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Abstract

Trigonometric matrix functions play a fundamental role in sec-
ond order differential systems. In this article an efficient and highly-
accurate Hermite algorithm is presented for the computation of matrix
cosine. For an efficient evaluation of the polynomial approximation,
the matrix is scaled and the Paterson-Stockmeyer’s method is ap-
plied. The double angle formula cos (2A) = 2 cos2 (A) − I is used to
recover the cosine of the original matrix. A careful error analysis of
the Hermite approximation is given, and an improved forward abso-
lute error bound is obtained with respect to previous existing Hermite
algorithms. The optimal values of its parameters are obtained, which
allows to reduce the number of double angle steps and to obtain a
more accurate computed cosine in floating point arithmetic. Also, a
roundoff error study in the double angle phase and in the evaluation
of polynomial approximation is performed. A MATLAB implementa-
tion of the developed algorithm is compared to other efficient state-
of-the-art implementations on a large class of matrices for different
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dimensions, obtaining higher accuracy and lower computational costs
in the majority of cases.

1 Introduction

Matrix functions play a relevant role in different areas of science and tech-
nology. They arise most frequently in connection with the solution of dif-
ferential systems and control theory. For example, it is well known that the
wave equation

v2
∂2ψ

∂x2
=
∂2ψ

∂t2
, (1)

plays an important role in many areas of engineering and applied sciences.
When we use the spatially semi-discretization method of the wave equation
(1), we obtain the matrix differential problem

Y ′′(t) + AY (t) = 0 , Y (0) = Y0 , Y
′(0) = Y1 , (2)

where A is a square matrix and Y0 and Y1 are vectors, see [1] for details.
Matrix problem (2) has the solution

Y (t) = cos
(√

At
)

Y0 +
(√

A
)−1

sin
(√

At
)

Y1, (3)

where
√
A denotes any square root of a non-singular matrix A (see e.g. ex-

pression (1.2) of [2]). More general problems of type (2), with a forcing term
F (t) on the right-hand side arise from mechanical systems without damping,
and their solutions can be expressed in terms of integrals involving the matrix
sine and cosine [3]. Thus, trigonometric matrix functions play an important
role in second order differential systems, similar to matrix exponential eAt in
first order differential systems [4].

Moreover, the matrix cosine is used in the method of Yau-Lu for reducing
the symmetric eigenvalue problem (finding all the eigenvalues and eigenvec-
tors of a dense symmetric matrix) to a number of matrix multiplications
[5].

Computing the matrix sine reduces to computing the matrix cosine through
sin (A) = cos (A− π

2
I). Thus we concentrate on the matrix cosine. Serbin

and Blalock proposed a general algorithm for computing the matrix cosine
in [1], which uses rational approximations and the double angle formula

cos (2A) = 2 cos2 (A)− I. (4)
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In [6] new methods for computing matrix exponential, sine and cosine
based on Hermite matrix polynomial series were presented. A new bound
for Hermite matrix polynomials was provided and it was used to give ex-
pressions for obtaining the number of Hermite series terms depending on the
desired approximation error in exact arithmetic. Later, Higham, Smith and
Hargreaves developed two algorithms based on (4) and Padé approximation
in [7, 2], including truncation and rounding error analysis. Recently, in [8] the
authors introduced a new parameter in the matrix cosine and sine Hermite
series from [6] and new error bounds, improving both accuracy and efficiency.

In this paper we use the new matrix cosine Hermite series from [8], pro-
viding sharper bounds for Hermite matrix polynomials and the approxima-
tion error, and computing the optimal values of the series parameter to de-
velop a competitive Hermite algorithm for computing the matrix cosine in
IEEE double precision arithmetic that uses: matrix scaling based on (4),
Paterson-Stockmeyer’s method for the evaluation of Hermite series [9, 10],
and accuracy bound tests similar to those proposed in [10, p. 6456-6457].
A MATLAB implementation of this algorithm is made available online and
it is compared with the MATLAB function funm [11] and a MATLAB im-
plementation based on the Padé algorithm given in [2], i.e. function cosm,
providing higher accuracy and efficiency than both methods in the majority
of test matrices.

This paper is organized as follows. Section 2 summarizes previous results
of Hermite matrix polynomial series expansion of cos (A) and the develop-
ment of a new error bound. In Section 3, an algorithm based on that error
bound is described and a bound for the corresponding roundoff error is pro-
vided. Numerical experiments are presented in Section 4. Finally, conclusions
are given in Section 5.

Throughout this paper, [x] denotes the integer part of x. To obtain the
above mentioned error bound, we will use any subordinate matrix norm ‖A ‖,
A ∈ Cr×r, and in the subsequent error analysis, we will use the 1-norm ‖A ‖1.
If A(k, n) is a matrix in Cr×r for n ≥ 0, k ≥ 0, the following identity holds [6]:

∑

n≥0

∑

k≥0

A (k, n) =
∑

n≥0

n
∑

k=0

A (k, n− k) . (5)



Modelling for Engineering Human Behaviour 2011 4

2 Hermite matrix polynomial series expan-

sions of matrix cosine. Error bound

For the sake of clarity in the presentation of the following results we recall
some properties of Hermite matrix polynomials which have been established
in [12, 6, 8]. From (3.4) of [12, p. 25] the nth Hermite matrix polynomial
satisfies

Hn

(

x,
1

2
A2

)

= n!

[n
2
]

∑

k=0

(−1)k (xA)n−2k

k!(n− 2k)!
, (6)

for an arbitrary matrix A in Cr×r. From [8], we have the following Hermite
matrix polynomial series expansion of the matrix cosine cos (Ay):

cos (Ay) = e−
1

λ2

∑

n≥0

(−1)n

λ2n(2n)!
H2n

(

yλ,
1

2
A2

)

. (7)

Denoting by CN(λ,A
2) the Nth partial sum of series (7) for y = 1, one gets

the approximation

CN(λ,A
2) = e−

1

λ2

N
∑

n=0

(−1)n

λ2n(2n)!
H2n

(

λ,
1

2
A2

)

≈ cos (A), λ ∈ C. (8)

Working similarly as in [13, pp. 1913], we can obtain a bound for Hermite
matrix polynomials

∥

∥H2n

(

x, 1
2
A2

)∥

∥ based on ||A2||, see [2], using the Taylor
series for the hyperbolic cosine cosh(y) =

∑

n≥0 y
2n/(2n)!. Taking norms in

(6), one gets

∥

∥

∥

∥

H2n

(

x,
1

2
A2

)∥

∥

∥

∥

≤ (2n)!

n
∑

k=0

(

‖A2‖
1

2

)2(n−k)

k!(2(n− k))!
|x|2(n−k). (9)

On the other hand, using (5), it follows that

e cosh
(

|x|
∥

∥A2
∥

∥

1

2

)

=
∑

n≥0

(

|x| ‖A2‖
1

2

)2n

(2n)!

∑

k≥0

1

k!
=

∑

n≥0

∑

k≥0

(

|x| ‖A2‖
1

2

)2n

(2n)!k!

=
∑

n≥0

n
∑

k=0

(

‖A2‖
1

2

)2(n−k)

k!(2(n− k))!
|x|2(n−k), (10)
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and as a consequence

n
∑

k=0

(

‖A2‖
1

2

)2(n−k)

k!(2(n− k))!
|x|2(n−k) ≤ e cosh

(

|x|
∥

∥A2
∥

∥

1

2

)

. (11)

Multiplying by (2n)! in (11) and using (9), we have the result:

∥

∥

∥

∥

H2n

(

x,
1

2
A2

)∥

∥

∥

∥

≤ (2n)! e cosh
(

x
∥

∥A2
∥

∥

1

2

)

, ∀x ∈ R, n ≥ 0, ∀A ∈ C
r×r.

(12)
Taking into account approximation (8) and bound (12), it follows that

∥

∥cos (A)− CN(λ,A
2)
∥

∥ ≤ e−
1

λ2

∑

k≥N+1

1

λ2k(2k)!

∥

∥

∥

∥

H2k

(

λ,
1

2
A2

)∥

∥

∥

∥

≤ e1−
1

λ2 cosh
(

λ
∥

∥A2
∥

∥

1

2

)

∑

k≥N+1

1

λ2k

= e1−
1

λ2 cosh
(

λ
∥

∥A2
∥

∥

1

2

)

[

∑

k≥0

1

λ2k
−

N
∑

k=0

1

λ2k

]

. (13)

Simplifying the geometric series in (13), we have finally the bound:

∥

∥cos (A)− CN(λ,A
2)
∥

∥ ≤
e1−

1

λ2 cosh
(

λ ‖A2‖
1

2

)

(λ2 − 1)λ2N
. (14)

3 Algorithm

In this section we describe Algorithm 1 (cosher), based on Hermite series,
which uses bound (14) for choosing the scaling factor for computing the
matrix cosine.
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Algorithm 1 (cosher) Given a matrix A ∈ Cr×r and the order N of Her-
mite matrix approximation of the cosine function, this algorithm computes
B ∼= cos(A).

1: Preprocessing of matrix A: Ǎ.
2: Compute optimal values of λ and s.
3: Scaling phase: Ã = Ǎ/2s

4: Compute B̃ = CN(λ, Ã
2), where CN is the Hermite approximation of the

cosine function.
5: for i = 1 : s do
6: B̃ = 2B̃2 − I
7: end for

8: Postprocessing of matrix B̃: B.

The preprocessing and postprocessing are based on applying transforma-
tions to reduce the norm of matrix A and recover the matrix B ∼= cos(A)
from the matrix B̃ obtained in the Loop 5-7. The available techniques to
reduce the norm of a matrix are argument translation and balancing [14, p.
299]. The argument translation is based on the formula

cos(A− πjI) = (−1)j cos(A), k ∈ Z,

and on finding the integer q such that the norm of matrix A−πqI is minimum.
This value can be calculated by using Theorem 4.18 from [14]. Balancing is a
heuristic that attempts to equalize the norms of the kth row and kth column,
for each k, by a diagonal similarity transformation defined by a non singular
matrixD. Balancing tends to reduce the norm, though this is not guaranteed,
so we will use it only for matrices where the norm is really reduced. For those
matrices, if Ǎ = D−1(A−πqI)D is the obtained matrix in the preprocessing,
the postprocessing consists of computing B = (−1)qD cos(B̃)D−1.

For the evaluation of CN(λ, Ã
2) the Horner and Paterson-Stockmeyer’s

method can be applied [9, 10], obtaining previously with MATLAB the sym-
bolic expression of CN(λ, Ã

2) as a polynomial of matrix Ã2 with degree N
and coefficients depending on λ, for each considered value of N . The double
angle formula (4) is used to recover cos(Ǎ) from the matrix B̃ obtained in
step 4, see [1] for details.

The optimal values of N with respect to cost of the evaluation of matrix
polynomial CN(λ, Ã

2) with Paterson-Stockmeyer method are included in the
set SN = {1, 2, 4, 6, 9, 12, 16, 20, · · ·}, see [10, p. 6454]. The scaling factor s
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and the parameter λ is chosen as follows. If Nk, where k is the position of N
in SN , is the chosen order of Hermite approximation, the number of matrix
product evaluations in Algorithm 1 is equal to k + s. Hence, the number of
matrix products depends on the scaling factor s. For the evaluation of cos (A)
with IEEE double precision arithmetic, analogously to [2], we consider an
absolute error-based algorithm. If we take the error in (14) to be lower than
or equal to the unit roundoff in double precision floating-point u = 2−53, i.e,

e1−
1

λ2 cosh

(

λ

√

∥

∥

∥

(

Ǎ/2s
)2
∥

∥

∥

1

)

(λ2 − 1)λ2N
≤ u, (15)

then

s ≥ 1

2
log2

(∥

∥Ǎ2
∥

∥

1

)

+ log2





λ

arc cosh
(

u(λ2−1)λ2N

e1−1/λ2

)



 . (16)

We choose the parameter λ = λmin, where λmin is the value of λ such that
the right-hand side of (16) reaches the minimum value. Hence, if we define

ΘN =
1

λmin
arc cosh

(

u(λ2min − 1)λ2Nmin

e1−1/λ2

min

)

(17)

then, using (16), it follows that

s =









log2





√

||Ǎ2||1
ΘN













. (18)

We discard the values of N except for {1, 2, 4, 6, 9, 12, 16, 20}, because for
N = 25, 30 the corresponding values of λmin are negative. These values are
independent of the norm of matrix Ǎ2, see (16), and they have been computed
by using the symbolic functions diff and solve from the Symbolic Math
Toolbox 5 of MATLAB. The values of λmin and ΘN are listed in the Figure
1.
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λmin

N=1 28614.3702451495925
N=2 1304.99637514915918
N=4 110.428178898694292
N=6 38.3201292093300207
N=9 17.3255806739152432
N=12 11.2995380153548675
N=16 8.08117035928883672
N=20 6.56678564572528643

(a) Optimal values of λmin.

ΘN

N=1 1.3988322173046763·10−4

N=2 4.5977704110066707·10−3

N=4 9.0556596644120163·10−2

N=6 3.6534325997941364·10−1

N=9 1.1543637495804793
N=12 2.3009899711770276
N=16 4.2073703112196084
N=20 6.3959908727565082

(b) Values of ΘN from (17).

Figure 1: Tables of λmin and ΘN .

In the final MATLAB implementation of cosher, available online in
http://personales.upv.es/∼jorsasma/cosher.m, we have applied similar ac-
curacy bound tests to those in [10, p. 6456-6457] to the sum of the highest
degree terms of the Hermite series CN(λ, Ã

2). The tests consist of verify-
ing if the norm of the sum of several highest degree terms is lower than the
unit roundoff. If that is the case, then the corresponding series terms can
be neglected, permitting to save matrix products. This kind of tests were
already performed with the matrix exponential Hermite series in [10], sav-
ing matrix products and therefore reducing the cost for some matrices. For
a complete description of algorithm cosher see MATLAB implementation
cosher.m mentioned above.

The analysis of rounding errors of Algorithm 1 are based on the results
given in [14, p. 290-293]. Let us define B̃i = cos

(

2i−sǍ
)

. The positive
integer s has been chosen such that we have obtained a good approximation
of B̃0 = cos

(

2−sǍ
)

. The propagation error in the recurrence

B̃i+1 = 2B̃2
i − I, i = 0 : s− 1,

can be obtained by applying [14, Th. 12.5]:
If B̄i = B̃i + Ei, B̄i+1 = fl

(

2B̄2
i − I

)

and we assume that ‖Ei‖1 6

0.05||B̃i||1, then
||Ei||1 6 (4.1)i||E0||1||B̃0||1||B̃1||1 · · · ||B̃i−1||1+

γ̃r+1

i−1
∑

j=0

(4.1)i−j−1
(

2.21||B̃j||21 + 1
)

||B̃j+1||1 · · · ||B̃i−1||1,
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where the error constant γ̃r+1 is defined by

γ̃r+1 =
c(r + 1)u

1− c(r + 1)u
,

where c is a small integer constant whose precise value is unimportant [14, p.
332]. Since ||B̃i+1||1 6 2||B̃i||21 + 1, the error ||Ei||1 fundamentally depends
on the norms of the matrices ||B̃0||1 and ||E0||1.

From [14, Th. 12.3] and taking into account (14), (15) and (18), we obtain
the following bounds

||E0||1 6
e
1− 1

λ2mN cosh (λmN
ΘN)

(λ2mN
− 1)λ2NmN

≤ u, (19)

||B̃0||1 = || cos(2−sA)||1 6 cosh
(

√

||4−sA2||1
)

6 cosh (ΘN) , (20)

where λmN
is the minimum λ corresponding to N .

Table 1 shows the values of bound (20) for different orders. For all con-
sidered N , the bounds of ||B̃0||1 are not much larger than 1, and given that
||E0||1 is bounded by the unit roundoff in double precision floating-point u,
the absolute error criterion allows significant accuracy in the double angle
phase for these values.

N=1 1.0000000097836579
N=2 1.0000105697649961
N=4 1.0041030513703506
N=6 1.0674834828383193
N=9 1.7436313211414083
N=12 5.0421105683031042
N=16 33.597265612110441
N=20 299.71933153364563

Table 1: Bounds of ||B̃0||1.

The effects of rounding errors on the evaluation of B̃ = CN(λ, Ã
2) can be

deduced from [14, Th. 4.5]:
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Let pN(Ã
2) =

N
∑

k=0

bkÃ
2k be the polynomial expansion of CN(λ, Ã

2) (see

(8)). If the Paterson-Stockmeyer method is used for computing pN(Ã
2), then

∥

∥

∥
pN (Ã

2)− fl
(

pN(Ã
2)
)∥

∥

∥

1
6 γ̃Nrp̂N

(

||Ã2||1
)

, (21)

where γ̃Nr =
cNru

1−cNru
, p̂N

(

||Ã2||1
)

=
N
∑

k=0

|bk|||Ã2||k1.

Taking account the rounding error in forming Ã2, we found that the bound
(21) is multiplied by a term that is approximately equal to

µ(Ã) =

∥

∥

∥
|Ã|2

∥

∥

∥

1

||Ã2||1
> 1.

As

µ(Ã) 6







||Ã||1
√

||Ã2||
1







2

,

if µ(Ã) increases, then the rounding errors in the evaluation of pN(Ã
2) in-

crease. However, a smaller s is also obtained, and therefore the rounding
errors in the double angle phase decrease. Hence, the rounding errors in the
two phases are balanced.

4 Numerical examples.

In this section we compare MATLAB implementation cosher with functions
funm and cosm. funm is a MATLAB function that computes matrix co-
sine and other matrix functions at square matrices using the Schur-Parlett
algorithm from [11]. Function cosm is a MATLAB implementation of Al-
gorithm 5.1 proposed in [2] which uses Padé approximants of cosine func-
tion (http://www.maths.manchester.ac.uk/higham/mftoolbox). MATLAB
7.9 (R2009b) implementations were tested on an Intel Core 2 Duo processor
at 2.52 GHz with 4 GB main memory. Algorithm accuracy was tested by
computing the relative error

E =
‖ cos(A)− Ỹ ‖1

‖cos(A)‖1
,
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where Ỹ is the computed solution and cos(A) the exact solution. In the
tests we did not use any preprocessing/postprocessing in the implemented
algorithms. Analogously to the experiments in [15], we found that turning
on preprocessing in this algorithm provided similar results to those presented
in this section without preprocessing.

We used a set of 102 test matrices:

• Matrices 1-47: Forty-seven 10×10 matrices obtained from the function
matrix of the Matrix Computation Toolbox [16]. Four of 52 matrices
from above Toolbox were excluded (matrices 17, 20, 42 and 44) because
their matrix cosine can not be represented in double precision due to
overflow errors. Also, the matrix 49 has been excluded because this
matrix is equal to matrix 43.

• Matrices 48-71: Twenty four 9×9 or 10×10 matrices from the Eigtool
MATLAB package [17]. This package allows large-scale eigenvalue com-
putations for the pseudospectra of dense and sparse matrices.

• Matrices 72-75: Four 3× 3 and one 10× 10 real matrices from [18].

• Matrices 76-79: They correspond to the above excluded matrices of
Matrix Computation Toolbox, but considering other dimensions. The
dimensions considered were 2 × 2 for matrices 17 and 20, 3 × 3 for
matrix 42 and 6× 6 for matrix 44.

• Matrix 80: 2× 2 matrix from [4, p. 10].

• Matrix 81: 3× 3 real diagonal matrix from [19].

• Matrix 82: 2× 2 real matrix from [11, example 2].

• Matrix 83: 5× 5 real matrix from [20, p. 655].

• Matrix 84: 10× 10 real matrix from [21, example 11].

• Matrix 85-86: Two symmetric 10×10 real matrices from [22, examples
1 and 2].

• Matrix 87: 10× 10 Vandermonde real matrix from MATLAB 7.6 func-
tion vander whose columns are powers of the vector v = 1 : 0.2 : 3 (see
notation of MATLAB vectors).



Modelling for Engineering Human Behaviour 2011 12

• Matrix 88: 10 × 10 Hankel real matrix from MATLAB 7.6 function
hankel. This matrix was generated as A=hankel(1:10,1:10).

• Matrix 89: 10×10 Toeplitz matrix fromMATLAB 7.6 function toeplitz.
This matrix was generated as A=toeplitz([1 2 3 4 5], [1.5 2.5 3.5 4.5
5.5]).

• Matrix 90: 10×10 nonsymmetric Wilkinson matrix from MATLAB 7.6
function wilkinson. This matrix was generated as A=wilkinson(10).

• Matrix 91: Symmetric 10 × 10 real matrix obtained from A = (A0 +
AT

0 )/2, where A0 is a matrix generated with uniform random values in
[−50, 50].

• Matrix 92: Nondefective 10× 10 real matrix with separate eigenvalues
σi = 10i−8, i = 1, 2, . . . , 10.

• Matrix 93: Nondefective 10×10 real matrix with a multiple eigenvalue
σ = 10.

• Matrix 94: Nondefective 10 × 10 real matrix with two separate eigen-
values σ = 10−4 and σ = 102 of multiplicities equal to 5.

• Matrix 95: Defective 10× 10 real matrix with eigenvalues 2, −3 and 4
of multiplicities equal to 3, 2 and 5 respectively.

• Matrices 96-102: Seven 10× 10 real matrices from [23, example 3.10].

The “exact” matrix cosine was calculated analytically when possible,
and otherwise using MATLAB’s Symbolic Math Toolbox with high preci-
sion arithmetic.

Tables 2a and 2b show the comparatives cosher-cosm and cosher-funm
for N ∈ {9, 12, 16, 20}. The first three rows show the percentages of times
that the relative error of the first function is lower, equal or greater than
the relative error of the second function. The fourth row shows the ratio
of matrix products needed for computing the matrix cosine for over all the
test matrices. In the same way as in [10, p. 6459] we have considered that
the asymptotic cost in terms of matrix products for solving the multiple
right-hand side linear system that appears in Padé algorithm is 4/3. The
computational cost of funm depends greatly on the eigenvalue distribution of
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the considered matrix. If A ∈ Cr×r, this cost is roughly between 28r3 flops
and r4/3 flops [14, p. 228]. Since the cost of a square matrix product is 2r3

flops, we estimated by default that the cost of funm is 14 matrix products.

N=9 N=12 N=16 N = 20
L 33.33 67.65 84.31 72.55
E 0 0 0 0
G 66.67 32.35 15.69 27.45
R 0.94 0.92 0.92 0.91

(a) Comparative cosher-cosm.

N=9 N=12 N=16 N=20
64.71 74.51 77.45 73.53
0 0 0 0

35.29 25.49 22.55 26.47
0.60 0.58 0.58 0.58

(b) Comparative cosher-funm.

Figure 2: Comparatives cosher-cosm and cosher-cosm. The first three rows show the

percentage of times that relative error of cosher is lower (L), equal (E) or greater (G)

than relative error of cosm or funm. The last row shows the ratio (R) of costs in terms of

matrix products between cosher and cosm (2a), and cosher and funm (2b).

Figure 3 shows the performances [24] of the functions compared, where α
coordinate varies between 1 and 5 in steps equal to 0.1, and p coordinate is the
probability that the considered algorithm has a relative error lower than or
equal to α-times the smallest error over all the methods, where probabilities
are defined over all matrices.
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Figure 3: Performance profile of cosher, cosm and funm for the set of test
matrices.

The following conclusions can be emphasized:

• Computational cost of cosher is lower than computational costs of
cosm and funm for all considered orders.

• Function cosher is more accurate than cosm for N = 12, 16, 20, and
it is more accurate than funm for all considered orders.

• In the performed numerical tests, the optimal order of Hermite algo-
rithm is N = 16.

5 Conclusions.

In this work an efficient algorithm to compute the matrix cosine based on
Hermite matrix polynomial expansions has been presented. This algorithm
improves the algorithms proposed by the authors in [6, 8]. The new algorithm
uses the scaling technique based on the double angle formula, the Horner and
Paterson-Stockmeyer’s method for computing the Hermite matrix polyno-
mial approximation, a new bound of the absolute error, and accuracy bound
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tests for neglecting higher order series terms. A careful analysis of rounding
errors of the developed algorithm has also been given. The MATLAB func-
tion cosher is available online and it has been compared with the built-in
MATLAB function funm and the MATLAB function cosm based on the Padé
algorithm given in [2]. Numerical tests show that cosher has lower compu-
tational cost and higher accuracy than funm and cosm for several orders of
the Hermite approximation, reaching its best performance when the Hermite
matrix polynomial approximation of order N = 16 is used.
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Edificio 8G, Piso 2, 46022 Valencia, España.

