4.1955× 10−3 1.3974× 10−18 1.9635× 10−843 7.99
FZ1 0.041775 6.5451× 10−3 9.7966× 10−18 1.4011× 10−807 8.00
FZ2 0.041775 6.5451× 10−3 1.0799× 10−17 3.1622× 10−805 8.00
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Example 3. Let us take another nonlinear function given by:

f3 (t) =
(
t

1
2 − 1

t
− 1

)7
.

The above function has one multiple root α = 2.147899036 with multiplicity m = 7. We choose
the initial guess t0 = 1.30 then, the numerical results are shown in Table 3.

Table 3: Comparison of multiple root finding methods for f3 (t)
Methods |t1−t0| |t2 − t1| |t3 − t2| |f3 (t) | COC

SH1 0.84388 4.0157× 10−3 2.2190× 10−19 1.0710× 10−929 6.99
SH2 0.84384 4.0566× 10−3 2.4840× 10−19 3.6146× 10−927 6.99
SH3 0.84274 5.1515× 10−3 1.8224× 10−20 6.1847× 10−1118 7.99
SH4 0.83965 8.2398× 10−3 1.8360× 10−18 3.8481× 10−1003 7.99
FZ1 0.84580 2.0942× 10−3 4.1687× 10−24 2.0506× 10−1325 7.99
FZ2 0.84522 2.6780× 10−3 3.5857× 10−23 1.6149× 10−1272 7.99

Example 4. Beam Positioning Problem:

Consder an r meter long beam is leaning against the edge of the cubical box with the sides of a
meter length each such that one of its end touches the wall and the other touches the floor. Let
y be the distance in meters along the beam from the floor to the edge of the box and let x be the
distance in meter from the bottom of the box to the bottom of the beam. To find x for the given
value of r = 4 and considering this case four times, we get

f4(t) = (t4 + 2t3 − 14t2 + 2t+ 1)4

The multiple root is α = 0.3622 with multiplicity m = 4. Taking the initial guess t0 = 0.5 gives
the numerical results that are shown in Table 4.

Table 4: Comparison of multiple root finding methods for f4 (t)
Methods |t1 − t0| |t2 − t1| |t3 − t2| |f7 (t) | COC

SH1 0.13772 7.7986× 10−5 2.7338× 10−26 2.6596× 10−700 6.99
SH2 0.13772 7.8767× 10−5 3.0090× 10−26 4.3340× 10−699 6.99
SH3 0.13771 8.3337× 10−5 5.5524× 10−29 5.7643× 10−884 7.99
SH4 0.13766 1.3381× 10−4 5.3097× 10−27 3.0490× 10−819 7.99
FZ1 0.13776 3.8085× 10−5 4.0232× 10−32 4.0156× 10−986 7.99
FZ2 0.13775 4.4573× 10−5 1.5751× 10−31 5.7141× 10−967 7.99
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Table 5: Comparison of multiple root finding methods for f5 (t)
Methods |t1 − t0| |t2 − t1| |t3 − t2| |f8 (t) | COC

SH1 0.04987 6.2000× 10−4 7.8458× 10−14 3.7028× 10−665 6.98
SH2 0.04937 6.2058× 10−4 8.0778× 10−14 2.3076× 10−664 6.98
SH3 0.04934 6.5713× 10−4 1.1775× 10−14 5.3589× 10−805 7.98
SH4 0.04914 8.5965× 10−4 1.9487× 10−13 2.4682× 10−724 7.97
FZ1 0.04953 4.6574× 10−4 3.2414× 10−16 4.0100× 10−908 7.99
FZ2 0.04952 4.7560× 10−4 4.2256× 10−16 2.0788× 10−900 7.99

Example 5. Vander der Waals Equation of State:

Consider the function given below,

f5(t) = (t3 − 5.22t2 + 9.0825t− 5.2675)4

Taking this case two times, where x represents the fractional conversion of a specie in a chemical
reactor, yields the multiple roots α = 1.75 and α = 1.72 with multiplicity m = 8. Taking the
initial guess t0 = 1.8 gives the numerical results in the Table 5.
It is apparent from the construction and numerical results that our proposed family is optimal
and efficient in terms of small residual errors.
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1 Introduction

The COVID-19 pandemic has led to an unprecedented global healthcare challenge for both medical
institutions and researchers. As the COVID-19 outbreak goes, the burden on the healthcare
systems and scarcity of medical resources became a challenge [1,2] . Using Machine Learning (ML)
models, predicting patients’ prognostic clinical outcomes may help a better resource allocation
and viral understanding.