(†) CES Felipe II,

Universidad Complutense de Madrid,

Edificio Isabel de Farnesio, 28300 Aranjuez, Madrid, España.

November 30, 2011

1 Introduction

The history of electroencephalography (EEG) begins with Hans Berger who discovered in
1929 that between electrodes attached to the human scalp a potential difference in the
mV range could be detected by means of a precision galvanometer [1]. He observed that a
rhythmic pattern with a frequency of 8-12 Hz was recorded from subjects with their eyes
closed (Alpha rhythm or Berger’s wave). After opening their eyes the frequency increased
to 12-30 Hz (Beta rhythm). Alpha power was larger with eyes closed than with eyes open,
and it was associated with a relaxed brain.

In his work, Berger was inspired by the findings of the surgeon Richard Caton who in
1875 measured electrical potentials on the cortex of laboratory animals. The discovery of
intracranial measures of electrical activity preceded by half a century the epoch-making
Berger’s discovery. The importance of Berger’s method is that, being an extracraneal and
non-invasive technique, could develop into a very useful monitoring and diagnosing tool
for neurologists and psychiatrists.

EEG discovery was ignored for almost a decade. Most researchers thought that these
small currents were artifacts of the experimental apparatus and the human body. The work
of Berger was eventually recognized and EEG developed into a field with vast applications
in Neurological Diagnosis, Experimental Psychology and Psychiatry [2]. In 1937, A. Lee
Loomis and his collaborators classified the different stages of sleep in relation with the

∗e-mail: luiacrod@imm.upv.es
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EEG signals [3]. At that time, it was clear that during sleep the EEG pattern suffered
changes that could be recognized by counting the number of zero crossings (as a qualitative
measure of frequency) and its amplitude. These transitions are:

• Stage 1: As observed by Berger during awareness the brain produces the alpha wave
with a mixture of frequencies in the range 8-12 Hz. This is a fast rhythm with low
amplitude. When the individual becomes drowsy the pattern changes to the theta
wave with lower frequencies in the range 4-7 Hz.

• Stage 2: In this stage the basal EEG is sporadically interrupted by K-complexes
(high-voltage peaks around 100 µV occurring with a periodicity of 1.0-1.7 minutes)
and the so-called sleep spindles or sigma waves with a frequency 13-17 Hz appearing
every 0.5-1.5 seconds.

• Stage 3: This is the most deep stage of sleep. It is characterized by delta waves
ranging from 0.5 to 2 Hz and an amplitude from the negative to the positive peak
around 75 µV. The small frequency of these waves has suggested the name “slow-
wave” sleep for this stage.

In experiments with insects it has been found that intrinsic oscillations around 20 Hz are
induced by different odours. These oscillations are generated as a global pattern involving
feedback with the mushroom bodies structures of the insect protocerebrum and they are not
observed as local field potentials recordings in the antennal lobes [4]. These oscillations
have also been observed in bees and they are regarded as the encoding in the neural
assembly of the odour stimulus. These oscillations are different for very similar odours
(1-hexanol and 1-octanol), although the discriminant capacity is impaired by the action of
antagonists of the γ-aminobutyric acid receptors such as picrotoxin [5]. In humans neural
oscillations are related with cognitive processes: memory encoding (theta wave), attention
(alpha and gamma) and conscious awareness of meaningful visual patterns (synchronous
gamma oscillations through separate brain areas).

It is our objective to develop a random network model of the brain in order to study
the generation of these oscillatory patterns of activity both in humans and in animals. In
our model we consider a network with a large number of artifical neurons simulated as
automata with three states: firing, quiescent or resting and refractory. The connections
among these neurons mimick the synapses in real brains. The average number of firing
neurons is the mathematical measure of activity and it can be studied as a function of
time.

2 The Brain as a Random Network Model

The cytoarchitecture of the human cortex is charaterized, in general, by stratified layers
of neurons. This basic structure is already present at birth but dendritic arbors develop
and grow during the first two years. It is known that the details of this fine substruc-
ture develops throughout many years [6, 7]. In our approach, we are more interested in
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the topological properties of these networks and we should ignore the stratified architec-
ture. We should choose the Erdös-Rényi random network model charaterized by a Poisson
distribution of contacts among nodes with a mean value k.

Random networks are characterized by the number of sites or nodes (N = 106 in our
simulations) and the average number of contacts of every individual, k (called the degree
of this node). Consequently, the number of links in the network is given by Nk/2. These
links are randomly assigned to pairs of nodes with the obvious rule that, at most, only a
link can connect two nodes.

Once the random network is generated we apply an evolution algorithm in order to
analyze the number of active neurons as a function of time. As the initial state we consider
only a small fraction of firing neurons. All quiescent neurons are then checked iteratively
and they start to fire at time step t + 1 with probability α for every contact with a firing
neuron at time t. The average time a neuron remains in the firing state is 1/ν whereas the
average refractory time is 1/γ. These firing and refractory times are intrinsic to the neuron
structure and we assume that they follow a Poisson distribution with the aforementioned
averages 1/ν and 1/γ. BOINC computing architecture has been used in order to obtain
results in a reasonable time [8].

In our stochastic model we are simulating the transmission of action potentials from
neuron to neuron as a stochastic process. In practice, neurons integrate the signals received
from the axon projections of their neighbors, this is the basic idea of the so-called integrate-
and-fire models. If a certain threshold is reached the quiescent neuron start to fire. In
our model this collective effect is captured by the independent stochastic interations of
a quiescent neuron with their firing networks in its neighborhood. If we have F (t) firing
neurons in contact with a given quiescent neuron at time t the probability for this neuron
to start firing at t + 1 is F (t)α and, consequently, increase linearly with the number of
firing neurons in their topological vicinity.

It is difficult to ascribe a definite value to α according to our present understanding of
brain physiology. However, some recent physiological studies have revealed that the levels
of glutamic acid, the main excitatory neurotransmitter in the cerebral cortex, increase after
sleep deprivation in rats [9, 10, 11, 12]. The measurements of cerebral glucose utilization
by means of the positron emission tomography technique also reveal a decline in several
areas of the brain during sleep [13]. These observations are consistent with a scenario in
which the homeostatic equilibrium of neurotransmitters is different between sleep states
and the awaken state and could be mimicked by adjusting the values of α.

In the case of external stimuli that promote the opening of sodium channels in sensory
neurons the role of α is clearer as a probability that measures the increase of firing prob-
ability of the stimulated neurons. Furthermore, the mean firing time, 1/ν, and the mean
refractory time, 1/γ, can, in principle, be obtained from the physiology of a single neuron.
Values of the refractory period around 0.8-1.1 ms were reported early in the literature [14].
The firing phase should be comprised between the polarization and depolarization stages
where the spike train is generated and should be much shorter.

In our study we should consider the values 1/ν = 10 and 1/γ = 200. Similar results
are obtained for other proportions between ν and γ. We have analyzed the behavior found
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Figure 1: Number of firing neurons in the random network, I(t), measured in units of 10,000
for an average degree of each node k = 500 and α = 2.6× 10−4 (solid line), α = 2.9× 10−4

(dotted line). Oscillatory behaviour is observed in these two cases.

with special interest in the periodic oscillations of the brain activity.
Some typical oscillatory behaviour is plotted in Fig. 1 for a network with one million

neurons and an average connectivity of k = 500 among them. The sensitivity of this
behaviour is very high. A small perturbation of α causes that the oscillations is replaced by
damping behaviour. This fine tuning simulates the role of neural oscillations to discrimante
among different but similar stimuli.
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1 Introduction

A classical group decision making problem arises when a group of voters or

experts have to make a decision on a set of alternatives, candidates, etc. The

experts’ opinions about the alternatives are usually characterized by their

ideas, principles, knowledge, etc. which is a source for conflict when it comes

to making a collective decision. There are many aspects which govern the

final decision in group decision making problems. Two such aspects are the

experts opinions (expression domain, criteria to evaluate, expertss knowledge

on the alternatives or candidates, etc.) and the methodology followed to

compute the final decision (aggregation operators, voting systems, etc.).

Due to this fact, it may be interesting not only to know the result of ag-

gregating the individuals’ opinions but also to measure how much agreement

with respect to the individual opinions this final decision has conveyed. This

point is important in order to be aware of which decision making methodolo-

gies or voting systems could capture the coherence within the group better.

In this work we contribute to the formal analysis of the measurement of

consensus in a society by taking advantage of a general method to measure

∗e-mail: {jcr,rocioac,casbar}@usal.es

23



Modelling for Engineering & Human Behaviour 2011 24

consensus which unifies previous methodologies (cf., Alcantud et al. [1]).

That model for addressing the problem can be specialized via two ways: the

“voting rule” that is selected, and the measure of agreement between pro-

files and orderings. We here focus our analysis on two relevant and specific

subcategories: the Borda and the Copeland rules under a Kemeny-type dis-

tance, whose computational construction and performance for small societies

is analyzed.

2 Algorithmic construction of RCM-B and

RCM-C

Our generic proposal (see [1] for details) includes the referenced consensus

measures (RCMs) given by the tie-breaking Borda and Copeland rules as

particular instances. Let ∂K denote the Kemeny’s measure between a profile

of complete preorders and a preorder. Then RCM-B is defined as MB =

(CB, ∂K), where CB assigns with a profile its consensus preorder by the Borda

rule, and RCM-C is defined as MC = (CC , ∂K), where CC assigns with a

profile its consensus preorder by the Copeland rule.

Below we present three algorithms that permit to compute both RCMs.

Kemeny’s measure: K(R1, R2) is the probability that the binary ordering between two randomly
chosen alternatives is the same for the two voters.

Given two weak orders R1 and R2 on k options, their respective k×k preference matrices P1

and P2 are:

Ps(i, j) =

{

1 if agent s strictly prefers i to j
0 otherwise

(s = 1, 2)

d = 0
For i = 1 to k
For j = i+ 1 to k

If

(

P1(i, j) +P2(i, j) == 2

OR P1(j, i) +P2(j, i) == 2

OR P1(i, j) +P2(i, j) +P1(j, i) +P2(j, i) == 0

)

Then

d = d+1;

EndIf

EndFor

EndFor

K(R1, R2) =
2d

k(k−1)
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RCM-B: Referenced consensus measure Borda

Input: A profile R = (R1, . . . , RN ) of N weak orders on k options

(1) For each preorder compute its k × k preference matrix Ps(i, j)

(2) Calculate the aggregate preference matrix: A(i, j) =
∑N

s=1 Ps(i, j)

(3) Compute rule score AB = A−At, R
R
(i) =

∑N
j=1 AB(i, j)

(4) Compute rule preference matrix yielding R
R

P
R
(i, j) =

{

1 if R
R
(i) > R

R
(j)

0 otherwise

(5) Compute ‘individual’ measures K(Rs, RR
) for each s = 1, . . . , N

Output: Measure K(R, R
R
) =

∑
N

s=1
K(Rs,RR)

N

The RCM-C algorithm is the same as the RCM-B above, except in that step

(3) is replaced by:

(3) Compute rule score AC = sign(A−At), R
R
(i) =

∑N
j=1 AC(i, j).

3 Data for comparing consensus via Borda

and Copeland

In this section we carry out a computational exploration of the behaviour of

our proposals for k = 3 and k = 4 alternatives and small societies (the case

k = 2 admits a simple and complete analysis: see [1] for details). Besides we

restrict our study to the case where the voters linearly order the alternatives,

both for expository and computational reasons. Of course, even though all

voters have linear orders the models can produce ties in the consensus pre-

order. Table 1 shows the respective performance when k = 3 and k = 4. We

provide the number of cases where the Borda and Copeland methods convey

the same consensus, resp., Borda gives a higher consensus than Copeland.

The table conveys relative values (in larger types) and absolute values. We

observe that RCM-C performs better than RCM-B when the number of ex-

perts is odd, and that the situation is the opposite for even-numbered groups

(cf., Fig. 1).
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Table 1: Comparing RCMs for 3 and 4 options

k = 3
Experts
n = 3 n = 4 n = 5 n = 6 n = 7 n = 8 n = 9 n = 10

56 126 252 462 792 1, 287 2, 002 3, 003

B=C 79% 90% 74% 82% 73% 78% 73% 75%
44 114 186 378 582 993 1, 468 2, 253

B>C 0% 10% 2% 13% 4% 14% 5% 15%
0 12 6 60 30 186 90 450

B<C 21% 0% 24% 5% 23% 8% 22% 10%
12 0 60 24 180 108 444 300

k = 4
Experts
n = 3 n = 4 n = 5 n = 6 n = 7 n = 8 n = 9 n = 10
2, 600 17, 550 98, 280 475, 020 2, 035, 800 7, 888, 725 28, 048, 800 92, 561, 040

B=C 57% 72% 46% 59% 43% 52% 42% 49%
44 114 186 378 582 993 1, 468 2, 253

B>C 6% 18% 14% 24% 18% 27% 20% 29%
0 12 6 60 30 186 90 450

B<C 37% 10% 40% 17% 39% 20% 38% 22%
12 0 60 24 180 108 444 300
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Figure 1: Comparison between RCM-B and RCM-C for k = 3 and k = 4.

4 Concluding remarks

In this paper we analyse the measurement of consensus from a descriptive

point of view. We have given two particular specifications of a unifying

model, and their relative performance for small societies has been explored.
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1 Introduction

In medicine, the diagnosis based on CT images is fundamental for the de-
tection of abnormal tissues by different attenuation on X-ray energy, which
frequently is not clearly distinguished for radiologists. In CT imaging, a
set of projections taken with a scanner is used to reconstruct the internal
structure of an object.
Presently, the reconstruction process in clinical scanners is based on ana-
lytical algorithms which use the inverse Fourier transform. However, the
algebraic methods represent a dominant option due to two reasons. Firstly,
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the analytical methods require complete data collection which is not always
possible. Secondly, they do not provide the optimal reconstruction in noisy
conditions in the image [1]. Algebraic methods allow reconstructing images
with higher contrast and precision in noisy conditions from a small number
of projections than the methods based on the Fourier transform [2]. In CT,
it is common to find incomplete set of no equally spaced projections. In these
cases, algebraic reconstruction methods provide images with better quality.
One of the lines of research in imaging techniques concerns portable tomog-
raphy devices which employ carbon nanotubes because of their capacity to
produce X-rays [4]. This type of scanners might be used to realize urgent
examination at any place. They do not provide equally spaced data, so, the
algebraic reconstruction is more suitable for these devices.

Let’s suppose that matrixX is a digital version of the image f(x, y). That
is, f(x, y) can be approximated by the elements of the matrixX , which values
represent intensities of the image. We assume that the image fits some square
region and is approximated by nxn matrix X . A single projection Pk taken
at angle φr can be expressed by the following formula:

n
∑

i=1

n
∑

j=1

Wij(k, φr)Xij = Pk,φr
. (1)

In matrix form the equation (1) is given as follows:

Ax = P, (2)

where the system matrix A is formed by the elements Wij(k, φr), simulates
TAC functioning and may not be square. For a given angle, we assume that
the number of projections ranges from 1 to m. If there are k different angles,
then in (2) P is the column matrix with mxk elements, x is the column ma-
trix with n2 elements, and A is the mkxn2 rectangular matrix.
Fundamentally, the algebraic methods of image reconstruction from projec-
tions are schemes for solving a linear system of equations (2). The dimensions
of A grow proportionally to the resolution of the image to be reconstructed
and the number of projections, increasing therefore the computational cost.
Today the technology provides the possibility to parallelize calculations and
allows more efficient management of the resources of a system. In this work
we employ PETSc library [5] for parallel solving of the system (2).
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2 Methodology

Matrix A simulates the TAC functioning and many properties of the recon-
structed image depend on the approximations when calculating the matrix.
In this work we use the Siddon algorithm to calculate elements of the ma-
trix in a rectangular grid. For experimental purposes we worked with 200
fan-beam real projections acquired from the hospital Clinico Universitario in
Valencia. We reconstructed images with both analytical FBP and algebraic
LSQR methods with the aim to analyze the possibility of the reconstruction
from a fewer number of projections and to perform the quality comparison of
the reconstructed images. As a measure of the quality we used Mean Square
Error (MSE) and Peak Signal-to-Noise Ratio (PSNR) functions.

3 Results and Discussion

The results have been measured on a multiprocessor system with 8 processors
Intel(R) Xeon(R) CPU 5365 @3GHz with 4 cores each one of them and 4GB
RAM. For an image of 256x256 pixels the reconstruction time (in seconds)
is summarized in Table 1. It can be seen that the paralelization speeds up a
great deal the whole reconstruction process.

Table 1: The time of the reconstruction (in seconds)

Number of Number of processors
projections Np=4 Np=8 Np=16 Np=32

256x200 3000 1681 882 528
256x100 779 427 132 67
256x50 193 104 55 29

Some of the reconstructed images from equally spaced projections are pre-
sented in Figure 1. Figure 2 illustrates the capacity of the iterative algorithm
to reconstruct images from incomplete and unequally spaced data. This qual-
ity might be useful in portable tomography devices that produce incomplete
set of projections.
The obtained results show the capacity of the algebraic methods to recon-
struct images of a good quality and with low computational cost without the
necessity of the complete and equally spaced experimental data. We expect
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Figure 1: Reconstructed images: a) original image; b),c),d) - iterative reconstruction
from 200, 100, 50 angles at the iteration 12 when the given tolerance is achieved.

more significant results in undergoing work of 3D image reconstruction where
a lot of computation is involved.

Figure 2: Reconstruction from incomplete data: -iterative (a) and analytical (c) recon-
struction from the set (256x170) with removed angles; -iterative (b) and analytical (d)
reconstruction from the set (226x200) with removed sensors.
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1 Introduction

In this work, a finite element approach is presented for modelling sound propagation in
perforated dissipative mufflers with non-homogeneous properties (see Figure 1). The spatial
variations of the acoustic properties can arise, for example, from uneven filling processes
during manufacture [1, 2] and degradation associated with the flow of soot particles within
the absorbent material [3]. First, the finite element method is applied to the wave equation
for a propagation medium with variable properties [4] (outer chamber with absorbent
material) and a homogeneous medium (central passage). The usual calculation of the finite
element matrices has been modified to include these heterogeneous acoustic properties. For
the case of a dissipative muffler, the characterization of the absorbent material is carried
out by means of its equivalent complex density and speed of sound [5]. To account for the
spatial variations of these properties, a coordinate-dependent function is proposed for the
filling density of the absorbent material. The coupling between the outer chamber and the
central passage is achieved by using the acoustic impedance of the perforated central pipe,
that relates the acoustic pressure jump and the normal velocity through the perforations
[6, 7]. The acoustic impedance of the perforated central duct includes the influence of the
absorbent material [8] and therefore a spatial variation of the impedance is also taken into
account. A detailed study is then presented to assess the influence of the heterogeneous
properties and the perforated duct porosity on the acoustic attenuation performance of the
muffler.
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Figure 1: Perforated dissipative silencer with heterogeneous absorbent material.

2 Results and discussion

2.1 Validation

Figure 2 shows the comparison of the transmission loss (TL) [6] predictions obtained by
the implemented procedure as well as those from the segmentation method [2, 9]. The
muffler geometry is axisymmetric, and the dimensions of the studied configuration are:
central passage radius R1 = 0.0245 m, outer chamber radius R2 = 0.0822 m, length of the
inlet and outlet ducts Li = Lo = 0.1 m and length of the absorbent material Lm = 0.3
m. The perforated duct is characterized by a porosity σ = 20%, thickness tp = 0.001
m and hole diameter dh = 0.0035 m. In the proposed approach for the heterogeneous
absorbent materials, the filling density is assumed to vary according to the function ρc(x) =
−653.333x + 359.333, which yields a heterogeneous steady airflow resistivity R(x), and
hence coordinate-dependent acoustic properties such as the equivalent complex density
ρm(x) and the speed of sound cm(x). This assumption provides a mean filling density of
value ρc = 196 kg/m3. For the segmentation method calculations three cases have been
computed with 1, 2 and 3 segments, considering a homogeneous absorbent material in each
region. Therefore, the case with N = 1 corresponds to a perforated dissipative muffler
with homogeneous absorbent material. The lengths of segments and the associated filling
densities for the three cases are shown in Table 1. In the segmentation method predictions
and the proposed approach results as well, the fibrous material total mass is constant with a
value of 1.137 kg. As can be seen in Figure 2, all the curves exhibit a reasonable agreement
at low frequencies, where the attenuation of the muffler is mainly dictated by reactive
phenomena [6]. In the mid and high frequency range, considerable differences between the
implemented procedure results and the segmentation method predictions with 1 segment
(homogeneous absorbent material) can be observed (at 1310 Hz the difference is about
6 dB). By increasing the number of segments, the results provided by the segmentation
approach exhibit a convergence to the proposed method and the discrepancies are gradually
lower. For N = 3, some slight differences are still detected between the results obtained
by the proposed approach and the segmentation procedure.
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Length (m) Filling density
(

kg/m3
)

N L1 L2 L3 ρc1 ρc2 ρc3

1 0.30 – – 196 – –
2 0.15 0.15 – 245 147 –
3 0.10 0.10 0.10 261.3 196 130.7

Table 1: Lengths of the segments and the associated filling density.
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Figure 2: TL of perforated dissipative silencer: , segmentation method, N = 1; ,
segmentation method, N = 2; , segmentation method, N = 3; , implemented
procedure.

2.2 Effect of filling density

The results have been obtained by applying the proposed approach and the segmentation
method with N = 1 as well (homogeneous absorbent material case). The values ρc = 90
kg/m3, ρc = 166.7 kg/m3 and ρc = 196 kg/m3 are considered for the geometry analyzed
in the previous figure. In the segmentation method calculations these values represent
the constant filling densities within the muffler, while in the implemented procedure they
denote the mean filling densities. In this latter case, the axial distributions are given by
ρc(x) = −300x + 165, ρc(x) = −555.733x + 305.653 and ρc(x) = −653.333x + 359.333,
respectively. The perforated duct is characterized by σ = 20%, tp = 0.001 m and dh =
0.0035 m. For all the considered filling densities, the transmission loss curves associated
with the proposed approach are clearly different from those obtained by the segmentation
method. As the filling density increases, the two approaches show higher discrepancies.
Also, with higher filling densities, the transmission loss predictions obtained by the two
approaches are increased at mid to high frequencies, and the resonant peaks are shifted
to lower frequencies. At very low frequencies, an opposite trend appears, that is, higher
filling densities tend to reduce the acoustic attenuation.
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2.3 Effect of porosity

The influence of the perforated duct porosity has been analyzed, where the values σ = 5%,
σ = 10% and σ = 20% have been considered while keeping tp = 0.001 m and dh = 0.0035
m. As in the latter case, the transmission loss curves have been obtained by applying the
proposed approach as well as the segmentation method with N = 1 in order to assess the
impact of heterogeneities within the outer dissipative chamber. The absorbent material
used for the calculations has a filling density ρc of 196 kg/m3. This value is constant in
the segmentation method and provides the mean density in the implemented procedure.
In this latter case (heterogeneous absorbent material) the axial variation of the filling den-
sity is defined by ρc(x) = −653.333x + 359.333. For all the considered porosities, the
two approaches exhibit a reasonable agreement at low frequencies, while at mid to high
frequencies significant discrepancies appear between them. By increasing the porosity, the
acoustic performance of the dissipative silencers is considerably improved at high frequen-
cies since more sound attenuation is generated within the absorbent material. In addition,
the resonant peaks are shifted to high frequencies due to the decrease of the mass reactance.
At low frequencies, higher porosities lead to lower transmission loss.

3 Conclusions

A finite element approach has been developed to predict the acoustic behaviour of per-
forated dissipative mufflers with non-homogeneous properties. The heterogeneities of the
absorbent material have been modelled by introducing a spatial variation of its filling den-
sity, that leads, through the steady airflow resistivity, to coordinate-dependent acoustic
properties such as the equivalent complex density and the speed of sound. Therefore, the
usual calculation of the finite element matrices has been modified to include these equiv-
alent heterogeneous acoustic properties. In addition, the coupling between the central
passage and the dissipative outer chamber has been carried out considering a perforated
surface. Since the acoustic impedance of the perforations in the presence of a backing
porous medium strongly depends on the acoustic properties of the fibrous material, addi-
tional features have been implemented in comparison with the models of earlier studies.
Specifically, the perforated acoustic impedance models normally used in the bibliography
have been modified to introduce the spatial influence of the heterogeneous properties of
the fibrous material.

To validate the numerical approach, the results provided by the proposed technique
have been compared with a segmentation method that considers a sequence of homoge-
neous regions within the outer chamber, showing a good agreement for increasing number
of segments. Although the calculations exhibit some discrepancies, particularly when a
reduced number of regions is considered, a suitable convergence to the proposed approach
has been found for the selected configuration under analysis as the number of segments
increases. Finally, a study has been presented to assess the influence of the heterogeneity,
the filling density and the porosity of the perforated duct on the sound attenuation of the
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dissipative mufflers.
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1 Introduction

In the recent several years stock option was one of the most popular finan-
cial derivatives. Numerical analysis has been applied since Merton publish
a paper expanding the mathematical understanding of the options pricing
model and coined the term Black-Scholes options pricing model [1]. The
Black-Scholes equation governs the price of the option over time. The key
idea behind the derivation was to perfectly hedge the option by buying and
selling the underlying asset in just the right way and decrease the risk.

However, the Black-Scholes linear model is not very realistic, since the
Black-Scholes model had been derived under very restrictive assumptions,
such as frictionless, liquid and complete market, i.e. for idealized financial
markets [2]. Applying Ito’s calculus to the Black-Scholes model a partial
differential equation is obtained. It can be approximated and integrated
numerically by various methods. The basic idea is to approximate the par-
tial differential equation by a system of equations with a finite number of
unknowns, which may be solved numerically to obtain a discrete solution.

In the mathematical literature, few results can be found on the numer-
ical solution of nonlinear Black-Scholes equations. We propose an explicit
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nonstandard finite difference scheme method to solve numerically a nonlin-
ear Black-Scholes equation modeling illiquid markets. In particular we use a
method that use an exact difference scheme on the linear term and the spa-
tial derivative is approximated using a nonstandard finite difference scheme
[3]. This methodology has been applied in many sciences areas of sciences
including biology and epidemic models [3, 4].

The nonlinear Black-Scholes equation modeling illiquid markets that is
studied in this work was presented in [5]. These authors show the existence
and uniqueness of this generalized Black-Scholes model under certain condi-
tions of the payoff function.

2 Nonlinear equation in mathematical finance

In this paper we are interested in the following generalized Black-Scholes
pricing PDE:

∂v

∂t
+

σ2S2

2
(

1− λ(S, t)S ∂2v
∂S2

)2

∂2v

∂S2
+ rS

∂v

∂S
− rv = 0, (S, t) ∈ Ω0,

v(S, T ) = f(S), 0 < S < +∞,

where, the domain Ω0 =]0,+∞[×[0, T [; S is the underlying asset, v is the
price of the option, T is the maturity, ∂v

∂S
is the Greek Delta of the option, ∂2v

∂S2

is the Gamma of the option, and the payoff function f(S) of the European
contingent claim is a continuous piecewise linear function. Now, we consider
the change of variable τ = T−t, u(S, τ) = v(S, t), and we put 0 < S < S < b,
where S and S represent, respectively, the lower and upper limits of the stock
price within which there is a price impact. Thus, the discretization domain
is Ω = [0, b]× [0, T ], see [6]. Therefore, the above equation can be written as

∂u

∂τ
− σ2S2

2
(

1− λ(S, T − τ)S ∂2u
∂S2

)2

∂2u

∂S2
− rS

∂u

∂S
+ ru = 0, (S, τ) ∈ Ω, (1)

u(S, 0) = f(S), 0 < S < +∞,

where the parameter r > 0 is the interest rate and the reference volatility is
σ > 0. Now, λ(S, τ) is the function that is consistent with the price impact,
and given by

λ(S, T − τ) =

{

γ
S
(1− e−βτ ), if S ≤ S ≤ S,

0, otherwise,
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where γ > 0 measures the price impact per traded share.

3 Proposed numerical scheme

First we construct an ”exact” numerical scheme of the convection-reaction
part of (1) using the ideas of the ”exact” time-stepping given in [7] and the
techniques of the nonstandard finite difference methodology [3]. Thus, we
consider the linear equation

∂u

∂τ
− rS

∂u

∂S
= −ru, (S, τ) ∈ (0,+∞)× (0, T ], (2)

u(S, 0) = f(S), 0 < S < +∞.

The equation (2) can be easily solved using the characteristics method, and
the solution is the following

u(S, τ) = f(Serτ )e−rτ . (3)

If we evaluate the solution (3) at time τ +∆τ , such that τ +∆τ ∈ [0, T ], it
obtains the following expression

u(S, τ +∆τ) = u(Ŝ, τ)(e−r∆τ − 1) + u(Ŝ, τ),

where Ŝ = Ser∆τ . The ”exact” difference scheme for the equation (2) is given
by

u(S, τ +∆τ)− u(Ŝ, τ)

ϕ(∆τ)
= −ru(Ŝ, τ) (4)

where the denominator function ϕ(∆τ) is given by ϕ(∆τ) = 1−e−r∆τ

r
. The

left-hand side of (4) can be viewed as a nonstandard difference approximation
of the characteristic derivative Du

Dτ
= ∂u

∂τ
− rS ∂u

∂S
, while the right-hand side

represents a nonlocal modeling of the linear reaction term.
Second, we discretize the domain Ω in the following form. We chose

positive integers N,L, such that the spatial step size is given by h = b/N ,
while the time step size is k = T/L, and put Sj = jh, h = ∆S, τn = nk, k =
∆τ, 0 ≤ j ≤ N, 0 ≤ n ≤ L. We seek approximations of the solution at these
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mesh points, these approximate values will be denoted by Un
j ≈ u(Sj, τn).

We suppose that u(S, τ) ∈ C4,2(Ω), and we define the second derivatives as

∂2u(Sj, τn)

∂S2
=

u(Sj+1, τn)− 2u(Sj, τn) + u(Sj−1, τn)

φ(h)
+O(h2),

where, φ(h) = h2 + O(h4), and ϕ(k) = k + O(k2), see [3]. For the sake of
simplicity, we define the difference operator

δnj = δ(Un
j ) :=

Un
j−1 − 2Un

j + Un
j−1

φ(h)
, 1 ≤ j ≤ N − 1, (5)

where we take the denominator function φ(h) = (e
√

2

3
h − 2 + e−

√

2

3
h)/2

9
, see

[3, 8]. Moreover, for h > 0, φ(h) > 0. The characterization of the these
functions is given by: (i) f(h) = h2+O(h4) and (ii) the denominator function
is a real, positive function of h over a interval 0 < h < hc, where hc is a critical
value. For some cases, hc can be unbounded.

Using (4) and (5), we can construct an explicit nonstandard numerical
scheme for the problem (1) as follow

U
n+1
j = (1− rϕ(k))Un(Ŝj) +

ϕ(k)

2
β
n
j δ

n
j , 0 ≤ j ≤ N − 1, 0 ≤ n ≤ L− 1 (6)

β
n
j = β

n
j (U) =

σ2S2
j

[1− vnj ]
2
≥ 0, 0 ≤ n ≤ L− 1, 0 ≤ j ≤ N, (7)

v
n
j = v

n
j (U) =

{

γ(1 − e−βnk)δnj , if S ≤ Sj ≤ S,

0, otherwise,
(8)

where Un(Ŝj) ≈ u(Sje
rk, τn). Now, U

n(Ŝj) is calculated using

Un(Ŝj) = Un
j +

Ŝj − Sj

h
(Un

j+1 − Un
j ), 1 ≤ n ≤ L− 1, 1 ≤ j ≤ N,

Un(Ŝ0) = Un
0 .

Thus, we obtain the following numerical scheme

Un+1
j =

(

rjϕ(k) +
ϕ(k)

2φ(h)
βn
j

)

Un
j+1 +

(

e−rk − rjϕ(k)− ϕ(k)

φ(h)
βn
j

)

Un
j (9)

+
ϕ(k)

2φ(h)
βn
j U

n
j−1, 1 ≤ j ≤ N − 1, 0 ≤ n ≤ L− 1,

for the interior points and in the boundary points

Un+1
0 = e−(n+1)krf(0), Un+1

N = e−rkUn
N +N(1− e−rk)(Un

N − Un
N−1).
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Figure 1: Consider f(S) = max{S−E, 0}, with Strike price E = 50, S = 20,
S = 80, β = 100, γ = 1, T = 1. The spatial parameters are b = 200,
N = 125. Upper figures σ = 0.4, r = 0.06. Lower figures σ = 0.04 and
r = 0.06.

4 Numerical results for the nonlinear equa-

tion in mathematical finance

In Fig. 1 we present the numerical results using the proposed nonstandard
finite difference scheme (6)-(8). The first numerical result is obtained for
the option price and is compared with the numerical schemes given in [2]
and [6]. We can see that our scheme is able to produce an accurate solution
with a large time step (h = 1.6). Next result (from right to left) shows that
our solution for the Gamma function agrees with the one proposed in [6]
for a small time step. The last two figures show that our proposed scheme
produces smooth and positive solutions for the Delta and Gamma function
with higher values of k than the other schemes.



Modelling for Engineering & Human Behaviour 2011 41

5 Conclusions

In this paper we proposed an nonstandard finite difference methodology to
solve numerically a generalized nonlinear Black-Scholes equation modeling
illiquid markets. In particular, the proposed method uses an exact difference
scheme in the linear convection-reaction part and the spatial derivative is
approximated using a nonstandard finite difference scheme. We show here
that the numerical solutions of the proposed scheme, preserves the positivity.
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[4] A.J. Arenas, G. González-Parra, and B.M. Chen-Charpentier. A nonstan-
dard numerical scheme of predictor-corrector type for epidemic models.
Comput. Math. Appl., 59(12):3740–3749, 2010.

[5] H. Liu and J. Yong. Option pricing withan illiquid underlying asset
market. J. Econ. Dynamics Control, 29:2125–2156, 2005.
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1 Introduction

Ground penetrating radar (GPR) has been extensively used as a non-destruc-
tive methodology to analyze components and anomalies in Water Supply Sys-
tems (WSS). The components most frequently analyzed are pipes and, es-
pecially, metallic pipes. Information about components, undergone changes,
and anomalies is completely necessary for productive control and manage-
ment of WSS. The multi-agent paradigm is used in this paper to assess com-
ponents of WSS from GPR radargrams. The aim of this work is to provide
non-highly qualified technicians with non-destructive, easy and quick proce-
dures of interpretation of GPR survey files. These procedures will enable
them to gain insight into the sometimes unknown layouts of the systems,
and to unveil various concealed characteristics of the components of WSS.
Following the same line of research on GPR image processing started in a
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previous work by the authors [1], this paper takes the matter further by
presenting a new multi-agent algorithm.

2 Proposed method

The agent racing will provide an interpretation and a grouping method for
data from GPR radargrams. The proposed algorithm has been developed
in MatLab and is based on Game Theory. The input of the agent racing
algorithm is the radargram, which is a matrix of size m×n. The dimension,
m, is the volume of signal data each trace records, which depends on the
characteristics of the equipment used. The proposed game is a payoff function

specified for each player. So, the game is a function π :
∏
s∈P

Σs → Rn, [2],

where P is the set of agents (players). It is a finite set, which we label
{1, 2, . . . , n}. Each agent s in P has a finite number of strategies making
up a strategy profile set, Σ. The n traces generated by the GPR survey are
used as pseudo-parallel tracks for the n agents to compete. During the race,
each agent s in P builds its vector of strategies ks, whose i− th coordinate is
the strategy taken by the agent at time i. To build these succesive strategies
the agent examines its associated column, its track, which we call b, in the
prospection matrix. The agents’ competition evolves in time from i = 1 till
i = m. In the competition each agent has four properties. These properties
of agents are explained next.

1. Interpretation. For each time during the race, an agent takes one value
of the trace (bi); then, this value is compared with two more signal
values, the before-value bi−1 and the next-value bi+1; as a result, a
binary value is generated.

2. Decision to move. An agent’s decision to move is based on the binary
value variation. According to this variation, a property called stamina
varies positively (variable StaIni) or negatively (variable StaEnd).
When the total stamina is zero, that is to say StaIni equals StaEnd,
the agent receives its payoff for the effort performed. This is accom-
plished by the variable AgeMov. As explained in the race phases prop-
erty, this is applied during the ‘oficial’ race, just after the warming-up.
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3. Movement time. Each effort developed by an agent happens between
a start time and end time. These values, associated to the agent
movement (AgeMov) are stored in two agent personal vectors, namely,
StaT iIni and StaT iEnd, respectively. Also, every agent movement
(AgeMov), has one movement time associated MovTi that we define
as the average time between the stamina’s time start (StaT iIni), and
the stamina’s time end (StaT iEnd). A component of MovTi is defined
every time the difference between these stamina values is 0.

4. The race phases. The race comprises two phases: a) warming-up, and
b) racing. The phases are characterized by two times: a warming-up
time (tw), and a racing time (tr), totaling a time t = tw + tr, where
the tw time corresponds to the time for the agent to overcome the end
wave amplitude value (AmplEnd) in some percent of the average wave
amplitude value for before values for the current time (AmplProm).

3 Experimental study

The case-study corresponds to the GPR image taken from one plastic pipe
commonly used in WSS. The GPR image was obtained by burying the pipe
in dry soil in the test tank. The following task consists on post-processing the
captured GPR radargram with the proposed method. The movement times
(MovTi) for each agent is rendered graphically and as result the Figure 1,
b is generated. The input for the race (radargram) and the schematic test
configuration are shown in Figures 1, a and c, respectively. Images shown
in Figure 1, b present a lower amount of points than their corresponding
image in Figure 1,a, thus enabling more easily interpretation. It can also
be observed when comparing Figures 1, b and c, that obtained points with
more similar configurations also produce more similar images. As a result,
we claim that the application of multi-agent proposed method improve the
insight into the subsoil properties.

4 Conclusions

In this paper we propose a tool for WSS component evaluation from GPR
radargrams using a multi-agent approach. In the raw captured radargram
without post-processing, we can see how the weakly reflective plastic pipe
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Figure 1: a) radargram, b) final image, and c) squematic configuration for
test.

materials are difficult to identify. The transformation of the raw data based
on the proposed multi-agent method improves the visualization of plastic
pipe images by producing a better representation of the signal characteris-
tics. It should be noted that this is a simple process that does not depend on
specialist skills and is repeatable. The proposed multi-agent method is effi-
cient on computational resources and accurate in their results. The amount
of information dealt with has been reduced, while preserving its reliability.
Also, the proposed method offers the possibility of more detailed analysis in
terms of time with the movements of agents, which generates the possibility
of better interpretations and this could serve as a basis for intelligent train-
ing systems. This will help give WSS managers more accurate vision of the
systems they operate and, as a result, better service for users.

References

[1] Ayala-Cabrera, D., Herrera, M., Montalvo, I., Pérez-Garćıa, R., 2011.
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1 Introduction

Filtering is one of the main processes in any communication system. The
signals arriving to the receptor must be filtered in frequency before being
demoduled and processed. The different frequencies and applications define
the technology used to manufacture the filters. For space communication
applications the traditional filters are built with waveguided structures. The
structure is divided into cavities separated by obstacles (posts, irises, etc.)
which resonate at the central frequency of the filter. The number of cavi-
ties defines the order of the filter and the size and position of the obstacles
determine its bandwidth.

There are many reasons that lead to develop new topologies of high fre-
quency filters for space applications. The traditional all metal waveguide
resonant cavities are heavy and bulky, in many cases they are a limiting
factor in the payload of a satellite. When including dielectric rods inside
the resonant cavities, the size of the whole structure is dramatically reduced.
Ceramic dielectrics with high dielectric constant and temperature stability
are commercially available. They allow to implement small size, good tem-
perature stability, and high-Q dielectric resonators [1]. If the height of the
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dielectric posts is the same as the height of the waveguide, that is, if the
posts are all inductive or H-plane, better out of band rejection and Multi-
pactor response can be obtained [2].

Nevertheless the accurate modeling of the circular dielectric resonators is
far more complex than the analysis of square metal structures, since circular
and rectangular geometries must be analyzed together. The authors have
developed a technique for the analysis of these passive devices which consists
on dividing the device in simpler building blocks: empty waveguides, steps
and sections of waveguide loaded with the dielectric or metallic posts. The
elements of the generalized scattering matrix are the parameters that char-
acterize the frequency response of the structure. The matrix of each block
is obtained by the most suitable analysis method, and then all the matrices
are connected by a new and efficient iterative technique that provides the
generalized scattering matrix of the whole filter [3].

The generalized scattering matrix of the empty sections of the waveguide
is well known from the literature, and the waveguide steps can be analyzed
by means of several modal techniques, such as the well know mode matching
method [4] or the integral equation technique [5].

However, the analysis of waveguide sections loaded with circular obstacles
is far more complex. In order to characterize these structures, circular and
rectangular geometries must be considered at the same time. This complexity
in the geometry makes it difficult to use purely analytic techniques, while the
numerical methods are highly time-consuming. This is a serious drawback
when using the simulator in a design process, since it typically demands
a huge number of simulations before it finds a suitable design that fulfills
the specifications. For this reason the accurate and efficient analysis of H-
plane circular rods inside rectangular waveguides has received considerable
attention for more than 60 years.

In this paper the authors propose a method for this analysis of the struc-
ture by decomposing the electromagnetic fields in two different regions: near
the cylindrical post as cylindrical modes and far away as guided modes. The
cylindrical field waves are series expansions of Bessel and Hankel functions
and the field guided waves are series expansions of sinusoid functions. Then a
circular boundary is used to match cylindrical and guided waves. The method
increases the accuracy and stability of the analysis, no matter the number
of modes or the nature of the H-plane problem under study. This is accom-
plished with a new mode matching procedure which uses the fast Fourier
transform to solve the matching between cylindrical and guided modes. An-
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alytical expressions are used to characterize the circular posts in the inner
region, thus resulting in a highly efficient technique for the analysis of single
or multiple posts inside a rectangular waveguide.

The results of the work were assessed by the automated design of a filter
with dielectric rods by a CAD tool, the manufacture of a prototype and the
measurement of its frequency response.

2 Results and Conclusions

In this section a traditional all metallic filter and a filter with centered circular
dielectric rods have been design to present the same electrical response. Then
both filters have been manufactured and measured.

The filters were designed to have a Chebychev response in the X-band
(centered at 11 GHz) with a bandwidth of 300 MHz and return losses greater
than 20 dB.

2.1 Metal Resonant Cavities Filter.

This is a classical filter, which has been designed and analyzed in the liter-
ature on multiple occasions. In this case, this classical filter was designed
and analyzed in order to allow equal comparison with the new filter with
dielectric rods also studied in this work. The filter was fabricated by the
company Pinach S.L. (Alborache, Valencia, Spain) using a precision milling
system and electroforming in the inner corners of the cavities. This system
provides a nominal accuracy of 30 microns. The fabricated filter is shown in
Figure 1. A dimensional control of the filter was commissioned to AIMME
Metalworking Technology Institute. This dimensional control showed that
there was a systematic drift so that all the dimensions of the manufactured
filter were around 80 microns smaller than the nominal average value.

Figure 2 depicts the measured frequency response of the manufactured
filter together with the simulated response of the designed filter. It can be
observed that in the measured response there is an increase of the losses, due
mainly to losses in the connectors used to perform the measurements, a fre-
quency shift of about 40 MHz and a decrease in the bandwidth. This is due
to the fact that the real dimensions of the resonant cavities are around 80 mi-
crons smaller than the nominal values. This makes that the central frequency
increases in frequency and the bandwidth decreases slightly. The simulated
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Figure 1: Manufactured filter.

response of the same filter but corrected with the dimensions provided by the
dimensional control is also shown in Figure 2. It can be observed that the
response of the measurements and the simulated response of the corrected
filter are in good agreement, thus proving that the analysis method provides
very accurate results.
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Figure 2: All metallic filter. Measurements, simulated responses (reflexion
and transmission) of the designed filter, and simulated response of the filter
with the dimensions provided by the dimensional control.
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2.2 Cavities Filter with Dielectric Resonators

In this section the analysis technique is used to design the same band-pass
filter of the previous section. But this time the topology of the filter is an
H plane filter with coupled cavities and circular dielectric posts placed in the
center of each cavity. This new filter was also manufactured by Pinach S.L.
Once the metal structure was made the dielectric cylinders were fixed to it
using an epoxy resin. The manufactured filter is shown in Figure 3.

Figure 3: Manufactured filter with dielectrics.

A dimensional control was also commissioned to AIMME for the filter
with dielectric rods. This time the dimensional control showed that there
was again a systematic drift of around 80 microns in the inner dimensions of
the metal structure, and it also showed that the diameters of the cylinders
had maximum variations of ±20 microns, but the drift was random.

When the measured and simulated results were compared, there was no
agreement, even if the simulation was made with the proper dimensions pro-
vided by the dimensional control. So the permittivity of the cylinders was ac-
curately calculated, since the manufacturer stated that the tolerances for the
permittivity and loss tangent were wide and they varied with the frequency.
In order to measure the permittivity and loss tangent of the dielectric rods, a
section of WR90 waveguide with a small recess to place a dielectric cylinder
was built. In this structure the dielectric cylinder was placed in the center
and the frequency response of the structure was measured. Then the analy-
sis tool was used to calculate the frequency response of the structure and an
optimization algorithm, the Nelder-Mead simplex method, was used to iter-
atively change the values of permittivity and loss tangent in the simulations
until the simulated response was in good agreement with the measured re-
sponse. This agreement between measurement and simulations was obtained
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with a permittivity of 18.85 and a loss tangent of 0.002.
Once the permittivity is fixed to 18.85 and the loss tangent to 0.002, a

new simulation is performed and compared to the measurements in figure
4. It can be observed that there is good agreement in both responses in the
central frequency and in the bandwidth. The difference in the return losses
may be due to additional losses introduced by the connectors.

10.5 10.6 10.7 10.8 10.9 11 11.1 11.2 11.3 11.4 11.5
−40

−30

−20

−10

0

Frecuency (GHz)

d
B

Corrected simulation
Measurements

Figure 4: Reflexion and transmission of the filter simulated with εr = 18, 85,
tanδ = 2 · 10−3, compared to the measurements.

2.3 Conclusions

It is possible the efficient analysis of a complex waveguide structure if it is
segmented adequately. In this work a waveguide topology of H-plane waveg-
uide filters with dielectric cylinders, whose analysis and design is complex,
but that has advantages over traditional topologies, has been successfully de-
signed, manufactured and measured. For the analysis of these filters a hybrid
technique developed by the authors has been used. This technique expands
the field near the cylinders using open space modes (Bessel and Hankel func-
tions), and guided modes in the accessing ports. Then a mode matching is
performed between open space and guided modes and the generalized scat-
tering matrix is obtained. All the integral needed to solve the problem can
be efficiently computed using the fast Fourier transform thanks to the use of
a circular boundary between open space and guided modes.
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1 Introduction

The new Spanish regulations (BOE [1]) allows wind farms to go to the market
to sell the energy generated. In the case of over- or undersupply, other
producers must reduce or increase their production to resolve the so-called
deviation, thereby incurring financial losses. Faced with this situation, wind
farms have several options. In this paper we consider one promising method:
the combined optimization of a pumped-storage hydro-plant and a wind park
and we present a tool to design the optimal configuration.

2 Mathematical optimization

When pumped-storage plants are considered, the fixed-head hydro-plant model
for the active power generated P is defined piecewise as:

P (z′) :=

{

A · z′ if z′ ≥ 0
η · A · z′ if z′ < 0

(1)

where z′ is the rate of water discharge, and η is the efficiency ([2]). Let b be
the volume of water that must be discharged over the optimization interval
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[0, T ]. So, the following boundary conditions will have to be fulfilled:

z(0) = 0, z(T ) = b (2)

Besides the previous statement, we consider z′(t) to be bounded by technical
constraints

qmin ≤ z′(t) ≤ qmax, ∀t ∈ [0, T ] (3)

In this section we focus on the new short-term problem faced by a generation
company in a deregulated electricity market when preparing its offers for
the day-ahead market. In our problem, the objective function is given by
hydraulic profit over the optimization interval, [0, T ]. Profit is obtained by
multiplying the hydraulic production of the pumped-storage hydro-plant by
the clearing price, π(t), at each hour, t. Taking our objective functional F (z)
in continuous time form, a standard Lagrange-type Optimal Control problem
can be mathematically formulated as follows:

max
(u,z)

∫ T

0

L(t, z(t), u(t))dt = max
(u,z)

∫ T

0

π(t)P (u)dt

z′ = u; z(0) = 0, z(T ) = b; umin ≤ u(t) ≤ umax

(4)

3 Optimization algorithm

For the Optimal Control problem (4), the resulting Hamiltonian, H , is linear
in the control variable, u, and results in an optimal singular/bang-bang con-
trol policy. In general, the application of Pontryagin’s Maximum Principle
[3] is not well suited for computing singular control problems as it fails to
yield a unique value for the control. In our problem, however, an added com-
plication arises: the Hamiltonian is defined piecewisely and the derivative of
H with respect to u presents discontinuity at u = 0, which it is the border
between the power generation zone (positive values of u) and the pumping
zone (negative values of u). When non-differentiable objective functions arise
in optimization problems, the generalized (or Clarke’s) gradient ([4]) must
be considered.