However, overreliance on the models’ capabilities grounded only in overall performance metrics
should be avoided since overall performance does not ensure a balanced prediction performance
among different populations [3] ; thus, the models should be validated and interpreted carefully
since one model developed for a target population may not be applicable for different populations
due to the potential prediction biases caused by societal discrepancy [4] , temporal and source
variability [5,6] , and other crucial factors that are hard to measure or not included during the
development of the models. Depending on the target population, the models’ predictive perfor-
mance may differ significantly, resulting in undesirable clinical-wise results, misleading the ML
models’ interpretation, and being inappropriate for usage in clinical practice.

Therefore, this work aims to (1) develop ML models to predict COVID-19 Mexican patient’s
survival based on easily available data (i.e., comorbidities, habits and demographic features)
without the need for awaiting further laboratory results, tests, COVID-19 related symptoms
(e.g., fever and nausea), vital signs and biomarkers that are not often available in the first days of
COVID-19 infection or difficult to obtain due to limited resources. (2) We also evaluate the models’
performances via testing the patients from different Mexican states and different coronavirus waves
of pandemic outbreaks to discover the potential biases in ML.

1lzhou@inf.upv.es
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2 Methods

We used the publicly available COVID-19 Open Data by the Mexican Government4 . As of 15
January 2021, the dataset comprises a total of 1,431,544 positive cases including demographic,
comorbidities, habits, and prognosis patient-level data.

Regarding survival prediction, we apply four supervised ML algorithms: random forest, super
vector machine, k-nearest neighbor and logistic regression. The dataset was split into training
(30% of the patients from each Mexican state that were infected during the first coronavirus
wave) and testing samples (the rest of the patients), both maintaining the original survival dis-
tribution. We apply Synthetic Minority Oversampling Technique (SMOTE) [8] to balance the
training dataset since the proportion between deceased patient class and non-deceased class differ
significantly, i.e., imbalanced data. Unlike the typical oversampling technique, SMOTE provides
newly constructed instances through the KNN approach, which means that they are not exact
copies. Thus, it softens the decision boundary and thereby helping the algorithm to approximate
the hypothesis more accurately and provides more related minority class samples to learn from,
thus allowing a model to carve broader decision regions, leading to more coverage of the minority
class –the patients who deceased. Area Under the Curve of the Receiver Operating Characteristic
(AUROC) value was calculated to measure the models’ prediction performance, from predicting
the testing sample, since Received Operating Characteristic Curve (ROC) always shows the same
result independently of the adjusted hyperparameter by cross-validation (e.g., the cut-off points
in logistic regression).

Regarding discovering the potential biases in ML, it is worth noting that we first used the training
sample –only 30% of the patients from each Mexican state that were infected during the first
coronavirus wave– to train the models; with the aim of answering two crucial questions related
to ML biases: (1) do these models present the same/similar prediction capability in predicting
patients from different Mexican states (i.e. source/societal bias)?, and (2) do these models present
the same/similar prediction capability in predicting patients from the 1st coronavirus wave and
the 2nd coronavirus wave (i.e., temporal bias)? To answer these questions, we validated the
models by testing each Mexican state separately in both coronavirus waves (70% of the patients
from the 1st wave and all from the 2nd wave5) separately.

Additionally, we apply the T-student test and ANOVA to verify the statistical difference be-
tween the AUROC values obtained from testing the patients from different Mexican states and
coronavirus waves, thereby revealing potential biases in ML.

3 Results

Regarding survival prediction, Figure 1 shows the ROC curves obtained from testing the entire
testing sample for the four proposed ML models in predicting patient’s death result. All the
proposed ML models took as input the easily available data –i.e., pre-existing conditions, habits
and demographic features – showed promising results with AUROC values between 0.881 - 0.921.
Thus, these models may be helpful to improve early triage during the period of the pandemic by
predicting the patient’s death result. The best two models with similar AUC values are random
forest and logistic regression.

4https://www.gob.mx/salud/documentos/datos-abiertos-152127
51st wave: patients who were infected before 01/10/2020. 2nd wave: patients who were infected between

01/10/2020-15/01/2021.
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Figure 1: ROC curves plot of the four proposed ML models.

Figure 2A shows the result of testing the patients from the 1st wave with the models that were
previously trained; whereas Figure 2B shows the result of testing the patients from the 2nd
wave. As a result, we found that across different Mexican states the four proposed ML models
present significantly different AUROC values within 0.81 - 0.97. For example, in Figure 2A the
state “Baja California Sur” presents AUROC values within 0.92 - 0.95 which are considered as
excellent results. In contrast, the “State of Mexico”, where the number of cases is highest across
all the states, has AUROC values within 0.84 - 0.87 which are much lower than the former.
We performed an ANOVA test to test statistical significance regarding the difference between
the AUROC values obtained across different states in both waves and showed a p-value = 0.001
implying that the difference is significant statistically. Therefore, societal/source biases exist.
We used ANOVA because across different Mexican states, the AUROC values obtained are: (1)
independent (confirmed with chi-square test, confirmed through the chi-square test resulting in
p-value = 0.99, which is reasonable since the patients of one state should not affect the outcome
of another state); (2) comply the homoscedasticity most of the pair of Mexican states (confirmed
with F-test); and (3) normally distributed (confirmed with the Shapiro Wilk test, resulting in
p-value = 0.8362).

The difference can also be observed by comparing the results from testing the patients that were
infected during the 1st wave and the 2nd wave. For example, the AUROC values of Morelos and
the State of Mexico have worsened by about 3 decimals on average. Interestingly, some Mexican
states showed higher AUROC values in the 2nd wave than the 1st wave: a notable case in point
could be “Campeche”, whose AUROC values vary from 0.84-0.88 in testing the 1st wave to 0.93
- 0.96 in testing the 2nd wave. We performed a one-sample T-test (since the AUROC values
obtained in both waves are normally distributed and independent as mentioned above) and found
that the mean AUROC value of the first wave (0.895) is statistically different to the mean AUROC
value of the second wave (0.907) with a p-value of 0.003; which may imply that our models are
robust to predict patients’ survival outcome during different waves of the virus.
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Figure 2: Heatmap displaying the AUROC values obtained from: (A) testing the patients from
the 1st wave and (B) testing the patients from the 2nd wave.

4 Conclusions

We proved that ML models could present biases regarding changes in prediction performance
across heterogeneous target population and different period of the pandemic. These biases could
be attributable to several reasons: heterogeneous target populations, different socio-economic
indicators, health policy, improvement in understanding about the virus with research, different
strains of the virus, and other periodic-related changes in the evolution of the pandemic as well
as other patients’ characteristics that were not taken as input for the models nor included in the
dataset. Further studies in developing robust ML models and the validation methodologies to
cope with such biases are highly needed.

Despite this, our proposed models are still robust with the temporal biases; therefore, they could
be clinically useful, at least in the Mexican population, to predict patient’s prognostic outcome
based only on easily available data with an average AUROC value higher than 0.9 but with a
slight variance across different Mexican states. However, since this model only uses easily available
data, it is only advisable to be used in the early triage phase since many promising ML models
with higher accuracy, such as the ones that use laboratory data and CT images, are already being
published in recent literature.