On the basis of the above theoretical results, in [5] we determined the
optimal solution: the bang-singular-bang segments and the boundary on
which the solution is situated:

u∗(t) =







umax if A · π(t) > −λ0

using = 0 if −λ0 ∈ [A · π(t), η ·A · π(t)]
umin if η · A · π(t) < −λ0

(5)
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The algorithm that leads to the optimal solution comprises the following
steps: (i) First, for a given λ, we have to determine the switching times:
t1, t2, ... These instants are calculated solving the equations

A · π(t) = −λ; η · A · π(t) = −λ (6)

(ii) Second, the optimal value, λ0, must be determined in order for:

zλ(T ) =
Nu
∑

i=1

δui · qmax +

N
l

∑

i=1

δli · qmin = b (7)

δui and δli being the duration of the i-th bang-bang segment in the upper and
lower bound respectively, Nu and Nl the number of such segments, and zλ(T )
the final volume obtained for each λ. (iii) To calculate an approximate value
of λ0, we propose a classic iterative method (like, for example, bisection or
the secant method).

4 Combined optimization

With the aid of the algorithm presented in the previous section, we are now
in a position to analyze the combined optimization of a pumped-storage
hydro-plant and a wind farm. In this section we shall analyze whether it
is in the interest of wind farms to go to market. To do so, we address two
configurations (see Figure 1):

Figure 1. Two configurations.

(a) The wind farm and the pumped-storage hydro-plant work indepen-
dently, each selling the energy it produces on the market.

(b) The wind farm does not sell energy on the market, but uses the
generated power to pump water to the upper reservoir of the pump-plant.
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There are a number of factors that influence the final result, like for
example: the efficiency of the hydro-plant η, the volume of water available
b, deviation penalties, or wind power production. The first two factors have
already been analysed in [5]. We shall now analyse the last two factors, which
correspond to the wind farm. In order for our study to reflect a broad range
of possibilities, we propose two scenarios: (i) Low wind power production in
peak hours; and (ii) High wind power production in peak hours.

5 Results and conclusions

A program was written using the Mathematica package to apply the results
obtained in this paper to an example of a hydraulic system made up of
one fixed-head pumped-storage hydro-plant and a wind farm. The problem
studied in this paper analyses the convenience, or not, of the wind farms
going to market. In conclusion, both configurations (a) and (b) seem inter-
esting options. But, the system is highly sensitive to numerous factors and
each company must carefully assess particular situations that may result in
variations in the optimum configuration. Our algorithm allows the optimal
solution to be obtained easily and the obtained results provide real-time in-
formation to determine which configuration is preferable in each specific real
situation of the electricity market.
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tions. Birkhäuser Boston, Inc., Boston, MA, 2000.

[4] F.H. Clarke, Optimization and Nonsmooth Analysis, Wiley-Interscience,
New York, 1983.

[5] L. Bayon, J.M. Grau, M.M Ruiz and P.M. Suarez, Optimization of a
pumped-storage fixed-head hydro-plant: the bang-singular-bang solution,
Math. Prob. Eng., Vol. (2011): 11 pages, 2011.



Design of B-spline multidimensional

deformable models in the frequency domain
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1 Introduction

Deformable models are useful tools in image processing, used mainly to an-
alyze the shape and movement of objects [1]. The model is obtained from
the minimization of an energy functional by means of the multidimensional
Euler-Lagrange equation.

Practical implementations result in a second order system, where the
parameters of the mathematical model are able to emulate physical charac-
teristics of objects: elasticity, rigidity, mass and damping. In the process,
the model is influenced by external and internal forces, varying its shape
adaptively to the data under analysis.

In the original formulation [2], unidimensional deformable models or ac-
tive contours are defined in the spatial domain, which are difficult to general-
ize to a higher dimensional models. This abstract presents a frequency-based
formulation based on [3], using B-spline as shape function in the finite ele-
ment method for the spatial discretization. This process allows us to obtain
a computationally efficient iterative system in matrix form, suitable for mod-
els of any dimension. These models can be used for fast segmentation and
tracking of three-dimensional objects with non-rigid motion or deformation.
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2 Formulation

A dynamic deformable model is defined as a parametric hypersurface in R
d,

v(s, t), where s ≡ [s1, . . . , se] with e 6 d− 1, is the vector of the parametric
variables of the space domain. The model is governed by an energy functional
E(v) = S(v) + P(v) [1]. The first term is the internal deformation energy,
S(v) = 1

2

∑d
l=1

(∫

Ω
α(s) ‖∇vl(s)‖2 + β(s) |∆vl(s)|2 ds

)

, where α and β control
the elasticity and the rigidity in any coordinate s of the model. The term
P(v) contains the rest of energies applied to the model.

According to the variational calculus, the model v(s) that minimizes E(v)
must satisfy the Euler-Lagrange (E-L) equations [4], which produce a set of
d decoupled partial differential equations, µ(s)∂ttv(s, t) + γ(s)∂tv(s, t)−∇ ·
(

α(s)∇v(s, t)
)

+ ∆
(

β(s)∆v(s, t)
)

= q
(

v(s, t)
)

where q, µ and γ represent
the external forces, and the mass and the damping density of the model
respectively.

By applying a spatial discretization by means of finite elements v = f⊛u,
and using B-splines as shape function f [5], the Garlekin’s method allow us
to transform the E-L equations of motion in a set of d second-order partial
differential equations (PDE), Mdttui(t)+Cdtui(t)+Kui(t) = qi(t), where ui

are the nodes of the model for the dimension i reshaped to a column vector,
M, C and K are the matrices of the model and qi represents the external
forces.

For a practical implementation, the time is discretized uξ = u(ξ∆t), and
the time derivatives of u are replaced by their discrete approximations. Thus,
the system can be rewritten as, η−1 (ηf + k)⊛uξ = a1 f⊛uξ−1+a2 f⊛uξ−2+
η−1qξ−1, where ⊛ indicates e-dimensional circular convolution. η, γ, a1 and
a2 are constants obtained from the model parameters.

The discrete spatial domain n is translated into the frequency domain ω
using the e-dimensional discrete Fourier Transform (eDFT ). This allows us
to isolate the nodes of the model, ûξ = ĥ(a1ûξ−1 + a2 ûξ−2 + (ηf̂)−1q̂ξ−1),

where û, f̂ and q̂ are the eDFT ’s of their respective spatial sequences. This
equation provides an efficient iterative system to adapt the deformable model
to the data. Internal forces are imposed by filter ĥ and external forces are
applied by means of q̂. The e-dimensional low-pass filter ĥ can be calculated
as ĥ = ηf̂/(ηf̂+ k̂), where k̂ is the eDFT of k. The one and two-dimensional
filters are defined in [6].

The spectral characteristics of filter ĥ depend on the parameters of the
model α, β and η, which control the roughness of the model. The parameter
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γ determines the dynamic response of the model. So, increasing α augments
the elastic behavior, the rigidity of the model is directly proportional to the
value of β and the parameters γ and η control the inertia of the model.

3 Results and discussion

A two-dimensional model, is tested on two experiments involving three-
dimensional medical data sets using the proposed formulation. That is, e = 2
and d = 3. The first data set D1 is a static three-dimensional computed to-
mography (CT) image of a human skull with 256 × 256 × 27 voxels. In
contrast, D2(τ) is a dynamic CT (4D) of human thorax, i.e., a time series of
3D CT images of size 512×512×60, where τ represents the time, 1 ≤ τ ≤ 20.

The model is used to segment objects in the data in both experiments.
For D1 the target of the model is the skull and for D2 it is the external
surface of the heart. A model with N1 = 64 and N2 = 32 nodes is used for
both data sets. Given that the model is open for some parametric variables,
extensions must be added in such variables [7]. The gradient of the data is
used as external forces in the iterative process. The model is initialized in
the shape of a cylindrical mesh around the objects. External forces drive
the model to fit the surface of the object. The internal forces regularize
the model, smoothing the discontinuities of the data. At the same time the
elasticity behavior increases the speed of adaptation, stretching the nodes
to the surface of the object. The model is adapted completely to the data
in about 50 iterations. Figures 1a and 1b show the model fitted to D1 and
D2(τ)|τ=1 respectively.

4 Conclusions

In this abstract a formulation of e-dimensional parametric deformable models
defined in the frequency domain. This approach results from application of
the Euler-Lagrange equation to the multidimensional energy functional has
been proposed. By discretizing the spatial domain by means of B-spline
based finite elements, a system in matrix form is obtained. With this, a
compact iterative system is achieved by translating the system to the Fourier
domain.

As shown in the results, the model can be used effectively in applications
where parametric models are suitable, that is structures with non-changing
topologies and data with a limited level of concavities. Future work includes
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(a) (b)

Figure 1: (a) 3D CT of a human skull, (b) 4D CT of a human thorax.

the extension of the model to other shape functions, analysis of the conver-
gence and stability of the system, and definition of arrays of the system for
models with three parametric variables, e = 3.
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1 Introduction

Control systems in engineering require reliable information about the states
that mainly affect these systems. In the automotive field, engine and after-
treatment performance and diagnostics, including On Board Diagnostics sys-
tem (OBD), and maps calibration depend directly on this. Sensors are an
alternative but can be expensive and their responses present delayed and
variable dynamic performance.

Look-up tables model systems by means of a piecewise function with n
inputs creating an array of n dimensions; and constitutes a good option for
complex situations where it is difficult to derive an analytical expression or
the processes are not well-known, such as current engine systems. However,
on one hand the calibration effort is really high including big quantity of tests
and human resources, and on the other hand, engine behaviour is affected
by manufacturing discrepancies (unit-to-unit dispersion), ambient conditions
and drift (variation of the engine behaviour over the working life), making
that the used of fixed relationships is not an optimised way to treat the
problem.

The design of adaptive concepts for updating these tables is a good so-
lution. Several authors have proposed alternatives: Kalman filter [1] for
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observing and updating table elements [2] with good results but high com-
putational cost (all table elements are treated in each iteration including the
ones that are locally unobservables); proportional updating concepts [3] with
low computational cost but without taking into account noise in measure-
ment and not having an optimal solution; and many others, such as [4].

Current work presents a novel learning method affecting only observable
nodes and updati ng these by usingmembership functions based on a Kalman
filter. This approach keeps noise treatment of Kalman filter and derives a
converged solution of the Kalman problem in a proportional way, ensuring a
low computational cost allowing this to implement in a commercial electronic
control unit (ECU).

2 Problem requirements and conditions

The problem can be stated in discrete form (sampled system are represented
using discrete formulation) as having a certain information about one system
in a given instant k zk, (sensor, model or observation reference), and given a
certain look-up table Tk nD with n inputs un,k, designing a learning algorithm
F (see (2)) that can adapt Tk elements to approximate zk with the best
accuracy, i.e. with the minimum error. For the evaluation of the method,
an actual reference matrix Tr is created although this does not have validity
for real applications, i.e. it is created by means of synthetic signals for
simulating, and will be variable in a real context (if fast measurement systems
are used, Tr can be measured). An estimation error ek is defined in (1), where
x̂k is calculated by means of linear interpolation q involving the 2n observable
elements.

x̂k = q(Tk−1, u1,k, ..., un,k)
ek = zk − x̂k

(1)

This error is weighted for updating parameters of Tk in (2) coping with
system variations.

Tk = F (Tk−1, u1,k, ..., un,k, ek) (2)

Given this scenery, the learning method must ensure the convergence of
the method as fast as possible (i.e. any of the error metrics that could be
defined must tend to zero in the infinite), the robustness of the estimation
against some noise or perturbances in zk and a low computational burden.
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For showing the benefits of the method, a quadratic error eqk is defined
in (3) where θp,k are Tk elements and θr,p,k, Tr elements in instant k, being
equ a the maximum expected one and p the position of each element or node
in the given array:

eqk = 100

pend∑
p=1

(θp,k − θr,p,k)2/equ (3)

Note that the information about the system zk is just the output of Tr
only when noise and other perturbances P are zero:

zk = f(Tr, u1,k, ..., un,k) + P (4)

3 Adaption principle

The algorithm F defines the learning principle for updating the table as a
function of zk and ek. This algorithm will take the basis of parameter iden-
tification by means of observing table elements as states [2] using a Kalman
filter in a proportional way as in [3]. For this, membership functions are
derived from a Kalman filter that finally weights ek between all the involved
elements in the interpolation for every iteration k. This algorithm remains
weighting properties of Kalman filter and avoids numerical and computa-
tional problems associated with the elements that are unobservables in k in
the standard Kalman filter.

The key aspect is the derivation of converged membership functions that
are calculated taking into account white noises σ2

θ and σ2
z added to the ob-

served table elements (θp,k) and the output (zk) respectively. Then, it can
be demonstrated that membership functions kp are function only of noise
trade-off σ2

z/σ
2
θ and inputs [5]. In every iteration and for the nD case, a

maximum of 2n membership functions are active while the rest of them will
be zero. These functions are precalculated and stored off-line using Kalman
gain properties of convergence after certain number of iterations in the given
case of constant noise.

kp = f(u1,k, ..., un,k, σ
2
z/σ

2
θ) (5)

These functions are symmetrical and an example for three different noise
values and a 1D case is shown in 1 where η1 is the normalised distance
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between u1 (only 1 input due to 1D case) and the previous closest table node
where η1 ∈ [0, 1[ .
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Figure 1: Membership functions: σ2
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2
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grey) and σ2
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2
θ = 0.1 (light grey).

These functions define the correction for each element of the table in each
iteration k:

θp,k = θp,k−1 + kp(u1,k, ..., un,k)ek (6)

Figure 1 shows two interesting properties: when u1 is closed to one table
node (η1 is around 0 or 1), correction for the opposite node tends to zero;
and when σ2

z/σ
2
θ decreases, reliability on zk increases and kp is bigger.

4 Simulation results

An analytical 1D function deriving one approximated 1D actual table Tr
discretised with 6 nodes is used for checking the method and shown in left
plot of figure 2. Initialising the observed matrix T0 with the same nodes and
all elements zero, the objective is checked the adaption of Tk seeing the eqk
evolution, where objective is that Tk tends to Tr. Nodes take values between
1000 and 3500 with equal space between them of 500 (although irrelevant to
this paper, these values are based on engine speed in rpm).

First simulation is supposing that zk is reliable, and for this an stochastic
distribution of 1000 inputs u is prepared and results are shown in right plot of
2, showing clearly how method converges in a very low number of iterations,
being faster when σ2

z/σ
2
θ is lower, logical conclusion as far as P is supposed

as zero.



Modelling for Engineering & Human Behaviour 2011 65

1000 1500 2000 2500 3000 3500
−1

−0.5

0

0.5

1

1.5

u
1

θ p

0 25 50 75 100 125
0

20

40

60

80

100

k

eq
k [%

]

 

 
σ

z
/σθ = 0

σ
z
/σθ = 0.1

σ
z
/σθ = 0.01

Figure 2: Left: Grey colour represents defined function while black dots the
fitted table T1000. Right: Evolution of eqk in the first 125 iterations.
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Figure 3: Evolution of eqk in 1D case applying a P distribution with an
amplitude of 0.2 in the measurement.

A second simulation with same inputs is made including some perturbance
P modelled as an uniform distribution with zero mean and amplitude of
0.2 and shown in figure 3. Although case with σz = 0 is faster in the first
iterations until k = 200 approximately, then grey line with higher σz exhibits
a better performance, with a lower noise transmission.

The simulation shows that the method is capable of updating the table
in a limited number of iterations and for different cases including some per-
turbance checking the convergence and robustness. Final calibration of the
method depends on the reliability of zk, knowing that lower values of σ2

z/σ
2
θ

lead in general to faster corrections but with higher noise transmission, com-
promising the stability and robustness of the updating.
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5 Conclusion

The current work develops a novel learning algorithm for look-up tables by
means of using membership functions pre-calculated off-line on the basis on
a Kalman filter with constant noise distribution. The method shows good
agreement for different cases, including ones with some perturbances in the
information source used for the updating.

The on-line adaption of look-up tables is useful for estimating engine
variables valid for control or diagnosis purposes, without forgetting that pre-
calibration work and both engine and sensor variations during performance
can be coped. The simple structure of the proposed method allows it to be
implemented in commercial ECUs.
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1 Introduction

The optimal control of unmanned air vehicles (UAV) has attracted a great
attention in recent years [5]. Helicopters are classified as vertical take-off
and landing (VTOL) aircraft and are among the most complex flying objects
because their flight dynamics is nonlinear and their variables are strongly
coupled.

In this work, we address the optimal control of a VTOL quadrotor based
on the model presented in [4, 5, 10], that is, a vehicle with four rigid pro-
pellers, whose rotational speeds are independent, placed around a main body.
Linear techniques to control the system have been frequently used. However,
more realistic problems have time-varying parameters [11], require a time
dependent state reference [7] or involve nonlinear equations [6, 10].

Linear quadratic (LQ) optimal controllers are widely used, in particular
for the control of small aircrafts [10], where they have shown to produce better
results than other standard methods, like proportional integral derivative
methods (PID) [4]. The techniques presented here, however, are valid for the
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general optimal LQ control problem

min
u∈L2

∫ t
f

0

(

XT (t)Q(t)X(t) + uT (t)R(t)u(t)
)

dt , (1)

subject to
X ′(t) = A(t)X(t) +B(t)u(t), X(0) = X0, (2)

where X ′(t) is the time-derivative of the state vector X(t) ∈ R
n, u(t) ∈ R

m

is the control, R(t) ∈ R
m×m is symmetric and non-negative, Q(t) ∈ R

n×n is
symmetric and positive definite, A ∈ R

n×n, B ∈ R
n×m, and MT denotes the

transpose of a matrix M .
The optimal control problem (1)-(2) is solved by the linear feedback con-

troller u = −R−1BTP X , with P (t) verifying the matrix Riccati differential
equation (RDE)

P ′(t) = −P (t)A(t)−AT (t)P (t) + P (t)B(t)R−1(t)BT (t)P (t)−Q(t), (3)

under the final condition P (tf) = 0. It can be shown that the solution P (t)
is a symmetric and nonnegative matrix [1]. To compute the optimal control
u(t), we solve for P (t) and plugging the control law into (2) yields a linear
equation for the state vector

X ′(t) =
(

A(t)− B(t)R−1(t)BT (t)P (t)
)

X(t), X(0) = X0 . (4)

2 Nonlinear dynamics

The dynamics of a quadrotor, as well as most UAV, shows nonlinear dynamics
[5] and thus, changing in (1), Q(t) and R(t) by Q(t, X(t)) and R(t, X(t))
respectively, the corresponding state equation can be written in a nonunique
way as

X ′(t) = A(t, X)X(t) +B(t, X, u)u(t), X(0) = X0. (5)

Usually, B is assumed to be independent of u. There are various strategies
to control the nonlinear motion of the vehicle.

The quasilinearization method takes the exact equation and uses an ap-
proximate control law as if the problem were linear, whereas iterative lin-
earization procedures approximate the equation and use the optimal control
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law for the approximated equation. The formulation (5) is the basic ingredi-
ent for the State Dependent Riccati Equation (SDRE) control technique [6].
Then, formal similarity to the linear problem (1)-(2), leads to

X ′ =
(

A(t, X)− B(t, X)R(t, X)−1B(t, X)TP (t, X)
)

X, X(0) = X0. (6)

The usual approach is to start from X(0) = X0, and then to advance step
by step in time solving an algebraic Riccati equation ((3) with P ′ = 0) and
applying some numerical methods. Alternatively, we can linearize (6) by
iterating

X ′n+1 =
(

A(t, Xn)− B(t, Xn)R(t, Xn)−1B(t, Xn)TP (t, Xn)
)

Xn+1, (7)

where starting from a guess solution, X0(t), one obtains iteratively, by solving
linear systems of non autonomous ordinary differential equations, a sequence
of solutions, X1(t), X2(t), . . . , Xn(t) to be stopped once consecutive solu-
tions differ by less than a given tolerance. This method is called waveform
relaxation.

Finally, similarly to [9], we can use a third method, called Taylor-type
linearization, based in a Taylor-expand of the vector field in (5) around an
approximate solution Xn(t) and use optimal LQ controls for the approxi-
mated equation.

3 Lie group methods

The matrix RDE (3) and the initial value problem (IVP) (4) appear fre-
quently in linear optimal control problems and have been extensively studied
in the literature, see [1]. In this work, Lie group methods (see [3] and ref-
erences therein) are proposed in order to solve these problems. They are
geometric integrators which have shown in many cases a high performance
for the numerical integration of linear differential equations because they
preserve some of the qualitative properties of the exact solution. Regulator
problems and their solutions have an important qualitative structure, see [2],
which is not preserved by most classical numerical methods, and this can
seriously affect the numerical solution.

For all presented methods, after substitution of a control law, we need to
solve an IVP, X ′(t) = D(t, P (t))X(t) + C(t), X(0) = X0 . Here, P (t) is a
matrix function satisfying (3) with final condition P (tf) = 0. If C 6= 0, the
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linear non homogeneous equation can be formulated as a homogeneous one
in the following way

[

X(t)
1

]′

=

[

D(t, P (t)) C(t)
0Tn 0

] [

X(t)
1

]

,

[

X(0)
1

]

=

[

X0

1

]

,

where 0n ∈ R
n. The RDE can also be written as a linear problem

[

V (t)
W (t)

]′

=

[

−A(t)T −Q(t)
−B(t)R−1(t)BT (t) A(t)

] [

V (t)
W (t)

]

,

[

V (0)
W (0)

]

=

[

0
I

]

, (8)

where the solution P (t) of problem (3) is given by

P (t) = V (t)W (t)−1 ; P (t) , V (t) , W (t) ∈ R
n×n , (9)

in the region where W (t) is invertible (see, for instance, [8] and references
therein). Hence, both the IVP for X(t) and the RDE for P (t) reduce to a
matrix linear homogeneous equation to which we focus our attention.

Magnus integrators, a special class of exponential integrators as well as
Lie group integrators, when used to numerically solve, e.g. the eq. (8), can
be interpreted as exactly solving a slightly perturbed matrix RDE with a
similar structure (i.e. replacing the matrices Q,R by perturbed ones Q̃, R̃
close to Q,R which are also symmetric, non negative, etc.) and then, the
numerical solution for P (t) will also be a symmetric and nonnegative matrix.

Let us present an explicit symmetric second order Magnus integrator to
solve a general linear equation

y′(t) = S(t) y(t) , y(t0) = y0 ; (10)

with y(t) ∈ R
p. Let us denote by Φ(t, t0) ∈ R

p×p the fundamental solution,

such that y(t) = Φ(t, t0)y(t0). Then, exp

(
∫ t+h

t

S(t)dt

)

= Φ(t + h, t) +

O(h3), corresponds to the first order approximation (second order in the time
step, h) for most exponential methods like e.g. the Magnus, Fer or Wilcox
expansions, see [3] details. Here, it suffices to approximate the integral by
a second order symmetric rule. From the computational point of view, we
found it useful for the numerical algorithm to consider the trapezoidal rule.

Firstly, let us consider the RDE (3) that corresponds to (10) with the
data (8). Let us consider an equidistant time grid tn = t0+nh , 0 ≤ n ≤ N ,
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with constant time step h = (tf − t0)/N . By (9), applying the trapezoidal
rule in order to approximate the integral, and taking into account that this
equation has to be solved backward, we obtain
[

Vn
Wn

]

= exp

(

−h
2
[S(tn) + S(tn+1)]

)[

Vn+1

Wn+1

]

⇒ Pn = VnW
−1

n , (11)

the matrix function values A(tn), B(tn), Q(tn), R(tn) at the same grid points
as the time symmetric second order approximation P (tn). A superscript P k

indicates the value in the k−th iteration. The final step is the integration
(forward in time) of the dynamics depending on the linearization, (6), (7) or
Taylor linearization, the last of which are inhomogeneous. Note that for the
Magnus method, e.g. (11), one has to compute the action of an exponential
on a matrix or a vector. In our problem, the matrices A and B are sparse and
Q,R are diagonal. Thus, we can take diagonal Padé matrix approximations
to preserve the Lie group structure. These rational approximations can be
easily computed using a fixed point iteration algorithm.

4 Numerical simulations and conclusions

An analysis of the dynamics of the quadrotor shows that the control of the at-
titude can be separated from the translation of the UAV [10] and we focus our
attention on the stabilization of the attitude, neglecting the gyroscopic effect.

The state vector is given by X(t) =
(

φ(t), φ̇(t), θ(t), θ̇(t), ψ(t), ψ̇(t)
)T

∈ R
6 ,

where φ(t), θ(t) and ψ(t) are the rolling, pitching and yawing angles respec-
tively, and the input vector u ∈ R

3 is formed by linear combinations of the
thrust of each propeller.

The system designer can choose the weight matrices to tune the behavior
of the control according to the requirements, R(t) is used to suppress certain
movements and Q(t) limits the use of the control inputs. Usually, these
matrices are chosen constant, nonnegative definite, and often even diagonal,
see [5, 7]. For the numerical experiments, we consider the problem (5) with
the following values taken from [10]

a1,2 = a3,4 = a5,6 = 1, a2,4 = λα1I1ψ̇, a2,6 = λ(1− α1)I1θ̇

a4,2 = λα2I2ψ̇, a4,6 = λ(1− α2)I2φ̇, a6,2 = λα3I3θ̇,

a6,4 = λ(1− α3)I3φ̇, b2,1 = L/Ix, b4,2 = L/Iy, b6,3 = 1/Iz
(12)
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where αi reflects the non-uniqueness in the SDRE formulation and is set to
1 in the following, L is the length of the arms connecting the propellers with
the center, I1 = (Iy − Iz)/Ix, I2 = (Iz − Ix)/Iy, I3 = (Ix − Iy)/Iz. Here,
mi,j denotes the element located at i-th row and j-th column of the matrix
M . Other entries of A(t) ∈ R

6×6 and B(t) ∈ R
6×3 not indicated in (12) are

null elements. The numerical values are extracted from [4] and are given in
the SI units, Ix = 0.0075, Iy = 0.0075, Iz = 0.0130, L = 0.23 . The weight
matrices are fixed at

Q = 0.01 · diag{ 1, 0.1, 1, 0.1, 1, 0.1} ∈ R
6×6, R = diag{1, 0.1, 1} ∈ R

3×3.

We set the time frame to tf = 10 seconds, with a stepsize of h = 0.125s

and initial state X0 = (70 ◦, 10, 70 ◦, 20, −130 ◦ ,−1)T , that corresponds to
a disadvantageous orientation and high rotational velocities that is sought to
be stabilized at 0 ∈ R

6.
We have implemented a variety of methods to test against the Magnus

integrators presented in section 3. As initial condition, we have takenX0(t) =
(1 − t/tf )X0 and iterated until ||Xn − Xn−1||2 < 10−3. Some experimental
results are given in Table 1, where we can see that the Magnus method
approximates better the optimal control.

Type X(t) P (t) V (t) Cost It.

S1) SDRE Euler are N/A 0.1114
S2) Impl. Euler (IE) are N/A 0.1021

Optimal ⇒ 0.0977
W1) WAVE Euler Euler N/A 0.1071 3
W2) IE IE N/A 0.1036 3
W3) Magnus Magnus N/A 0.0926 3

Optimal ⇒ N/A 0.0888
T1) TAYLOR Euler Euler Euler N/A Inf
T2) IE IE IE 0.0789 12
T3) Magnus Magnus Magnus 0.0707 12

Optimal ⇒ 0.0707

Table 1: Comparison of numerical methods, Type indicates the linearization
procedure (section 2), and It. denotes the number of iterations necessary
until convergence. The cost is the value of the integral (1) evaluated at the
grid points.
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Figure 1 shows the dynamics of the quadrotor subject to the obtained
controls for the schemes S2, W3, T3 given by table 1. We can appreciate how
the Magnus methods maximizes the use of the controls to reach an overall
minimum of the cost functional.

From the numerical experiments we conclude that Lie group methods,
like Magnus integrators, are very useful tools for solving optimal control
problems of UAV. The results shown for a quadrotor can be easily extend to
other helicopters. In addition, for more involved trajectories the structure
of the equations will play a more important role and Lie group methods can
provide efficient numerical algorithms.
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Figure 1: Evolution of the control vector (top row), orientation of the quadrotor
(middle) and angular velocities (bottom). The left column shows the control that
has been less penalized u2 and the coordinates θ(t) and θ′(t). All curves are given
for all methods S2 (line), W3 (diamond) and T3 (cross).
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INTRODUCTION 

The outpatient pharmaceutical expenditure in the Comunitat Valenciana represents 

about 20,7% of the total health expenditure. With the obvious premise that public 

resources are limited and must be optimized, it is necessary to design rational tools 

which ease policymakers’ decisions regarded to the control of pharmaceutical 

expenditure. 

Some of these tools are represented by indicators aimed to quantify pharmaceutical 

expenditures. Indicators are very useful for assess and monitor health performance by 

public administration managers. As mentioned before, in the Comunitat Valenciana and 

in developed countries in general, pharmaceutical expenditure represents a considerable 

proportion of the total public budget on health. Given this, it is necessary to quantify 

and compare pharmaceutical expenditure in order to stimulate more efficient prescribing 

practices. We cannot control those dimension that we cannot quantify and, therefore, it 

cannot be help in policy makers decisions.  

Since 2010, in the Comunitat Valenciana it has been used an indicator aimed to 

evaluate the performance of each health department regarding pharmaceutical 

expenditure. This indicator showed the theoretical outpatient pharmaceutical 

consumption level that patients must had, considering their co-payment status 

(differentiating between outpatients with free pharmacy and 40% of co-payment). This 

was achieved across the standardization of the population, based on the co-payment 

variable. 
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Considering that pharmaceutical expenditure depends on socio-demographic 

characteristics and population morbidity but also on the prescribing profile of 

physicians (in terms of quantity and price of the prescription), an indicator which aims 

to properly show the performance regarding to pharmaceutical expenditure must include 

individual characteristics of assigned patients. Therefore, in this paper we propose a 

model of population standardization in which it is considered the co-payment status but 

also other socio-demographic variables such as gender, age and international coverage 

in order to weigh patients in a more adjusted way. 

Under this context, the aim of this paper is to design a tool capable to assess and 

monitor pharmaceutical expenditure performance in each level of organization (either 

microeconomic or macroeconomic) in order to establish rational criteria for the control 

of drug expenditure, to stimulate better prescribing practices and, therefore, encouraging 

the efficient prescription of drugs. 

 

MATERIALS AND METHODS  

 

For this study three types of data sources have been used: COFs (Spanish initials for 

Official Colleges of Pharmacy) dispensation database, SIP (Spanish initials for 

Population Information System) database and CRC (Catalogue of Corporate Resources) 

database. 

 

METHODS 

The explanation of methods applied in the analysis is divided in two parts: 

description of the improved indicator and methods concerning the population 

standardization. 

The indicator 

As mentioned before, since 2010 the regional health services from Comunitat 

Valenciana are using an indicator aimed to evaluate the performance of each health 

department regarding pharmaceutical expenditure. This indicator has been called 

Outpatient Expenditure per standardized patient and shows the outpatient 

pharmaceutical consumption level per patient, considering their co-payment status, both 

for a macro organization level (department) as for a micro organization level (health 

areas, health centres and physicians individually). Thus, the population standardization 

is based on the co-payment variable (as shown in Expression 1) which allows us to 

obtain two outpatient categories: with 0% of co-payment and with 40% of co-payment.  
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Where: 

      i   Co-payment status.  

Ep   Pharmaceutical expenditure per standardized outpatient (previous model) 

Xi   Total pharmaceutical expenditure among outpatients with co-payment status i  
std

i
Pop  Total standardized population with co-payment status i  

 

The improvement of the indicator that we propose above requires the inclusion of 

additional socio-demographic variables in order to obtain more accurate results. Our 

proposal is a model of population standardization in which it is considered the co-

payment status but also variables such as gender, age (20 stratums of 5 years each) and 

international coverage (with or without international coverage). We have considered as 

people with international coverage, those registered in the population list that also have 

a European health card, those registered and also adhered to international agreements or 

those born abroad without economic resources but also registered in the population list. 

People without international coverage are those only registered in the population list.  

Therefore, the new formula showed in the Expression 2 considers 160 different 

outpatient categories (2 co-payment status x 2 gender status x 20 age stratums x 2 

international coverage status). 

 

(2) 

 
 
 
Where: 

j   Outpatient category 

En   Pharmaceutical expenditure per standardized outpatient with category j (new model) 

Xj   Total pharmaceutical expenditure among outpatients with category j  
std

j
Pop  Total standardized population with category j  

 

The population standardization 

The standardization coefficient for each outpatient category is obtained as the 

Expression 3: 

 

      

     (3) 
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Where: 

j   Outpatient category 

     Cj   Standardization coefficient among outpatients with category j  

Yj   Expenditure per outpatient for category j  

S   Average expenditure per outpatient (standard)  

Xj   Total pharmaceutical expenditure among outpatients with category j  

j
Pop  Total population with category j  

The standardization coefficient shows how much the pharmaceutical expenditure for 

each category is over or under the average expenditure per outpatient (the standard). 

The rate represents the weight that each outpatient category has, it is: the number of 

standard outpatients that each category represents. 

 

CONCLUSIONS 

Taking into account differences between health departments’ population 

structure is necessary in order to be able to compare their pharmaceutical consumption 

trends. In this paper we have shown how important is the consideration of socio-

demographic variables. Our results demonstrate that there is a clear evidence of the 

limitations that the old standardization model (based on the co-payment status as a 

unique variable) implied for any analysis. The new indicator (which standardizes taking 

into account the co-payment status but also gender, age and international coverage 

status) gives more accurate results which allow us to offer a better pharmaceutical 

expenditure analysis.    

The proposed tool makes possible the analysis of outpatient drug expenditure 

patterns for the whole valencian region, but also the comparison of departments and the 

evaluation of their efficiency and their scope of the pharmaceutical expenditure aim. 

The indicator can also be used in a micro level for comparing physicians, health centres 

or health zones from any department, which makes possible the establishment of 

mechanisms to stimulate physicians to reduce prescription costs. 

Even when the new standardization proposal improves the old model, it is important to 

notice that variables such as gender or age are not significant when they are applied 

with more powerful variables like morbidity. 

In this line, risk adjusting methodologies like Clinical Risk Groups (CRGs) or Adjusted 

Clinical Groups (ACGs) that assign each individual to a single mutually exclusive risk 

group based on measure the different cases according to the diagnostic try to cluster the 

cases depending on their homogeneous level of resource consumption and at the same 

time have clinical significance.  

However, the indicator developed in this paper can be useful when morbidity 

data is not available, as it is the case of the majority regions in Spain. 
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1 Introduction

We use the terms adolescents and young people to refer to the population
group that shares the gradual transition from childhood to adulthood; the
process of constructing identities and becoming part of broader social life oc-
curs in this period. A set of studies has appeared in recent years that analyse
the health problems of adolescents and young people.[1] proposes a specific
category of development called early adulthood for the period between 18
and 25 years. [3] analyse health trends in adolescents and young people from
10 to 24 years. [4] analyse the way adolescents and young people between
the ages of 15 and 24 perceive their health. The study by [5] analyses the
relationship between the type and severity of mental disorders and the search
for help in young people aged between16 to 24 years in comparison to people
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aged from 25 to 44 and 45 to 85. In a systematic review of the literature, [2]
determine the relationship between the social, cognitive, behavioural, emo-
tional and moral competences of young people up to the age of 20 and their
sexual and reproductive health. [6] study the relationship between family
structure, involvement of parents who do not live with the family and eat-
ing habits in a sample of young people between the ages of 11 and 21. In
this line of studies that jointly analyse the problems of adolescent and young
people’s health, the aim of this work is to determine whether particularly
significant health problems in adolescence show any differences between late
adolescence/youth and adulthood.

2 Data and methodology

Many organisations are concerned with adolescent health (at world, national,
regional and local level). These bodies and the literature identify a set of
health problems related to risk behaviours which affect adolescents in partic-
ular and endanger not only their present but also their future health. These
problems can be grouped into the following categories: sexual and reproduc-
tive health, substance use (tobacco, alcohol and drugs), mental health, diet,
nutrition and physical activity, violence and accidents.

For our study, we use the data from the Spanish national survey into adult
health for the year 2006 undertaken by the Spanish Ministry of Health. The
survey is not specifically directed at detecting the above-mentioned health
problems, although it contains a series of questions which are able to pro-
vide such information. In particular, the survey provides information on
respondents’ behaviour in relation to the following aspects: road safety, ad-
dictive behaviours, mental health, eating habits and physical exercise. For
other items, such as sexual and reproductive health the survey does not
contain relevant data. As indicated above, this work aims to determine to
what extent the health problems identified as particularly relevant in adoles-
cence persist in the transition to adulthood. We have therefore contrasted
differences in these health problems between two population groups: late
adolescents / young people (individuals aged between 17 and 25 years re-
ferred to henceforth simply as adolescents) and adults (persons over 25 and
under 51). We have decided to limit adult age to 51 so that the comparison
group for adolescents contains information on adult health problems without
including other problems corresponding to later ages in human development.
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The differences in categorical variables between both populations have been
analysed using Pearson’s Chi-squared test to contrast independence between
two attributes. In cases where there are two categories the above test is ap-
plied with Yates’ correction. For the numerical variables we test for equality
of measurements (Student t-test) and equality of medians (Wilcoxon range
test) of the sample (survey data). In the case of the means, before the above
equality test, we used the F-test to test for equality of variances between the
two groups (adolescents and adults). Students t-test is formulated depending
on whether the equality of variances is accepted or rejected.

3 Empirical analysis

3.1 Road traffic accidents

Within the section on road traffic accidents helmet and seat belt use has been
analysed for travel in and outside the city and as driver or passenger. In all
cases over 90% of adolescents and adults use seat belts. However, statistically
significant differences have been found between both groups when they are
passengers. In this case, the percentage of individuals who use a seat belt is
lower in the case of adolescents. In particular, when travelling as passengers
in the city 10% of adolescents do not usually wear a seat belt in contrast
to 6.2% of adults. In the case of helmet use the situation in similar: there
are differences between both groups when travelling in the city: 11.6% of
adolescents do not always use a helmet, in contrast to 6.1% of adults-.

3.2 Addictive behaviours

There have been detected statistically significant differences in the number of
smokers, where in proportional terms, there are more smokers in the group
of adults. There are also differences between both groups in terms of the
number of cigarettes that habitual smokers usually consume: adults smoke
more than adolescents which confirms that acquisition of the smoking habit
in adolescence continues into adulthood and that addiction generates higher
consumption in the long term. On the other hand, we have detected that
consumption of types of alcohol is related to age. The main differences cen-
tre on the consumption of wine or cava (higher in the adult population) and
the consumption of brandy and other liqueurs (higher in the group of ado-
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lescents). We have also detected statistically significant differences in the
amount of each type of alcohol consumed by the groups analysed. Further-
more, it is striking that in all cases adolescents consume higher amounts
than adults. Finally we have analysed the days when each type of alcohol is
consumed. Adolescents concentrate consumption mainly at the weekend and
each time they consume alcohol, they consume more than adults resulting
in very different consumption patterns between the two groups. Adolescents
drink greater amounts in a shorter space of time.

3.3 Mental Health

In relation to mental health, first of all we analysed the items related to
how the individuals in the groups feel about themselves and those related to
satisfaction and stress at work. In the few items where there are statistically
significant differences the results for adolescents can be classified as more
favourable. Another aspect analysed in mental health is how individuals feel
in relation to their environment. For most of the items analysed, no differ-
ences between groups have been detected or if there are any differences, the
problem is greater for adults than adolescents. Only for two items statis-
tically significant differences have been detected and the results show that
the problem is greater for adolescents than for adults. In particular, adults
speak of domestic problems in the home or take important decisions jointly
with the other members of the household more frequently than adolescents.

3.4 Diet and physical exercise

The different consumption habits of adults and adolescents include in partic-
ular the finding that adolescent consumption of fruit, vegetables and pulses
is lower and their consumption of prepared meats, sweets and sugary soft
drinks is higher. On the other hand, our results show that more adults fol-
low diets. However, when the reasons are analysed it is striking that most
adolescents who follow a diet do so to lose weight. Finally, the only variable
in the national health survey concerning physical health does not show less
healthy behaviour in adolescents.
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4 Conclusions

As regards risk behaviours related to road traffic accidents, it has been de-
tected that when in the city or as a passenger, helmet and seat belt use is
more frequent in the adult population. In relation to addictive behaviours,
our findings confirm that the acquisition of the smoking habit in adolescence
continues through to adulthood and that addiction generates greater con-
sumption in the long term. As regards alcohol, there have been found differ-
ent consumption patterns in the groups analysed: adolescents drink greater
amounts in a shorter space of time. This adolescent risk behaviour detected
in various studies, persists in the transition to adulthood and therefore in-
dicates that in the future, it could become a problem in adulthood. With
regard to eating habits, the results of the statistical tests show in general
that consumption of healthy foods is lower in adolescents than in adults. In
addition, analysis of the motives for following a diet shows that, in compar-
ison to adults, the reason mostly given by adolescents concerns body image;
the desire to become thin. In short, this work highlights that most unhealthy
habits are detected in adolescence and persist in the period of transition to-
wards adulthood. It is therefore necessary to reinforce educational action
directed at adolescents to reduce risk behaviour which may have a negative
impact on their health and quality of life when they reach adulthood.
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1 Introduction

Most studies dealing with business performance are focused on the tradi-
tional trading bank sector: Private Capital banks [1, 2, 3] among others, and
Savings banks [4]. Institutions blamed for being responsible of the credit
restriction to the less-privileged classes. In order to meet this need, new
financial intermediaries have arisen, the Microfinance Institutions (MFIs),
which provide small loans (microcredits) to poor people who have promising
and feasible investment ideas that can lead to profitable ventures. However,
these special financial institutions are also interested in financial matters
like profitability, returns and efficiency. The evolution and expansion of the
Microfinance Industry have led to consider all these aspects; so a set of stan-
dardized performance indicators have been introduced. Since then, there
is a lot of literature and information which deals with aspects like sustain-
ability/profitability, asset/liability management and/or portfolio quality [6],
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whereas there is little literature on efficiency/productivity of these institu-
tions [7, 8].

The main aim of the multicriteria business global performance is to com-
bine all these institution’s performance criteria into a coherent whole in order
to synthesize the information contained in a series of single-criterion business
performance. The definition of the weights of the variables used in the mul-
ticriteria performance ranking represents the most difficult task, trying to
minimize as far as possible the subjectivity of the person who decides the
weights. To this end, the present study proposes the multicriteria goal pro-
gramming technique (Goal Programming) [9].

2 Methodology and data sources

2.1 Methodology

Starting out from the idea of [10] and by applying different versions of the
goal programming model, a collective approach is considered (giving greater
weight to criteria that show similar performance over the more conflictive
criteria), as well as an individual approach (greater weight to the more con-
flictive criteria). In the first case, the absolute difference between the multi-
criteria value and the standardized single-criterion value (norm L1) is mini-
mum. In the second, the greatest difference recorded between the multicrite-
ria value and the standardized single-criterion values (norm L∞) is minimum.

The goal programming model in norm L1 appears in (1):
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min
n
∑

i=1

c
∑

j=1

(nij + pij) ,

s.a.
c

∑

j=1

wjvij + nij − pij = vij , i = 1, . . . , n, j = 1, . . . , c,

c
∑

j=1

wj = 1,

c
∑

j=1

wjvij = Vi, i = 1, . . . , n,

n
∑

i=1

(nij + pij) = Dj, j = 1, . . . , c,

c
∑

j=1

Dj = Z,

(1)

where:

• wj: weight to be estimated for the j-th criterion.

• nij(pij): negative (positive) deviation variable. Quantifies the differ-
ence by excess (defect) between the value of the i-th MFI in the j-th
criterion and the multicriteria value obtained by applying the weights
wj. This is, nij−pij = vij−

∑c
j=1

wjvij , with nij , pij ≥ 0. The objective
function of (1) ensures that only one of the deviation variables can have
a value greater than zero: nij × pij = 0.

• Dj: degree of disagreement between the j-th criterion and the multi-
criteria value.

• Z: magnitude of global disagreement.

The model (1) has a total of n× c goal constraints. This means that for each
criterion j (j = 1, . . . , c) the model implements n constraints, one for each
alternative i (i = 1, . . . , n) and must determine the weight associated with
the criterion j, wj. This is obtained by minimizing the difference in absolute
terms between the single-criterion performance of each alternative in the cri-
terion j, vij , and the multicriteria performance Vi with Vi =

∑c
j=1

wjvij . This
value is the ultimate objective of the methodology, since on assigning a single
value to each alternative as the total of all single-criterion performances, the
ranking of the alternatives is immediately obtained.
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The value of the target function provides the degree of non-achievement
of the set of goals. Weightings are restricted to sum 1. The last constraints
are used to compute the MFIs’ multicriteria performance (Vi), the degree of
disagreement of each single-criterion measurement in relation to the multicri-
teria value (Dj) and the degree of global disagreement (Z). In the literature,
the model that minimizes the sum of absolute deviations is known as the
weighted goal programming model (WGP).

The L∞ norm is implemented by the MINMAX goal programming model
(2), in which D represents the maximum deviation between the multicriteria
value and the single-criterion values. The rest of the variables keep the same
meaning as in (1).

minD,
s.a.
c

∑

j=1

wjvij + nij − pij = vij , i = 1, . . . , n, j = 1, . . . , c,

n
∑

i=1

(nij + pij) ≤ D, j = 1, . . . , c,

c
∑

j=1

wj = 1,

c
∑

j=1

wjvij = Vi, i = 1, . . . , n,

n
∑

i=1

(nij + pij) = Dj, j = 1, . . . , c,

c
∑

j=1

Dj = Z,

(2)

Critera weights (vij) were normalized from the original variables (uij), so that
vij = (uij − u∗j)/(u

∗
j − u∗j), with u∗

j = maxi u
∗
j and u∗j = mini uij . Normal-

ization is needed when the original variables are given in different measures
(percentage, monetary units, etc.). The solutions provided by models (1)
and (2) represent extreme cases in which conflicting strategies are opposed
to each other: favoring global consensus (WGP) or favoring the criteria that
generate performance rankings with a higher degree of idiosyncracy (MIN-
MAX GP).

An interesting option for a compromise between (1) and (3) is to employ
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an extended goal programming model (3) in which the λ parameter provides
more balanced solutions. This widens the range of possibilities when decid-
ing which multicriteria value is the most suitable and representative of the
individual criteria. Note that if the same solution is obtained as in model
(1), while if the solution coincides with model (2).

minλ
n
∑

i=1

c
∑

j=1

(nij + pij) + (1− λ)D,

s.a.
c

∑

j=1

wjvij + nij − pij = vij , i = 1, . . . , n, j = 1, . . . , c,

n
∑

i=1

(nij + pij) ≤ D, j = 1, . . . , c,

c
∑

j=1

wj = 1,

c
∑

j=1

wjvij = Vi, i = 1, . . . , n,

n
∑

i=1

(nij + pij) = Dj, j = 1, . . . , c,

c
∑

j=1

Dj = Z,

(3)

2.2 Data sources

To select the variables used in the study, those used in the works cited in the
first section were considered, as were all the different business performance
categories (Institutional Characteristics, Financing Structure, Overall Finan-
cial Performance, Expenses, Efficiency and Productivity, Risk and Liquidity).

Considering the special features of the MFIs, the Corielli and Marcelino
[11] algorithm was used in order to get the most important or most repre-
sentative factors for each one of the mentioned categories and as is usual
in studies on performance, certain areas were assigned several variables that
measure different aspects. All the criteria were directly combined in the
performance ranking, assuming the higher the value of any of the criteria,
the higher the perception of the performance; except for the following as-
pects: Financial Expense/Assets (FEA), Personnel Expense/Assets (PEA),
Cost per Borrower (CPB) and Personnel Allocation Ratio (PA), which had
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a negative effect. The database for the present study was compiled from the
MIX Market reports published by Microfinance Information Exchange.

3 Results, Discussion and Conclusions

The 6 categories and the 12 criterion obtained are used as a starting point,
with the original variables being normalized. On solving (3) for different
values of λ ∈ [0, 1] we obtain 1) the weighting or relative importance of each
individual criterion in the overall performance ranking and 2) the multicri-
teria value which ranks the MFIs according to performance.