As a possible limitation, since we only studied the patients who were confirmed before 15 January
2021; this implies that our results do not include the most recent data whose epidemiological
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characteristics could have changed to some degree. Furthermore, the dataset did not include
certain additional and relevant information about the patients who were discharged, readmit-
ted, vaccinated and neither the duration of comorbidities nor unhealthy habits. Further studies
with population-based data among discharged patients who received post-surveillance or were
readmitted or vaccinated are highly needed.
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Abstract

Many complex systems can be modeled by graphs and networks, [4]. In some problems, the study
of communities allows quantitative and qualitative approaches and obtaining some knowledge
about the structure of the graph and what it represents [1, 3, 5]. There is extensive literature
in the study of communities, mostly focused on non-directed graphs [3, 5]. In our case we focus
our work on the study of communities in directed graphs, weakly connected, with weights on the
edges.
In MME&HB 2016, was presented an algorithm for detection of directional communities in a
directed graph [1], with a special interest in the graph representing the process of access to the
Spanish Public University System, (SUPE) [1, 2]. The proposed algorithm allowed to obtain
communities that provided an approximation to the problem. In MME&HB 2020 we propose a
new algorithm based on obtaining the centers of the graph and pruning non-significant edges [6].
Recently a method for obtain communities using convolution techniques was presented in [5].
In this paper, we propose a community detection algorithm that combines a method for calculating
potential community centers and convolution techniques to prune non-significant edges.

1 Introduction

Many complex systems in the real world in which there are interaction between the elements can
be modeled as graphs or networks.
We can find networks where the elements are highly related among them. This means that there
are many more edges than nodes -dense networks-. It is more usual having networks where the
number of edges is much smaller than they could have at most: dispersed networks.
Another characteristic element we can observe is the existence of certain groupings of nodes highly
connected between them and poor connected with the rest. These groupings constitute what are
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called communities. Nodes grouped in the same community have common characteristics that
make them play a certain role within the network.
Several techniques and algorithms have been developed for its detection and study, and it is
a constantly evolving area of work. Depending on the criteria algorithm, we obtain different
communities.

2 Objetive

For directed, weakly connected, and bad-conditioned graphs, the algorithms to find communities
usually do not work satisfactorily. They are typically designed for well-conditioned and undirected
graphs. Examples of this kind of graphs are the problem of reassignment of students in grades,
trophic chains, traffic in airports, and public transport networks.
In particular, we consider the directed and bad-conditioned networks. In those networks, there
are communities with edges whose weight is small in comparison with the weight of edges in other
communities in the same graph. In addition, there are edges connecting different communities
which make impossible for many algorithms to identify correctly the communities in the graph.
In this paper is to propose a pruning method that eliminates as many as possible of those later
edges connecting different communities. We refer to them as noise edges. That will easy the task
of the community detection algorithms, or even don’t need them if the pruning method is able to
make the communities disjoint between them.

1. The algorithm must prune the graph by removing noise edges.

2. The algorithm must to be efficient and fast to be applied in large size graphs.

3. In the ideal case, the modularity keps after apply the algorithm at suitable values. (Close
to 1).

3 Methology

The method is fundamentally based on the edge detection method in images based on the convo-
lution product. To explain our method we are going to introduce it first, and then we will show
how we adapt it to the case of directed graphs.
The edge detection method on a gray scale image takes as the input image as a matrix of real
numbers. The process consists of recursively taking m×m rectangles from the input matrix and
multiplying them by a m×m constant matrix which is referred as Kernel. See figure 1.

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 1 1 1 0 0
0 0 1 1 1 0 0
0 0 1 1 1 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

×1

×0

×1

×0

×1

×0

×1

×0

×1

∗
−1 −1 −1
−1 8 −1
−1 −1 −1

=

0 0 0 0 0 0 0
0 −1 −2 −3 −2 −1 0
0 −2 5 3 5 −2 0
0 −3 3 0 3 −3 0
0 −2 5 3 5 −2 0
0 −1 −2 −3 −2 −1 0
0 0 0 0 0 0 0

Input Image Kernel Result Image(Detected borders)
Figure 1: Convolution product for the detection of borders. Positive values in the result corre-
spondes to the borders detected.