For each λ value, we check the weight of each criterion, the deviations
between the multicriteria performance and each of the criteria (Dj , j =
1, . . . , 12), the maximum deviation D between them, and the global devia-
tion Z as the sum of all Dj . As the value of the λ parameter diminishes, the
number of variables also diminishes. At the extreme λ = 0 only five vari-
ables appear with a non-null coefficient: P (Institutional Characteristics),
PTA (Financing Structure), ROE (Overall Financial Performance), PA (Ef-
ficiency and Productivity) and PEA (Expenses). This means that these are
the five variables that differ most from the rest as to the amount of infor-
mation they contribute to the performance. If we evaluate the Dj values for
each of the variables we see that the biggest of these corresponds to (D9) for
most values of parameter λ. This means PA is the variable most in disagree-
ment with the rest of the single-criterion performance measurements. We
also considered the weight of each of the categories contained in the anal-
ysis, obtained as the sum of the individual weights of each criterion. We
check that as the value of λ diminishes, Risk and Liquidity gives part of
its weight to Overall Financial Performance and Financing Structure, while
Institutional Characteristics remains around 25% or even more for the en-
tire range of λ values analyzed. Although the weight of each criterion, or
the set calculated for the category, offers an idea of the relative importance
of each measurement in calculating multicriteria performance, a Spearman
correlation analysis must be carried out to analyze the correlation between
each of the single-criterion measurements and final performance. The vari-
ables with the highest correlation coefficient are ROE and PTA. Thus, it can
be concluded that ROE and PTA clearly have the highest correlation with
multicriteria performance and will no doubt be considered key factors in any
decisions that have to be taken in the near future by the MFIs.
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1 Introduction

Here we consider two models: a simple model that includes only uninfected
cells, infected cells and free viruses, and a model that also considers CTL
dynamics. Cytotoxic T lymphocytes (CTLs) form a branch of the immune
system essential in the fight against many viral infections [6].

As is the case in many epidemic models, the transmission or infection
coefficients and other parameters in virus models are difficult to determine
and have variability due to errors in measurements, differences in population
size

Monte Carlo methods [3] are a traditional way to deal with random-
ness because of their simplicity; however, they usually require many real-
izations for reasonable accuracy. Other possible choices are the method of
moments [5] and polynomial chaos. In this paper we use a non-intrusive ver-
sion of the method of polynomial chaos (NIPC) to deal with the randomness
in the model equations.
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2 The Models and Results

Two virus population models are considered for the purpose of this work.
The first model was proposed by Nowak and Bangham [4] in their study of
the human T cell leukemia virus (HTLV-1) and the human immunodeficiency
virus (HIV-1). It is given by a system of three ordinary differential equations.

The virus population has a much faster growth rate than than the popu-
lations of uninfected and infected cells, so a common assumption is that the
virus population is almost steady, and we get only two equations.

The second model considered here [4], [2] incorporates CTL dynamics.
To fight the infection CTL cells kill infected cells and thus try to stop the
spread of the virus. Making the same assumption as above that the free virus
population grows at much faster rates than the other populations we again
can eliminate the equation for the virus.

In the general case one may be interested in a quantity of interest which
is usually a functional of the solution of a model that describes certain phe-
nomena under investigation. Let this quantity be denoted by X , and assume
that the model X = M(Λ) used to compute it depends on parameters Λ,
both X and Λ considered to be finite-dimensional. Thus, the quantity of
interest also becomes a random variable X = M(Λ(ω)) = X(ω). If the pa-
rameter distributions are known, one way to obtain the distribution of the
output X is to use the Monte-Carlo (MC) method [3]. This entails a large
numbers of runs of the model to obtain a certain accuracy.

The NIPC method is a reasonable alternative to the MC method. Like the
latter, it only requires running the model (together with solving a relatively
small-size linear system of equations) to obtain a probabilistic description of
the output. The number of model runs may be, however, much smaller than
that required for the MC method for the same level of accuracy. It makes use
of the Cameron-Martin theorem [1] that guarantees convergence of the chaos
expansion. For computational purposes this chaos expansion is truncated

after a finite number of terms and rearranged as X(ω) =

P
∑

i=0

XiΦi(~ξ) where

Φi(~ξ) are given basis functions. The same expansion can be performed for
the parameters of the model. Thus, one value for the random parameter
of the model Λ is mapped into one value for the quantity of interest X as

X(ω) = M(Λ(~ξ(ω)), where Λ(~ξ(ω)) =
P
∑

i=0

ΛiΦi(~ξ) and the coefficients Λi are
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known.
To obtain the NIPC approximation a sample for the parameter set is first

obtained by first sampling the vector ~ξ and then obtaining Λ from its known
expansion. Let such a sample be denoted by ~ξi = ~ξ(ωi), where i = 1, 2, . . . , S
and S is the total number of samples. Then one equation is obtained for the
coefficients of the output variable by running the model and requesting that

X(ω) = M
(

Λ(~ξi)
)

. This leads to the following system of equations
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for the coefficients of the output variable. Note that the number of equations
S is not necessarily related to the number of coefficients P + 1. In actual
simulations we usually construct an over-determined system and solve it using
least-squares.

The first set of numerical experiments is performed on the first model. A
base case with deterministic values of the parameters is considered.

Randomness is then introduced by asking that some or all of the coeffi-
cients be uniformly distributed random variables with mean their determin-
istic value and spread over an interval of length 0.4 times their mean value.
A first case we examined was two random parameters, while the other pa-
rameters have their deterministic value. Good accuracy can be noticed in
the results for the higher polynomial orders as soon as S > P + 1.

For a three-dimensional chaos case we also allow a third parameter to
be random. One of the advantages of NIPC versus usual polynomial chaos
using a Galerkin projection is that in the latter higher-dimensional chaoses
may lead to lengthy inner products that are difficult to evaluate, whereas in
NIPC the chaos dimension makes no difference other than solving a bigger
matrix; the setup process of this matrix is the same.

Next we consider the CTL modelwith the same parameter values as be-
fore, which leads to a CTL response. We focus on the ability of NIPC to
obtain accurate statistics for larger chaos dimensions. To this purpose we let
all the parameters in the model be random and compute the error in the ex-
pected value and variance, for which a seven-dimensional chaos is necessary.
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The multivariate polynomials in the chaos basis are constructed via tensor
products of monomials with order up to p = 3.

3 Conclusions

Parameters in virus models have a large variability; even for the same type
of virus the parameters involve have variations, in particular the number of
viral particles produced from a single infected cell. The NIPC method is
an useful for studying the effect this variability has on the outcome of the
mathematical models. Like MC, it does not require the development of any
special code except the one for the deterministic model itself, but requires
much less sampling, and consequently much less computer time than the
latter, for comparable accuracy. Another advantage of this method is that
it produces a series expansion of the output process. This is particularly
valuable if the output process becomes in turn an input for some other model:
realizations of this output process are then readily at hand.
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1 Introduction

The analysis of school performance has an important role in achieving quality
education and increasing its efficiency. The number of students that abandon
their studies not only in the stage of Bachillerato but also in other educational
levels, and therefore they are not going to be qualified workers is greater than
the number of qualified jobs expected over the following years. This will
lead to an increase in unemployment among young students, which is also a
primer concern of the European Union [1]. In this paper we are interested
in studying the academic underachievement in Bachillerato. To address this
problem, in addition to consider autonomous behavior of students who take
decisions about their own priorities, goals, etc., we assume that academic
underachievement is a socially transmitted behavior [2, 3]. We treat school
failure as a problem that is transmitted through social contact. These social
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contacts have an influenc! e on the probability of transmission of bad study
habits. The main idea behind this approach is that these inappropriate habits
may spread from one student to another, more probably between students of
the same academic level. These facts lead us to propose an epidemiological-
type mathematical model to study the evolution (transmission dynamics)
of the academic underachievement in Bachillerato. According to [4], there
exists a significative difference of academic performance depending on genre.
In general, women obtain better academic results than men. This motivates
the fact that our model considers genre into its formulation.

2 Modelling the academic underachievement

In this paper, we have considered the available data corresponding to the first
and second stage of Bachillerato, in both, public and private high schools all
over Spain during academic years 1999/2000 to 2007/2008. We point out
that we study this period because after the academic year 2007/2008 only
partial data corresponding to specific regions of Spain are available. For
each of these academic years, Table 1 collects the percentage of women/men
that pass (Wi/Mi) and do not pass (W i/M i) for each level i = 1, 2 (that
corresponds to the first and second stage of Bachillerato, respectively) over
the total Spanish Bachillerato students. After some algebraic manipulations,
these data have been obtained from the official database [5, 6] and they are
referred to the month of September, when each academic year ends officially.

Table 1: The available data corresponding to the first and second stage of
Bachillerato, in both, public and private high schools all over Spain during aca-
demic years 1999/2000 to 2007/2008.

First stage of Bachillerato (Women/Men) Second stage of Bachillerato (Women/Men)

Academic % Pass % Do not Pass % Pass % Do not Pass

year (W1/M1) (W 1/M1) (W2/M2) (W 2/M2)

1999–00 19.68/15.24 9.75/9.33 16.21/11.64 9.52/8.63

2000–01 22.65/17.54 9.91/10.12 14.07/10.04 8.24/7.43

2001–02 19.23/14.23 8.61/9.10 17.86/13.06 9.32/8.59

2002–03 18.87/14.19 8.36/8.51 19.14/13.97 8.76/8.20

2003–04 19.93/15.06 7.74/7.88 19.19/13.80 8.44/7.96

2004–05 20.11/15.14 7.65/7.94 18.90/13.92 8.39/7.95

2005–06 20.07/15.39 7.64/7.93 19.14/13.97 8.08/7.78

2006–07 20.06/15.34 7.67/7.87 19.14/14.29 7.98/7.65

2007–08 20.25/15.82 7.57/7.66 19.37/14.61 7.60/7.12
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We build our mathematical model based on an epidemiological-type model
by considering that academic underachievement is a process that takes place
when a female (W) or a male (M) student that initially belongs to the pro-
motable group of a specific level, Wi or Mi, i = 1, 2, leaves her/his good
academic habits due to the negative influence (contagion) from other stu-
dents of the same educational level who belong to the group of students with
academic underachievement, W i and M i. We shall consider that, for each
specific academic level under study, the bad academic habits just spread be-
tween students of the same course, independently of their genre. Thus, the
transitions described can be modeled as follows:

• For a specific Bachillerato academic level i = 1, 2, a student in Wi

(respec. Mi) transits to W i (respec. M i) because students in W i and
M i transmit their negative academic habits at rates βW

i (respec. βM
i ).

Therefore, this is a nonlinear term modeled by βW
i Wi(W i + M i) (re-

spec. βM
i Mi(W i +M i)). Note that modeling above assumes implicitly

population mixing for each academic level under consideration. This is
a usual assumption in type-continuous epidemiological models [7].

• For a specific Bachillerato academic level i = 1, 2, students can also
acquire bad academic habits because they autonomously decide to
strive less and to give up appropriate study habits due to lack of self-
motivation, personal problems, etc. This type of transition is modeled
by means of a linear term αW

i Wi (respec. α
M
i Mi).

• Data collected in Table 1 refer to the end of each academic course,
i.e., in September when, according to educational regulation in force in
Spain, every student in W1 and M1 will pass to W2 and M2, respec-
tively. Taking into account that time t is measured in years and we
identify each academic year in the period 1999/2000 to 2007/2008 with
0, 1, . . . , 8, respectively, parameter δ indicated in Figure 1 is defined as
follows:

δ =

{

1 if
9

12
+ j ≤ t ≤ 10

12
+ j, j = 0, 1, 2, . . . , 8,

0 otherwise.

• For a specific Bachillerato academic level i = 1, 2, a student in W i

(respec. M i) transits to Wi (respec. Mi), when she/he gives up her/his
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bad academic habit. An individual in W i (respec. M i) transits to Wi

(respec. Mi) at rate γW
i (respec. γM

i ) proportionally to the size of W i

(respec. M i). Analogously to αW
i and αM

i , parameters γW
i and γM

i also
contain those autonomous decisions adopted by students belonging to
W i and M i, respectively.

Then, the transitions between these different subpopulations are described
by the following coupled nonlinear system of differential equations where the
unknows are Wi = Wi(t), Mi = Mi(t), W i = W i(t) and M i = M i(t) (t
denotes time in years),

W ′
1(t) = −δW1(t)− αW

1 W1(t)− βW
1 W1(t)[W 1(t) +M 1(t)] + γW

1 W 1(t),

W
′

1(t) = αW
1 W1(t) + βW

1 W1(t)[W 1(t) +M 1(t)]− γW
1 W 1(t),

W ′
2(t) = δW1(t)− αW

2 W2(t)− βW
2 W2(t)[W 2(t) +M 2(t)] + γW

2 W 2(t),

W
′

2(t) = αW
2 W2(t) + βW

2 W2(t)[W 2(t) +M 2(t)]− γW
2 W 2(t),

M ′
1(t) = −δM1(t)− αM

1 M1(t)− βM
1 M1(t)[W 1(t) +M 1(t)] + γM

1 M 1(t),

M
′

1(t) = αM
1 M1(t) + βM

1 M1(t)[W 1(t) +M1(t)]− γM
1 M 1(t),

M ′
2(t) = δM1(t)− αM

2 M2(t)− βM
2 M2(t)[W 2(t) +M 2(t)] + γM

2 M 2(t),

M
′

2(t) = αM
2 M2(t) + βM

2 M2(t)[W 2(t) +M2(t)]− γM
2 M 2(t).

(1)
The parameters of the model are:

• αg
i , denotes the rate at which a student of Spanish Bachillerato aca-

demic level i and genre g who belongs to the promoting group passes to
have bad academic habits by an autonomous decision. In accordance
with personal trait patterns and academic performance of adolescents
[8], it is assumed that:

αW
1 < αM

1 , αW
2 < αM

2 ; αW
1 > αW

2 , αM
1 > αM

2 . (2)

• βg
i , denotes the transmission rate at which a student of Spanish Bachiller-

ato academic level i and genre g adopts bad academic habits due to
the negative influence from students that do not pass and belong to
the same academic level i including both genre.

• γg
i , denotes the rate at which a student of Spanish Bachillerato aca-

demic level i and genre g who has bad academic habits, by an au-
tonomous decision, decides to change her/his bad academic habits and
she/he ends up getting into the passing group.

The flow diagram, associated to the model, is depicted in Figure 1.
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Figure 1: Flow diagram of the mathematical model for Bachillerato academic
underachievement in Spain.

3 Fitting the model and forecasting

In this section we will estimate the parameters of (1) by fitting the model in
the mean square sense to the data collected in Table 1. We have carried out
computations with Mathematica 7.0 [9]. As initial conditions of the system
of differential equations (1), we take data of the academic year 1999/2000
(corresponding to t = 0), so W1(0) = 19.68, M1(0) = 15.24, W 1(0) = 9.75,
M 1(0) = 9.33, W2(0) = 16.21, M2(0) = 11.64, W 2(0) = 9.52 and M2(0) =
8.63. The estimated parameters are collected in Table 2. The value of the
function in the global minimum (i.e., the least square error) that we have
obtained is 0.0095.

Table 2: Estimation of the model parameters

Parameter Value Parameter Value Parameter Value
αW
1 0.0180156 βW

1 0.538867 γW
1 0.285557

αM
1 0.0180175 βM

1 2.59115 γM
1 0.853703

αW
2 0.000119175 βW

2 0.668998 γW
2 0.270119

αM
2 0.00307025 βM

2 1.38138 γM
2 0.405319

Now, once the model is stated and the parameters estimated, we are able
to give predictions of each subpopulation over the next few years comput-
ing the solutions of the model, W1(t), W 1(t), M1(t), M 1(t), W2(t), W 2(t),
M2(t) and M2(t) for values of time t in the future. The solution to model
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Figure 2: Fitting and prediction of the academic performance of Bachillerato
Spanish students over the academic years 1999/2000 to 2014/2015

(1) is plotted in Figure 2. According to the model predictions, the percent-
age of students that pass (do not pass) in the second stage of Bachillerato
seems to increase (decrease) slightly as time goes. While in the first stage
of Bachillerato the situation is different. In this case, the model forecasts a
stabilization of the percentage of students that pass and do not pass. Re-
garding the global prediction of the model, note that the total percentage of
Bachillerato students that will not pass is worrying because it will lie around
30% which still constitutes a! high rate. In accordance with the model,
the first stage of Bachillerato is the key level to begin to combat academic
underachievement in Bachillerato not only because it has greater associated
academic underachievement rates than second stage but also these rates tend
to stabilization. From a pedagogical point of view this feature can be ex-
plained due to the considerable degree of difficulty of Bachillerato subjects
with respect to ESO contents.
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4 Conclusions

In this paper we have developed a continuous model to study academic under-
achievement in the last educational stage of the Spanish high school, called
Bachillerato. The major novelty of this contribution is the treatment of
school failure as a problem that is transmitted through social contact includ-
ing its mathematical type-epidemiological modeling. We point out that the
results we have obtained agree with conclusions derived from other studies
but in addition the model allows seeing how things will evolve in the next
future. Hence, it enables us to make an estimation of the number of pupils
who will apply for higher education. This is a key issue since academic un-
derachievement is a decisive factor for unemployment and also has a great
influence in the future development of a country.

Acknowledgement: This work has been partially supported by the
Spanish M.C.Y.T. grant MTM2009-08587 and the Universitat Politècnica
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1 Introduction

Over the last decade, family structure in Spain has changed remarkably. One of the main
changes observed along this period has been the increase in the divorce rate together
with the growth of unofficial couples, in part boosted by the so called social progress
laws promoted by the Spanish Socialist Governments between years 2004 and 2011, by
the general lack of resilience of the Spanish population and by the impact of a highly
volatile economic period in Spain between years 2000 and 2011. For the sake of clarity
in the understanding, the above quoted laws are: the express divorce law (2005), the gay
marriage (2005) and the divorce terms law (2010) which guarantees free abortion decision
to 16 year-old girls during their fourteenth pregnancy week. Furthermore, this change is
also enhanced by the increase in parasite singles derived from the recent financial crisis
and the above stated highly volatile economic period in Spain. The economy has definitely
a high impact in divorce as marriage is a contract [5],[6]. Moreover, there is evidence that
the difference in happiness within the couple is closely related with divorce [1]. Like other
authors, we measure the influence of the Economy throughout the unemployment level.

Apart from the economic influence, we consider as the other relevant factor in the
divorce spread, the social contagious, which is mainly propagated by personal contacts
between divorced and married women, see [1],[2], and Letter XXVI of [7].

In this paper we propose a social epidemiology model of divorce regarded as a social
disorder propagated by divorced women over married ones. In connection with this, we
can state that a variation of divorce related rules, too much favored to women these days,
will definitely reduce divorce claims, which are performed by women in almost nine out of
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ten occasions. Besides, this clear advantage in laws for women, makes that when problems
arrive in the couple, apart from the above mentioned social contagious, a proportion of
these women abuse of the measure of claiming for divorce. To our mind, divorce rules
should be equitable for both sexes and not be favoring neither women nor men.

Taking into account the relationship between the gap of happiness within the couple
and the divorce, see [1], a suitable measure to reduce the divorce growth derived from this
fact could be to focus on girls education, even from childhood periods, teaching them how
to fill effectively their leisure time.

The reduction of divorce growth is not only interesting for social stability and for the
health of children, but also of general interest to keep the birthrate as well as the pensions
of the entire population.

The discrete mathematical model constructed here, divides the Spanish population aged
between 20 and 60 years old, into three categories: singles,S; married,M; and divorced,D.
Because of the social contagious and the economic influence, populations at year n of singles
Sn, married Mn and divorced Dn, are time dependent and there is a transfer of populations
described by a linear-quadratic system of difference equations.

The paper is organized as follows. Section 2 deals with the mathematical model con-
struction. Real data are collected from the Spanish Statistics Institute [3]. Since in the
last decade the rate of registered marriages is progressively decreasing, the yearly economic
effect is measured as its discrepancy from the average of the rate in the period 2000-2009.
As the contagious rate is really tough to measure, we consider the real populations of each
category at the end of years 2000 and 2009, and by using a fitting parameter approach, the
contagious rate is estimated. In section 3, numerical simulations are performed in order
to predict the divorced population at year 2015 by assuming different economic scenarios
and also a predicted economic scenario after a possible arrival to the government of the
conservative party in 2012. Finally, section 4 highlights the conclusions of the model.

2 Model Construction

Our approach may be regarded as an epidemiological model where the social disorder of
divorce is propagated within the population from divorced women to married women. This
hypothesis is based on [1],[2], and Letter XXVI of [7]. Apart from the social contagious
we assume that the economy, which will be represented in our model with the parameter
αe(n), together with the decline of marriage [9],[5], has a significant influence in the marital
dissolution, i.e. divorces are due to increase when we are living a favorable economic period
within the country and are due to decrease when we are facing the opposite situation. Be-
sides, we consider that the appropriate economic index to measure it is the unemployment
level.

The entire population is divided into three subpopulations: singles,S married,M and
divorced,D. We denote by Sn, Mn and Dn, the number of singles, married and divorced,
respectively at the end of year n. The population includes all Spanish citizen aged between
20 and 60, both extremes included, and deals with data collected from the Spanish Statistics
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Figure 1: Flow diagram for the divorce model.

Institute [3].
The dynamic of the population can be described as follows (n, time in years):

Sn+1 − Sn = (b − (d/3))Sn − (αa + αe(n))Sn (1)

Mn+1 −Mn = (αa + αe(n))Sn − (d/3)Mn − αdiv(n)Mn + γ(n)Dn − ρcMnDn (2)

Dn+1 −Dn = αdiv(n)Mn − (d/3)Dn − γ(n)Dn + ρcMnDn (3)

where the parameters of the model are:

• b, average birth rate in Spain between 2000 and 2009.

• d, average death rate in Spain between 2000 and 2009.

• αa, average rate of singles individuals got officially married between 2000 and 2009.

• αe(n), rate of singles individuals got officially married during year n due to the economic
effect.

• αdiv(n), rate of married individuals got divorced during year n.

• γ(n), rate of divorced individuals got remarried during year n.

• ρc, the contagious rate derived from contact between divorced and married women. This is
based on the fact that divorced women enjoying a good post-divorce situation tend to get
in touch and convince those married women facing any kind of doubts in their marriage,
according to Letter XXVI of [7] and [2].
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We evaluate αe(n) as the discrepancy, of the real rate of single individuals got officially mar-
ried during year n, from the average rate αa.
Parameters b, d, αa, αdiv(n) and γ(n) are obtained from the Spanish Statistics Institute [3].
Parameter αe(n) is obtained from αa and real data of year n are obtained from the Spanish
Statistics Institute [3].
Parameter ρc will be obtained taking into account real data of divorced individuals at years 2000
and 2009 and fitting the model.
Although parameters b and d are yearly changing, the variation is so little that we are considering
both as constants.

3 Results

Fitting the model with data of populations S2000,M2000,D2000 and S2009,M2009,D2009 one gets:

S2000= 7.933.400 (34, 80%) S2009= 9.673.800 (36,80 %)
M2000= 14.188.400 (62, 30%) M2009= 15.242.700 (57,50 %)
D2000= 667.100 (2,90 %) D2009= 1.464.100 (5,70 %).

The estimated value for the contagious parameter using Mathematica software and minimizing
the square error through the Nelder-Mead algorithm [8]:

ρc= 0,094.

The percentage and the total number of individuals according to different economic scenarios
are plotted in figs. 2 and 3, respectively.

As we can observe in figure 2, the percentage of divorced population raises from around 6%
in 2010 up to an 8,5% - 9%, depending on the economic scenario we are facing at the end of year
2015.

As we can observe in figure 3, the total number of divorced population raises from about
1500000 individuals in 2010 up to 2050000 - 2150000 individuals, depending on the economic
scenario we are facing at the end of year 2015.

In order to perform the sensitivity analysis, we have considered the response to variations in
the contagious parameters and calculated the predicted divorced population in the year 2015.

4 Conclusions

In this paper we propose a social epidemiology model where divorce is regarded as a social disor-
der propagated by divorced women throughout meetings with married women. Apart from this
social contagious, the other relevant factor considered is the Economy of the country measured
in terms of unemployment level.
The case studied in this paper is the Spanish one, however, with minor specific changes of an-
other country, the model can be applied to other nations, provided that data are available. In this
paper, data are collected from the Spanish Statistics Institute (INE). Considering three possible
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Figure 2: Percentage of divorced individuals according to different economic scenarios.