The borders detected correspond to the pixels in the result image which value is positive.. The
figure 2 shows an example of detection of borders with this method.

268



Modelling for Engineering & Human Behaviour 2021

(a) (b)
Figure 2: (a) Initial image and (b) the detection of borders with the convolution product.

Convolution product applied to directed graphs
The product of convolution applied to directed graphs corresponds to a sumation of product of
weights of edges with a kernel which is defined as a vector of constant real numbers: {k0, k1, k2, . . .}.
This operation needs to represent the graph in a kind of irregular n-dimensional structure. To
do it, each link or edge3 has to get assigned a set of indexes which are calculated based to the
distance or number of hops to reach the other edges. Notice that calculation of the hops considers
the direction of the edges.
As an example, the figure 3 shows a graph where edges are labeled with the number of hops to reach
the edge in the right side labelled as a. The edges in the figure are labelled as wdestination,hops,id,
where destination is the edge for which are calculated the hops, and the id is just a index used
for counting.

wa,1,1

wa,1,2

wa,1,3

wa,1,4

wa,0,0

a

wa,2,1

wa,2,2

Figure 3: Edges labelled based in hops hops to reach the link a.

Then, the result of convolution product on directed graphs for each edge corresponds to the
summation of the product of the weights of the edges wx,h,id. The equation 1 shows the result of
the convolution product for a particular edge a.

resulta = wa,0,0 ∗ k0 +
∑
i

wa,1,i ∗ k1 +
∑
j1
wa,2,j ∗ k2 (1)

In this paper, we propose to use the detection of borders using the convolution product, but using
square the weights. Then, the equation 2 corresponds to the update of the equation for the edge
a.

resulta = w2
a,0,0 ∗ k0 +

∑
i

w2
a,1,i ∗ k1 +

∑
j

w2
a,2,j ∗ k2 (2)

Calculation of the border of the communities in directed graphs, and prune process
The edges that correspond to the border of the communities in the directed graph correspond to
those which convolution product result is negative. In this paper, we consider that those edges to
be pruned before process to detect the communities in the graph.

3Links are referred as edges in the graph literatrure.
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4 Results

In this section are shown the results of pruning edges with three different criteria.
The graph 4.a shows the initial graph ....(explicar) [?]
The first two cases corresponds to pruning the edges in the initial graph which convolution product
is negative when using the Laplacian of the Gaussian and Log kernels respectively. The results
for these two cases show low values of modularity, which means that the pruning process was
not able to separate correctly the communities in the graph. The R software suite is not able to
represent the corresponding graphs without overlapping communities due to the large number of
interconnections between the communities. Representation of those graphs appear in the figures
4.b and 4.c.
However, the results obtained when pruning edges based on the convolution product using the
square of the weights of the edges and the Log kernel shows a high modularity. In addition, we
should mention that all the edges pruned on the same graph when applying the In-Out-method [1?]
are also pruned in this case. We consider that the proposed method in the case worked correctly
because the similar results obtained in the [1?] had been proved to be correct at [2?], where
the are used to generate a model that predicted correctly the student’s selection of university in
following years.
The computation times when applying the method to the graph with 9317 edges and 215 vertices
is extremely low, in the order of two seconds. While, the computation with the same of the
Girman-Newman algorithm for the detection of communities [3?] in the same graph needs .... t.

(a) (b) (c) (d)
Figure 4: (a) Initial image and (b) the detection of borders with the convolution product.

Equationon Kernel Time Graph Nodes Edges Modularity
1.1 Laplacian of 2.250 ms 4.b 215 9283 0.020

the Gaussian
1.1 Log 1.920 ms 4.c 215 908 0.307
1.2 Log 2.170 ms 4.d 215 265 0.970

5 Conclusions

Considering the results, the use of convolution products seems an appropriate option for obtaining
communities. Our intention is to continue with this line of work, firstly apply FUZZY filters,
studying how behaves with large and badly conditioned directed graphs, determine the properties
of the communities so obtained and analyze their modularity, and finally, performs confirmation
tests with synthetic graphs.
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