Figure 3: Total number of divorced individuals according to different economic scenarios.
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Figure 4: Sensitivity analysis of divorced population in December 2015 in response to
variations in the contagious parameter.

different economic scenarios in Spain along the period [2010, 2015], we estimate the divorced
population in December 2015. Results show that the divorced population at the end of year 2015
will increase around 50 per cent with respect to the existing divorced population of year 2010.
A sensitivity analysis of the model with respect to the contagious parameter ρc proves the ro-
bustness of the model. The approach allows us the simulation of alternative scenarios changing
the values of the parameters of the model, as well as, the study of the evolution of the divorced
population in other forthcoming periods.
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1 Introduction

Modeling turbomachinery poses particular problems: their geometrical com-
plexity requires the use of viscous compressible 3D codes to capture properly
the flow behavior. If the objective of the computation is to obtain the acous-
tic response of a system the use of long ducts is needed in order to avoid
interferences with the boundaries. This fact can be easily understood when
compared to the experimental procedure that is commonly used to obtain
the acoustic response in an impulse test rig as the one used in [1].

Including those long ducts in the computational domain leads to a dra-
matic increase of the computational cost [2]. In this frame, the idea of devel-
oping a non-reflecting boundary condition (NRBC) that behaves as a long
duct seems interesting. Since the acoustic response of this long ducts is sup-
posed to be the lack of wave reflection, several researchers [3, 4, 5] have tried
to developed the so-called non-reflecting or anechoic boundary conditions
(BC), to be able to eliminate these components without a worsening in the
accuracy.
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2 1D Anechoic BC

An anechoic BC has been previously developed in [6]. An anechoic end is
an outlet BC in which information does not travel upstream the boundary
condition (anechoic means literally without echo). This non-reflecting BC
should behave thus as a long duct, allowing to save computational cost. In
order t achieve that the the value of β along the characteristic line C− will
be modified every time a different entropy level reaches this line. Since the
computation is discretized in time, the number of entropy variations along
a characteristic line C− will be finite. However, with this approach, one
would still need to take into account the whole history of the flow in order to
remember all the variations of entropy level. To avoid this, an approximation
was developed to allow the computation of βBC(T ) from βBC(T −∆T ):

˜βN
in =

βN−1

in + aN−1

2
ln AN

a

AN−1
a

+ λN

4
ln AN

a

AN−1
a

1− 1

4
ln AN

a

AN−1
a

. (1)

In this way, one only needs to know λ and Aa (Riemann variables) arriving
to the BC at given t, the value of β and Aa that arrived to the BC at t−∆t
and the speed of sound at the BC at t−∆t in order to compute the anechoic
BC. However, as pointed out before, this anechoic BC assumes the existence
of an 1D inviscid and adiabatic flow of a perfect gas.

3 Non-Perfect Gas

The MoC was originally developed under the hypothesis of perfect gas [8].
However, if an ideal (but not calorically perfect) gas is considered, the MoC
can still be used with some modifications. Following [7], if cp = f(T ), the
following variables replace the Riemann variables:

λ =

∫ T

T
ref

√

cpcv
RT

dT + u

β =

∫ T

T
ref

√

cpcv
RT

dT − u (2)
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T
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q + uG

T
dT
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In order to deal with non-perfect gas with the anechoic BC, a polynomial law
is used for cp(T ). Following a similar criteria, the first term of the Riemann
variables defined at (2) can be expressed as a polynomial of temperature. It
is interesting to remark that the relative importance of this effect depends
on the the temperature variation of the given problem. In the particular
case of the flow leaving the cylinders of an internal combustion engine this
temperature variation are important.

4 Viscous Flow

The existence of viscosity in the flow has various effects introducing further
complexity in the anechoic BC. First, the diffusive transport induced by vis-
cosity cannot be modeled by the MoC, since it only deals with the hyperbolic
part of the Navier-Stokes equations (i.e, the Euler equations). However, since
the Reynolds number in the intended applications (flow in ICEs) is high, the
diffusive transport should be negligible compared to the convection terms.
Moreover, there is a loss in momentum due to the existence of friction. This
effect is mainly concentrated in the surroundings of the wall. There exists a
modificator that takes into account this effect in the value of the Riemann
variables along its respective characteristic line:

dβ|f = − (γ − 1)
[

1− (γ − 1)
u

a

] f

D
u2

u

|u|dt (3)

Besides the previous two effects, friction has another effect that is relevant
not because of the use of the MoC but due to the anechoic BC approach. In
its development, it was stated that, for inviscid flows, β only had to take into
account the entropy changes. However, in viscous flows, when a λ-wave (C+)
arrives, the velocity raises, thus increasing the friction effect by means of the
modificator and therefore beta increases. Since this same effect happens
at every section, the flow velocity continue decreasing after the λ-wave has
passed. When a wave reaches the anechoic BC, the change of beta that still
happening at the virtual duct at the right of the boundary condition is sent
backwards, so obviously the former anechoic approach can no longer be used
to model the acoustic response of an infinite duct with friction, because that
duct does echo. Therefore, since the information created at the right of the
BC must be taken into account, one should model it, and a 1D-3D coupled
simulation such as described in [2] could be helpful.
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5 Swirling Flow

Among other applications, the anechoic BC is intended to be used as outlet
boundary in a turbine simulations. However, the flow after a turbine is no
longer 1D, because of the swirl created by the impeller. One of the main
problems when using CFD commercial codes is that the BC available are
mainly uniform flow BC. This is normally not a big issue if the main interest
of the computation relays far from the boundary. However, in the case of
the development of new BC, and particularly with the anechoic BC, being
able to reproduce the flow behavior close to the boundary is necessary. If the
flow is in radial equilibrium, the pressure radial profile satisfies the following
equation:

dp

dr
= ρ(r)

v2θ(r)

r
= F (r) (4)

Thus, if radial equilibrium is supposed to be achieved in every time-step, one
can obtain the pressure profile at the BC at a certain time-step provided that
the pressure at the axis (paxis), in order to obtain the integration constant,
and F (r) profile are known. Regarding the value of paxis, it can be assumed
that the MoC can be still applied to the axis, because vrad = 0 due to
axial symmetry, and therefore the axis could be assumed to be 1D. On the
other side, F (r) is approximated by its value at the previous time-step. The
integration process is started with the known value of p(r=0)=paxis obtained
by the application of the MoC to de 1D flow of the axis.

6 Conclusions

An anechoic BC was previously developed, based on the assumption of 1D
inviscid and adiabatic flow of a perfect gas. In order to be able to use this
anechoic BC in a turbomachinery’s outlet, three different real flow behaviors
have been studied in this paper. In section 3, the hypothesis of ideal instead
of perfect gas has been reviewed. Then, in section 4, the implications of
dealing with viscous flow have been investigated. On the one hand, the effect
of friction with walls has been incorporated in the BC by means of a proper
modificator of the Riemann variables and the use of a correlation for the
friction factor. On the other hand, it has been shown that an infinite viscous
duct does send information backwards when receiving and incoming pressure
wave. Therefore, the anechoic approach would never be able to reproduce
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reliably the behavior of a long duct. Finally, in section 5, the existence of
swirl (characteristic of a turbine’s outlet) has been analyzed. An approach to
obtain the whole pressure profile at the outlet has been developed, assuming
that the flow is in radial equilibrium.
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1 Introduction

Transformation optics is an emergent field of engineering with a great impact on
recent developments in advanced optical devices. With the help of differential ge-
ometry, transformation optics allows us to fully control electromagnetic fields in
a previously unknown manner [1, 2], providing a way to engineer curved spaces
for light by using suitable media. On the other hand, variational principles math-
ematically describe in a concise and elegant way a great variety of natural phe-
nomena, independently of a particular choice of coordinatesystem. In this work,
we extend this concept in a differential-geometric framework to formulate trans-
formation optics in an inherently covariant and coordinate-independent form by
postulating a Lagrangian function for the most fundamentaldescription of electro-
dynamics in media. General expressions for transformationoptics can be derived
from the variational principle associated to this Lagrangian. As an application,
we present the construction of a novel immersion lens of potential relevance to
bio- and nano-technology. In particular, we focus on improving the shape and
reflection properties of such optical devices.
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2 Mathematical basics of transformation optics

Modern optics in its conventional approach is invariably based on Maxwell’s
macroscopic equations in differential form, describing the electric and magnetic
fields produced by matter of charge densityρ and current densityj (symbols in
bold represent vector quantities, whereas symbols in italics represent scalar quan-
tities). In covariant form these equations read:

F[λµ;ν] = 0, (1)

F µν
;ν =

1√−g

(√−gF µν
)

,ν
=

4π

c
jµ, (2)

wherec denotes the speed of light and we have used Gaussian units. Weemploy
the Einstein summation convention withµ = 0, 1, 2, 3, denoting by zero the tem-
poral component. Eq. (1) represents the source-free (homogeneous) equation and
Eq. (2) the source (inhomogeneous) equation of the electromagnetic field, where
jµ = (cρ, j) is the contravariant current four-vector andg < 0 is the determi-
nant of the underlying pseudo-Riemannian metricgµν with indefinite signature
(−,+,+,+). Fµν is the electromagnetic field-strength or Faraday tensor, which
can be expressed in terms of the four-potentialAµ as

Fµν = 2A[µ;ν] = Aµ;ν −Aν;µ = Aµ,ν − Aν,µ = 2A[µ,ν]. (3)

The Faraday tensor is related to the electric fieldE and the magnetic inductionB
by Ei = Fi0 andBi = 1

2
ǫijkF

jk. Latin indices only run over spatial values and
ǫijk denotes the completely antisymmetric three-dimensional Levi-Civita symbol.

In order to describe electromagnetic processes, we introduceAµ on a smooth
four-dimensional manifoldM endowed with a Lorentzian metricg. Following the
terminology of Marsdenet al. [3], we further identifybase spaceB = M , which
constitutes standard spacetime, andambient spaceP , given byAµ : B → M .
Then,N = B × P is theconfiguration spacewith coordinates(x0, xi, A0, Aj),
so that any particular constellation or state of the system is uniquely determined
by the mappingB → N . We seek a general principle to find the evolution ofAµ

on the given manifold(M, g). In geometric mechanics, the Lagrangian function
L completely governs the behaviour of a deterministic system, and it suffices to
defineL on a tangent bundleTM , which is identical with the corresponding phase
space. The tangent bundleTM consists of the manifoldM and its tangent spaces
TpM for all p ∈ M . Figure 1 represents the tangent bundleTM consisting of
manifoldM and its tangent spacesTpM for all p ∈ M . In this case, however, we
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M

p

TpM

TM

Figure 1: Standard tangent bundleTM consisting of manifoldM , usually pseudo-
Riemannian spacetime, and its tangent spacesTpM as used in geometric mechan-
ics.

will require the partial derivatives of a configuration withrespect to allspacetime
coordinates. This generalization leads to the jet bundleJ1N = B × TP , seee.g.
[4]. Figure 2 gives a schematic of the jet bundleJ1N consisting of configuration
manifoldN = M ×P and the tangent bundleTP of ambient spaceP . The corre-
sponding Lagrangian function in the jet-bundle description of first-order classical
field theories will therefore be a mappingL : J1N → R.

Hamilton’s principle states that the dynamics or field dynamics of a physical
system is governed by a simple variational principle (seee.g. Refs. [5, 6] in the
case of diffusion), whose solutions of equations of motion are determined by the
extremum of the action functionalA . For electrodynamics the variation of the
following action integral must vanish:

δA = δ

∫

Ω

d4x
√−g L(Aα, Aα;β) = 0. (4)

The invariant volume element is
√−g d4x =

√−g dx0dx1dx2dx3, since integra-
tion occurs over spacetime. We letΩ ⊂ M be a bounded, closed set of spacetime
and postulate the following form for theLagrangian density

L =
√
−g L =

√
−g

(

− 1

32π
XµνρσFµνFρσ −

1

c
jαAα

)

(5)
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N

q

TqP

J 1N

Figure 2: The jet bundleJ1N consisting of configuration manifoldN = M × P
and the tangent bundleTP of ambient spaceP as used in first-order classical field
theory.

whereXµνρσ denotes the so-calledconstitutive tensor, which couples linearly to
the fields to yield the quadratic kinetic term. It is customary to introduce the
excitation tensorGµν = 1

2
XµνρσFρσ, with Di = Hi0 andHi = 1

2
ǫijkG

jk (D is
the electric displacement andH is the magnetic field). This last equality is known
as the(linear) constitutive relation. The solution to Eq. (5) is provided by the
corresponding Euler-Lagrange equations, which in combination with Eq. (1) fully
control the dynamics of the underlying physical system. They can be determined
by computing the associated functional derivative which, by requiring it to be
zero, yields:

Gαβ
,β =

4π

c
jα. (6)

These are just the two inhomogeneous Maxwell equations for optics in macro-
scopic media, which confirms the validity of the postulated Lagrangian.

Now we are in the position to derive the fundamental expressions of transfor-
mation optics from the Lagrangian formalism we have established. First, imagine
somevirtual spacecharacterized by a metricg′, in which light propagates as de-
sired. For simplicity, we assume that this space is void (theprocedure can be
straightforwardly extended to non-empty virtual spaces),so that the constitutive
tensor is given byXµνρσ = gµρgνσ − gµσgνρ. Thus, its corresponding Lagrangian
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density reads

L
′ =

√

−g′
[

− 1

32π

(

g′µρg′νσ − g′µσg′νρ
)

F ′
µνF

′
ρσ −

1

c
j′αA′

α

]

. (7)

On the other hand, Eq. 5 represents thephysical spacewe live in. We want light to
propagate in physical space as it does in virtual space. For this, we reinterpret the
coordinates of virtual space as those of physical space (in exceptional cases they
may coincide from the onset) and take advantage of the fact that both Lagrangians
(and therefore the resulting solutions for the fields) are formally identical, pro-
vided that we fill physical space with the following media andsources:

Xµνρσ =

√−g′√−g

(

g′µρg′νσ − g′µσg′νρ
)

and jα =

√−g′√−g
j′α. (8)

This powerful theory allows us to realize both, curved-space metrics (e.g., that
of black holes) in a flat physical space, and/or any deformation caused by coordi-
nate changes [1, 2]. Naturally, for deformations arising exclusively from transfor-
mations,g andg′ represent the same geometry expressed in different coordinate
systems. We will use this last approach in the next section.

3 Application: Flat reflectionless immersion lens

An immersion lens made up of a dielectric medium with refractive indexn can
improve the diffraction-limited resolution of free space by a factor of1/n, see
Ref. [7]. Its usual geometry is that of a hemisphere, although other curved sur-
faces can be used. Thus, one side of the system is flat, while the other one is
curved. For some applications, it would be desirable that both surfaces were
flat. In addition, there appear reflections at the boundary ofthe lens with free
space due to the difference in the refractive indices of bothmedia. In order to
overcome both drawbacks, we used the previous theory to transform a dielectric
slab into an flat immersion lens by gradually expanding the fields in the trans-
verse direction to propagation. This results in a compression of the transverse
wavevector component of the fields going through the lens. This way we increase
the range of components of the angular spectrum that correspond to propagating
waves in free space, improving the resolution of the system by the expansion fac-
tor. Moreover, it can be shown that an expanding device is reflectionless if the
medium to be expanded has a refractive index equal to the expansion factor and
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Figure 3: Electric field generated by two sources embedded ina dielectric with
n = 3 (a) without and (b) with the designed lens between the dielectric and air
(n = 1). (c) Reconstructed field amplitude for different cases. (d) Same as in (c)
but with the sources1µm away from the lens center.λ0 = 1.5µm.

the output medium is free space [8]. For instance, we can use the transforma-
tion t′ = t, x′ = x/(1 + Cz), y′ = y, z′ = z, whereC is a constant such that
Fx = 1/n1 = 1 + Cd (Fx is the inverse expansion factor in thex-direction,d is
the device thickness, andn1 is the original dielectric refractive index). Then, we
use Eq. (8) to calculate the properties of our device. As an example, we simulated
a lens withn1 = 3 in COMSOL Multiphysics. To test the device, two cylindrical
sources separated byλ0/2 are placed inside a medium withn1. When the fields
radiated by these sources directly exit to air,viz. Figure 3(a), reflections appear
and the radiation pattern in air is that of two sources separated byλ0/2. When
we use the proposed lens, no reflections appear and the radiation pattern is that
of two sources separated by1.5λ0, viz. Figure 3(b). The fields that an external
optical system would reconstruct for the cases with and without lens (ETO lens and
Eno lens) are depicted in Figure 3(c). In the first case the two sourcescan be clearly
observed, while in the second one some components are lost and we only detect a
broad unique source. In the image obtained with the lens there is a magnification
factor of3. We verified this by comparing the image reconstructed from the fields
radiated by two sources in air separated by1.5λ0 (Eanalytic) with ETO lens, observ-
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ing an excellent agreement. We also include the fields we would reconstruct if
we used a classical hemispherical immersion lens (Eclassical lens), whose amplitude
is lower than that ofETO lens due to reflections. Finally, we show in Figure 3(d)
the effect of separating the sources from the lens origin. This does not affect the
performance of the proposed lens, while the classical lens introduces distortion.

4 Conclusions

We have developed a conceptual framework to represent macroscopic electro-
dynamics in media by a Lagrangian on a pseudo-Riemannian manifold, which
straightforwardly allows to identify any virtual space possessing especially de-
signed optical properties with real, physical space. This novel approach encom-
passes all previous formulations of transformation opticsin a compact and elegant
way. We applied this technique to design an immersion lens with superior proper-
ties for possible application in bio- and nano-technology.
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standard connections in classical mechanics,Journal of Physics A, 28:5553–
5567, 1995.

[5] M. M. Tung, Basics of a differential-geometric approachto diffusion: Unit-
ing Lagrangian and Eulerian models on a manifold,Mathematics in Industry,
12:897–901, 2007.

[6] M. M. Tung and A. Hervás, A differential-geometric approach to model
isotropic diffusion on circular conic surfaces in uniform rotation, Mathe-
matics in Industry, 15:1053–1058, 2010.



Modelling for Engineering & Human Behaviour 2011 124

[7] S. M. Mansfield and G. S. Kino, Solid immersion microscope, Applied
Physics Letters, 57:2615–2616, 1990.

[8] C. Garcı́a-Meca, M. M. Tung, J. V. Galán, R. Ortuño, F. J. Rodrı́guez-
Fortuño, J. Martı́, and A. Martı́nez. Squeezing and expanding light without
reflections via transformation opticsOptics Express, 19:3562–3575, 2011.



Evolutionary support vector regression

algorithm applied to the prediction of the

thickness of the chromium layer in a hard

chromium plating process
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1 Introduction

The hard chromium plating process consists mainly of three operations (see
Figure 1) and their corresponding quality inspections. It has already been
presented by the authors in previous research [1] and is briefly outlined below:

• Vapour degreasing : This is mainly a cleaning operation. It is performed
on the piece in order to ensure the cleanliness of the surface.
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Figure 1: Real BMD versus predicted ANN BMD of the patients used for
the validation.

• Electropolishing : An electrochemical process that removes material
from the work piece. The performance of this operation before the
hard chromium plating helps to ensure a good roughness of the surface
to be coated.

• Hard chromium plating : This is the operation whereby a thin layer of
chromium is deposited on the workpiece.

This research work uses evolutionary support vector regression algorithms
for the prediction of the thickness of the chromium layer in a hard chromium
plating process. Evolutionary support vector machines (ESVMs) [2] is a
novel technique that assimilates the learning engine of the state-of-the-art
support vector machines (SVMs) [3], but evolves the coefficients of the deci-
sion function by means of evolutionary algorithms (EAs) [1, 4].

2 Materials and methods

The support vector regression (SVR) model depends on the three hyper-
parameters ǫ, C and γ [3]. The idea is to start with a coarse-grain grid
search of parameters, and then carry out a refinement of the search using an
evolutionary computation algorithm. The classical evolutionary program-
ming (CEP) algorithm was first described in a paper by Bäck et al. [1, 4],
and later analyzed by Yao et al. [1, 4] and Lee and Yao [1, 4]. It is used to
optimize a given function f(x) (in our case, the validation error), i.e. ob-
taining x0 so that f(x0) < f(x), with x ∈ [liminf , limsup] (note that in this
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Table 1: Intervals in which the coarse-grain search was performed.
Variable Intervals

C parameter [0.01, 1] [1, 102] [102, 103] [103, 104]
ε parameter [10−3, 10−2] [10−3, 10−2] [10−2, 10−1] [10−1, 1]
γ parameter [10−3, 10−2] [10−2, 10−1] [0.1, 1] [1, 102]

case, the values of [liminf , limsup] are set by the initial coarse grain).

3 Results

The SVR topology consists of seven input variables: (1) iron content in the
electropolishing bath; (2) electropolishing time; (3) electropolishing temper-
ature; (4) thickness removed by electropolishing; (5) chromic acid content
hard chromium bath; (6) hard chromium time; and (7) hard chromium tem-
perature. Some of them belong to the electropolishing operation and others
to the hard-chromium plating. The output variable is the thickness of the
hard chromium layer deposited on the piece. The training set was divided
into 10 subsets, and a measure of cross-validation was calculated. The root
mean square error (RMSE) in this cross-validation process was then used to
guide the evolutionary search of SVR hyper-parameters. In order to perform
the coarse grain search, the ranges listed in Table 1 were used as the initial
step of the algorithm for the hyper-parameters C, ǫ and γ. The performance
of the SVR was studied for each interval in its middle value and afterwards
the evolutionary programming algorithm was applied. This algorithm was
run with 500 generations and 200 individuals, as in such generations the
convergence criterion for the RMSE that was fixed in a value of 10−6 had
already been achieved. Once the SVR hyper-parameters optimization was
completed, using the coarse-grain search and the evolutionary programming
algorithm, the RMSE provided by the final model was analyzed and com-
pared. The result of the RMSE for the best forecasting model obtained in
this paper was 0.001939. It is important to note that the results presented by
the authors in a previous study [1], where a neural network model tuned by
means of DOE was employed, reached as optimum values of 0.00230255 for
a Tansig transfer function and 0.00218176 for the sigmoid transfer function.
A comparison of the results of the SVR-tuned model and the real values of
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Figure 2: Results corresponding to the SVR-tuned model versus the real
values of the hard-chromium layer.

the hard-chromium layer are presented in Figure 2. As can be observed, the
forecasting model is able to predict, with high accuracy, the real value of the
hard-chromium layer. Finally, Figure 3 presents not only the predicted and
real values of the hard-chromium layer for the same subset of data, but also
the best model obtained by means of a multilayer perceptron neural network
model with a sigmoid transfer function, tuned by means of DOE [1] (the best
model in our previous research).

4 Discussion and conclusions

In this research work, a support vector machine for regression (SVR) was
implemented so that the hyper-parameters search was conducted by means
of evolutionary computation. This new and innovative methodology is used
for the prediction of the thickness of the hard chromium layer in a hard-
chromium industrial process. The complete system for prediction, including
the evolutionary SVR algorithm gave a very good performance in our in-
dustrial application, outperforming a previous model based on multilayer
perceptron neural networks and optimized by means of DOE.
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Figure 3: Results corresponding to the SVR-tuned model versus the real
values of the hard-chromium layer, and the comparison with the best model
obtained by means of a multilayer perceptron neural network model with a
sigmoid transfer function.
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1 Introduction

Data Mining, also known as Knowledge Discovery from Databases (KDD)
is a discipline oriented to extract new and useful decisional knowledge from
data [2]. The KDD results provide decision support and contribute to better
management or control of highly complex organizations or processes. KDD
is a generic umbrella providing a methodological framework in which: i) Pre
and post-processing are also considered as important parts of the process as
data exploitation itself; ii) Both qualitative and quantitative data are rigor-
ously analyzed; iii) Prior domain knowledge should be used for improving
quality of discovered knowledge.

The data exploitation itself is in the kernel of the KDD process and
many different data mining techniques can be considered, depending on the
target problem and data structure, among others. Statistics and Artificial
Intelligence provide many suitable methods. However, in real applications,
it is better to analyze numerical and qualitative data jointly, as they both
can be relevant for decision making. In many applications, hybrid AI&
Stats methodologies for KDD constitute very powerful tools to catch the
structure of very complex domains and provide useful knowledge. Some of
the methodologies we developed in the area of AI& Stats around clustering
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problems, one of the most frequent problems addressed in the context of
KDD [9] are overviewed. They have been used for better understand some
phenomena related to human behaviour.
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Main results Impact on target domain

Disability
critical for el-
derly people

ClBR+

CPG+

PAG

Osped.
S.Lucia,
Rome
(Italy)

At equal levels of physical impairments, depressed patients
loose functionality [1]. In a second step nested binary lo-
gistic regressions were used to build a model for recogniz-
ing the profile of a new patient and the PAG was used to
provide a visual predictive tool [8].

Standard treatments should be associ-
ated to every profile and the PAG helps
to diagnoses in clinical everyday activ-
ities.

Dependency
in men-
tal pat.
(preparation
of Depen-
dency Law,
Catalunya)

ClBR+

CPG

Health
Dep.
(catalan
gov.)

Dependency ows to volition and requires health care ser-
vices (HCS) related to monitoring therapeutic adherence
(MTA) or avoid suicide rather than help in dressing or
standing-up [4]. An implicit profile was elicited of sin-
gles with chaotic use of HCS (51 assistances to emergency
services in a week). Experts recognized it as a useless
expensive profile.

Elegibility criteria for the accessibility
to the benefits of the Law regarded the
discovered profiles. Also, standard kits
of HCS to be offered for every pro-
file could be identified, like telephonic
MTA for singles to avoid crisis, ratio-
nalize use of HCS and improving QOL.

Poor knowl-
edge of Men-
tal Health in
under-dev.
countries

ClBR+

CPG+

TLP

World
Health
Org.
(WHO)

Mental health systems were tipified and they range from
the most institutionalized where mainly inpatient policies
in mental hospitals works to the most community oriented,
including some mixt structures in poorest countries, where
lack of resources produces evolution by other formulae [6].

Assessment of WHO for improving
mental health in every country is cur-
rently being provided, according to the
type of mental health system that the
country currently shows.

Treatment
response Ac-
quired Brain
Dammage

ClBR+

CPG+

CCEC

Institut
Guttmann,
Badalona
(Spain)

Among the response patterns found, a group of patients
with older lesions that resist to treatment, and another
group of older patients with partial response to treatment,
where executive functions were not restablished [5].

Exercices overstimulating executive
brain areas are proposed to partial re-
spondents. Psycho-social support is of-
fered to non-respondent to keep QOL.

Social inclus.
of patients
with Spinal
Cord Lesion

ClBRxS+

TLP+

TG

Institut
Guttmann,
Badalona
(Spain)

Prototypical evolution of perceived QOL over time after
discharge were found. As known, loosing optimism has
long-term effects on physical impairment. Environmental
factors associated were found, like dysfunctional couples
[3] or inherent character of patient.

Social workers and Pshychologist could
plan supporting activities oriented to
prevent this negative evolution and to
conserve or increase the QOL of the
patients over time as much as possible.

Undesired
side-effects of
ECT in acute
schizophre-
nia

KDSM U. Psych.
Hosp.
Bellvitge
Barcelona
(Spain)

Loose of memory was not linked to particular patient char-
acteristics, nor to the whole therapy, but to some specific
interaction between patient and every single electrocon-
vulsive therapy (ECT) session, invalidating the classic pre-
post analysis used for this topic from the 50s[11].

Further studies changed approach and
considered intermediate measures after
every ECT session in order to identify
the reasons for loose of memory.

Table 1: Overview of applications
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2 Applications and impact in target domain

Table 1 shows several applications with some hybrid AI& Stats methods and
the final impact into the target domain. All of them have been developed
in collaboration between the UPC and several entities indicated.

3 AI& Stats tools involved

Clustering based on rulles (ClBR): generalizes hierarchical clustering to
formally include prior expert knowledge into the process [1]. Final clusters
are coherent with prior expert knowledge and easier to interpret.

Class Panel Graph (CPG): Post-processing tool designed to visual-
ize the conditional empirical probability distributions of all variables against
classes in a single/few page(s) [5]. It compacts much information, providing
enough perspective for identifying the characteristic variables of a certain
class. Powerful to support the conceptualization of the classes, but it re-
quires some technical skills to be properly analyzed.

Traffic lights panel (TLP): A symbolic re-elaboration of the CPG.
The semantics of the variables is introduced by means of a color coding for
the main trend of the variable in each class. Color-coding follows the traffic
lights symbology. Powerful to visualise class particularities for non technical
end-users and supports conceptualization [5].

Conceptual Characterization by Embedded Conditioning (CCEC):
A rules-based method using the overlapping of the variables’ probability dis-
tributions to detect the main class characteristics. A formal alternative to
the CPG and TLP, based on logic inference [10]. Useful in simple cases with
few variables, and can be authomatized.

Profile’s assesment grid (PAG): A post-processing tool that visual-
izes the class predictive (logistic) equations in a unitary cube. New objects
can be places and classified [8], by using a minimum number of relevant
variables. It showed to be very useful in clinical praxis.

ClBR by States (ClBRxS): Accepts repeated measures at discrete
time or space points [7]. Static patterns are found at every measures wave by
ClBR. The trajectories graph (TG) displays all static patterns with the ob-
ject trajectories over time or space. A frequentist analysis permits selection
of both typical trajectories (decision support) or the most rare trajectories
(exceptions analysis). Direct interpretation of dynamic patterns.

Knowledge Discovery in repeated very short serial measures
(KDSMS): Repeated very short series per object (or patient), measured
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after a certain target event [11] are treated. Types of responses to the target
event are elicited by considering the object as a blocking factor for the series,
which are not independent. Baseline patterns provide prior knowledge.

4 Conclusion

Hybrid Ai& Stats tools are useful to provide understanding of very com-
plex phenomena like disability or schizophrenia, where both classical data
analysis, or pure knowledge-based methods couldn’t elicit useful decisional
knowledge, giving either confusing results or already well-known results in
the area. They also help to elicit implicit expert knowledge relevant for
decision making.

Proper preprocessing is crucial for correctly addressing the problem goals.
It requires quite a lot of expertise and knowledge domain and concerns miss-
ing data treatment, feature selection, correct codification of variables, out-
liers treatment, transformation of variables when important, like in pre-post
analysis (ECT) where differences eliminate the object effect.

Post-processing is also capital to convert the results into really useful
decisional knowledge in the target domain. Post-processing is method de-
pendent and no clear guidelines are established yet. Several postprocessing
tools have been developed for clustering to increase the impact of KDD into
the real target domain, as shown in table 1.
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1 Introduction

The Proper Generalized Decomposition (PGD) method is a recently devel-
oped strategy [1] that uses the fact that some models encountered in science
and engineering are de?ned in multidimensional spaces. When mesh-based
discretization techniques are applied, these models exhibit what is called the
curse of dimensionality, i.e., the number of unknowns increases exponentially
with the spatial dimension of the geometry, leading to a very large amount
of unknowns for high dimensional problems.

A differential eigenvalue problem useful in nuclear reactor physics is known
as the Lambda modes problem [5]. This problem will be used to explain how
we will use a PGD approximation to aproximate the dominan eigenvalue.
This problem in the approximation of one energy group is of the form

LΦ =
1

λ
MΦ , (1)

∗e-mail:dginesta@mat.upv.es

137



Modelling for Engineering & Human Behaviour 2011 138

where L is the neutron loss operator and M is the neutron production op-
erator. This problem is assumed to be defined in a 2-dimensional separable
domain Ω = Ωx × Ωy.

The proposed algorithm can be divided into an initialization step, and
then an iteration procces composed by a Rayleigh-Ritz procedure, another
step for checking the convergence and a fourth step for enriching the approx-
imation.

1.1 Initialization

The PGD method to compute the dominant eigenvalue of a differential eigen-
value problem and its corresponding eigenvector, is based on expressing the
eigenvector Φ associated with the dominant eigenvalue λ in the k-th step as

Φk(x, y) =
k∑

i=1

αiF
i
1(x)F i

2(y) . (2)

For a first step, k = 1, the solution is completely separable, i.e., Φ1(x, y) =
Φ1(x)Φ2(y), and the separable eigenvalue problem will be solved by means of
an alternating direction method [1] using one-dimensional solvers as in [2].

1.2 Rayleigh-Ritz Procedure

Now we have the actual solution in the form

Φk+1(x, y) = γ1Φ
k(x, y) + γ2δΦ(x, y) , (3)

where Φk and δΦ are known normalized functions and γj are unknown coef-
ficients. We need to approximate the value of γj to obtain an approximation
for the eigenvector associated with the dominant eigenvalue. A Rayleigh-
Ritz procedure is used to project the eigenproblem onto a small subspace,
obtaining a 2× 2 projected eigenvalue problem

λL~γ = M~γ . (4)

The dominant eigenvalue λ of problem (4) is our approximated dominant
eigenvalue, and the eigenvector is given by (3).
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1.3 Checking convergence

From the solution Φk at iteration k, given by Equation (2), we compute the
residual Re related to Equation (1), and stop if Re < ε, where ε is the desired
tolerance for the residual of our approximated eigenpair.

1.4 Enriching the approximation

Now we want to improve our approximation by means of adding a correc-
tion term [3] δΦ(x, y). Thus, we are interested in solving approximately a
linearized Newton correction equation of the form

(λL −M)δΦ + δλLΦ = −(λL −M)Φ . (5)

where the second order term δλLδΦ has been eliminated. This is, essentially,
an iteration of the Newton method to compute eigenpairs for an eigenvalue
problem [3]. To solve this correction equation, a PGD based technique will
be used, obtaining a correction δΦ composed of a sum of separable functions.

2 Numerical Results

The PGD method to compute the dominant eigenvalue and its corresponding
eigenfunction for a differential eigenvalue problem, presented above, has been
tested with a 2-dimensional reactor core, called Biblis 2D reactor [4], in one
group of energy.

The geometry of the core has been extended to be a Cartesian product
of 1-dimensional spaces. This geometry together with the fuel assembly dis-
tribution is shown in Figure 1(a). The nuclear cross sections of the different
materials composing the core are the ones of the first energy group at [4].

The reference solution for this problem has been computed with a nodal
collocation method [5] using K = 5 polynomials in the expansions. The
reference value for the dominant eigenvalue is λ1 = 0.618502.

The convergence of the eigenvalue as a function of the steps k of the
PGD method is shown in Figure 1(b). We observe that for this problem a
small number of steps of the proposed method are enough to converge the
eigenvalue. The convergence of this problem is also good for the eigenfunction
using a small number of steps of the PGD method.
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Figure 1: Geometry of reactor Biblis 2D (a) and Relative error evolution for
the eigenvalue λ (b)
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1 Introduction

Recently dynamical networks have been used in order to study evolutionary
process such as disease propagation. These networks include real actions
since they take into account for the mutual interaction between the network
topology and the states of the nodes. Static networks also have been used
but they adjust better to process where the structure does not change. There
are several important studies that deal with epidemics using networks [4]. In
addition, different type of network structures such small world and scale-free
have been studied in order to understand epidemics [3, 2]. On the other
hand recently some interesting research using adaptative networks to model
disease spread have been presented [1]. For instance in [5] authors propose a
interesting susceptibleinfectedsusceptible (SIS) epidemic model coupled with
opinion dynamics to investigate the effects of social impact on the epidemic
spreading in complex networks. The model consists of two types of nodes
with different behavior patterns, active nodes and passive nodes.

In this work we model adaptative social behavior on epidemics with dy-
namical networks. These dynamical network models try to reproduce with
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accuracy the simultaneous time evolution of the disease and the underly-
ing network topology. In this paper, we study the time evolution of the
disease and the underlying network topology using a social disease behav-
ioral paradigm. In order to obtain simulation results we apply Monte Carlo
method to observe stationary network dynamics. In this research we are in-
terested in studying the effect that rewiring (social contacts changes) has on
the disease dynamics.

2 Epidemic network model

The classical SIR model considers a population with only three compart-
ments, susceptible: S(t), infected, I(t), and recovered, R(t). The compart-
mental deterministic mathematical model can be represented analytically by
the following nonlinear system of ordinary differential equations,

Ṡ(t) =− βS(t)I(t),

İ(t) =βS(t)I(t)− νI(t), (1)

Ṙ(t) =νI(t).

where the parameters of the model are: β, transmission rate due to contact
and ν, recovery rate from the infection. An important issue that need to
be considered in the simulation of the networks, is that in the contagion
process the value of the probability of contagion per unit time β needs to be
modified for each ∆t in order to have an equivalent model to the continuous
one [6]. Here we are interested in studying the effect of an equivalent value
of β and we use a parameter β̂ which it is not equal to the parameter β of
the continuous model.

There are different algorithms to simulate the evolution of the disease
under human behavior. In this work we assume that the number of nodes
(individuals) and the total connections or links in the initial social network
maintain invariant in the simulation. However, the connections between
nodes changes over the simulation. It is important to remark that in some
cases the simulation process finish and not every node is recovered since some
nodes remain susceptible without getting infected.

The main idea in this model is that the social relationship rewiring is
related with the disease transmission. In this approach we assume that if
the disease transmission is high the individuals disregard the possibility of
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changing their relationships with infected individuals since they think that
any way they will get infected and with low infectivity they break their
relationship since now they think can avoid the disease. We study in this
case the effect that has the social relationship rewiring on the dynamics of the
diseases. Additionally, we study the effect that has the connectivity degree
< k > on the evolution of the epidemics. The steps of the algorithm are:

• Create an initial network with N nodes where (N − 1) are susceptible
and only one node is infected.

• Advance one time step ∆t and choose one node randomly.

• If the selected node is susceptible then we select from his neighborhood
nodes one randomly. If this node is infected then with probability β̂ the
susceptible node is infected and with probability (1− β̂) the susceptible
node break the contact and links with another node randomly.

• If the selected node is infected then with probability ν̂) the infected
node changes his state to recovered, if not we select from his neighbor-
hood one node randomly. If this node is susceptible then with proba-
bility β̂ the susceptible node is infected and then with probability ν̂)
the infected node changes his state to recovered.

• If the selected node is recovered, the network stays invariant.

• Based on the previous steps the network topology may change in each
time step ∆t. Then go to step 2 and this process finish when there are
not infected nodes in the network.

3 Simulation of the dynamic epidemic net-

work model

Simulations are made using the Monte Carlo method, assuming constant
population and connections. Comparisons between different networks vary-
ing connectivity degree, disease transmission rate and relink probability are
performed, but only some representative cases are shown. It is considered
that the stationary regime is achieved when in the SIR network model there
are only two classes remaining; susceptible and recovered. Initially it is al-
located only one infected individual in one of the communities in order to
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mimic the arrival of one infected individual to a region. Numerical results
show the mean and standard deviations of each scenario.

On the left hand side of Fig. 1 it can be seen that the proportion of
susceptible individuals in the stationary state approaches to zero when the
probability of disease transmission β̂ increases. On the right hand side of Fig.
1 we present the simulation times to arrive to the stationary state (without
infected). It can be observed that longer simulation times are obtained for
higher values of β̂. This result seems contra intuitive and this is why is
important to remark to understand the disease propagation in the real world.
One way to explain this fact is that when β̂ is low the probability to relink
to avoid infected nodes is high. Therefore, many nodes do not get infected
and the disease disappears faster. On the other hand, when β̂ is high, the
disease is propagated to more nodes and the permanence on the system is
higher. Additionally, in this last case the relink to avoid the disease has a
lower probability.

Figure 1: Simulation of the epidemics with different parameter values of β̂, <
k >= 8, ν = 0.02 and 500 realizations . Proportion of susceptible individuals
in the stationary state (Left side). Time to extinction (TL) and to arrive to the
stationary state (Right side).

Another issue that is important to study the coevolution of network and
disease is the connectivity degree < k >. In order to study this effect we
perform Monte Carlo simulations with < k >= 4, 8 y 12. In the left hand
side of Fig. 2 it can be observed that the maximum peak of the graph
corresponding to the proportion of infected nodes is higher for < k >= 12.
Furthermore, this peak is achieved in less time than with the other networks
with lower connectivity degree< k >. In this way, we obtain that the diseases
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propagate stronger and faster with higher connectivity degree. In the right
side of Fig. 2 it can be seen that the extinction time of the epidemic for a
fixed value of β̂ increases for higher values of the connectivity degree. In this
way when the network has low connectivity the disease does not catch all the
individuals and extincts faster. Thus, a society with low connectivity degree
has the potential to eliminate faster the epidemics. On the other hand, for
β̂ > 0.5 the extinction time is approximately equal for different connectivity
degrees.

Figure 2: Proportion of infected for < k >= 4(squares), < k >= 8 (circles) and
< k >= 16 (triangles) (Left). Extinction time (TL) for different parameter values
of β̂ using connectivity degree < k >= 4(circles), < k >= 8 (squares), < k >= 16
(triangles) and < k >= 24 (rhomboids).

4 Discussion and conclusions

In this work, we proposed a behavior social paradigm under a epidemic sce-
nario. In this paradigm we assume that if the disease transmission is high
the individuals disregard the possibility of changing their relationships with
infected individuals since they think that any way they will get infected and
with low infectivity they break their relationship since now they think can
avoid the disease.

The main result obtained is that with a high disease transmission prob-
ability the permanence of the disease on the population is larger. One way
to explain this behavior is that for low values of the disease transmission the
society has better protection and the disease extincts faster without catching
all the individuals. On the other hand, with low rewire probability the soci-
ety has low protection and the disease permanence is longer affecting more
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individuals. Another result is that with higher social connectivity degree the
disease has higher and faster percolation on the society. Thus, a society with
low connectivity degree has the potential to eliminate faster the epidemics.

From a practical point of view we can conclude that the social relationship
rewire probability changing the structure of the network has an important
influence on the evolution of the epidemics. As expected the rewire prob-
ability protects more individuals from the society against the disease and
the epidemics extincts faster. Moreover, the results obtained in this research
show that the transmission disease and network topology, play an important
role in determining the evolution and outcome of a particular epidemic sce-
nario on an adaptive network. In regard to future interesting researches it
can be mentioned that networks with time variant connectivity degree and
improving the techniques for estimating networks parameters are open issues.
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1 Introduction

Financial institutions can face different types of risk [1]:

• Market risk: unexpected changes in prices or rates.

• Credit risk: unexpected changes in value associated with changes in
credit quality.

• Liquidity risk: the risk that the costs of adjusting financial positions
will increase substantially or that a company will lose access to financ-
ing.

• Operational risk: associated to human factors: fraud, system failures,
trading errors.

• Systemic risk: chain reaction crises affecting the whole market.
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In recent years, credit risk has been a focal point, mainly due to the in-
ternational financial crisis that has considerably affected a large number of
financial institutions [2]. Banks classify their corporate clients in terms of
default probability, a variable that is essential for ranking clients when mak-
ing decisions regarding financing. Default probability is usually obtained as
a linear function from a set of economic and financial variables that provide
information about different aspects of corporate clients: size, liquidity, sol-
vency, profitability, debt, etc. A scoring or ranking model combines these
variables in order to obtain an accurate assessment of default probability,
thus serving to automate the evaluation process of default risk measurement
within a financial institution. In order to obtain the afore-mentioned func-
tion, a set of explanatory variables x and a binary variable y corresponding
with the company situation are related: y takes the value of 1 if the company
has defaulted, and 0 otherwise.

The problem can be summarised as finding a function (generally a linear
one) that relates the dependent variable (default) with the set of explanatory
variables (economic and financial information). The most common statistical
techniques for establishing the previous relation are logistic regression and
discriminant analysis [3, 4, 5, 6, 7]. A compendium of the main research
work that has made use of these techniques can be found in [8], where their
restrictions are also analysed. A common problem for logistic regression and
discriminant analysis is that the sample needs to contain a relatively high
number of companies in default situation so that the number of healthy and
distressed companies is as balanced as possible. However, in the years preced-
ing the current crisis, default companies made up a very reduced percentage
as regards the total: less than 5% in all cases. Even in the case of the crisis
getting much worse this percentage will in no case become comparable to
that of healthy companies.

These problems greatly restrict the practical application of statistical
techniques. Furthermore, by segmenting the sample of companies in two
groups (solvent and insolvent companies) it is not possible to differentiate
among the companies which belong to the same group. Therefore, although
two companies may be currently solvent, that does not necessarily mean that
their financial situation and solvency level are strictly equal. However, in the
statistical models both shall be considered to be within the group of solvent
companies, leaving aside their different degree of solvency.

This papers objective is to propose a model that, by means of a linear
function, can relate the probability of default with the economic and financial
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information of the company (1) whilst going beyond the previously indicated
restrictions for statistical techniques. Unlike statistical approximations, in
our proposal it will not be necessary to segment the sample into just two
groups (healthy and distressed) but the degree of solvency/insolvency will be
differentiated in a continuous manner. For this, the intervention of an expert
or group of experts is needed, so objective information (company accounting
information) is combined with subjective information (the opinion of the
expert or experts). The solvency function to be obtained will take the usual
linear form of (1):

solv(x) = a1x1 + a2x2 + . . .+ anxn (1)

In this way, given companies p and q, company p is more solvent than q
when solv(p) > solv(q). That is, the probability of default for company q
would be greater than the probability of default for company p. Therefore,
the solvency function would allow us to create a global ranking of companies
using their economic and financial information.

The objective of this paper is not to know the absolute values obtained
with function , but only the relative ones. What is relevant is the comparison
that can be made between the companies using this function. This can be
highly relevant when creating a rating of companies. Hence the range of
values of function turns out to be irrelevant and needs not be restricted to
that of a probability [0..1] which is the assumption of the statistical models.
The rest of the paper is structured as follows. In the second section the
model is introduced. The proposed model is a goal programming model
which obtains a company ranking according to its solvency level. The paper
concludes with a summary and conclusions, as well as a list of the references
consulted.

2 Default elicitation based on ordinal rank-

ings

The model suggested in this paper is empirical in nature. For this reason
it moves away from statistical foundations of other classic approximations.
Below, we introduce the different phases that make up the proposal and
enable us to obtain the coefficients of function (1):

Step 1. Database selection.
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In this first stage a set of companies is selected from which function (1)
will be deduced. The only requisite is that these companies must belong to
the same sector, given that the relationship between accounting information
and solvency can differ according to the sector analysed. The database will
be made up of economic and financial variables and ratios. It is not necessary
to distinguish between default and healthy companies. That is to say, unlike
the statistical models, it is not necessary in our proposal to have a binary
variable indicating whether or not the company is solvent.

Step 2. Partial ordinal ranking of companies according to their credit-
worthiness.

In this phase the objective information of the economic and financial
variables is combined with the opinion of an expert or panel of experts (from
this point onwards and without losing generality the singular form shall be
used). The accounting information of a group of n companies that have
previously been selected by means of random sampling without replacing the
database of step 1 is shown to the expert. The set of variables is collected in
vectors x for each of the n companies:

x1,x2, . . . ,xn (2)

The expert creates a partial ordinal ranking of these from greater solvency
(position 1) to lesser solvency (position n). This way, after consulting the
economic and financial information, the expert ranks the companies accord-
ing to their solvency criteria. Doing this, we obtain the following ranking:

x1 ≥ x2 ≥ . . . ≥ xn (3)

where relation xi ≥ xi implies that in the opinion of the expert, company
xi is preferable to company xj, bearing in mind the economic and financial
characteristics of both.

In (3) a relation of partial dominance between the companies has been
taken instead of one of complete dominance. The reason is that the expert is
shown a limited number of variables and he or she must rank the companies
by only considering these variables. In the case of a draw between two or
more of them, even though they may have different values in the variables, no
new information (variables) is shown for the tiebreak, for which reason the
option of considering two or more companies to be similar must be permitted.
This phase is repeated during R rounds. The process is completed when all
companies have been compared once at least.
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The cardinal ranking of other techniques such as Direct Rating (DR), in
which the expert values each company on a scale of 0 to 100, or Point Alloca-
tion (PA), where the expert shares out 100 points between all the companies,
could have provided more information during the process [9, 10]. However,
we believe that the experts precision in the comparisons would have been
considerably reduced: with these techniques the expert must not only decide
which company is more solvent that another, but must also quantify the ex-
act degree of solvency. This makes the complexity of his or her analysis much
greater. With our approximation where the expert provides the ranking, the
model should be capable of quantifying the different degree of solvency of the
companies. Doing this, part of the experts subjectivity is eliminated when
it comes to quantifying the degree of company solvency in a more precise
manner.

Step 3. Obtaining weights aj of function (1).
In order to obtain function (1), a binary goal programming model is used

from the ordinal rankings suggested by the expert in Step 2. The aim of this
model is to estimate coefficients aj of the solvency function, so the difference
between the ranking suggested by the expert and the ranking estimated by
function (1) is minimized. This difference is calculated as the number of
inconsistencies between both rankings. For example, imagine that only three
companies are used and the expert has ranked them as 1 > 2 > 3.

R
∑

r=1

n−1
∑

j=1

n
∑

l=j+1

brjl

s.t.
m
∑

i=1

aixrij −
m
∑

i=1

aixri(j+1) = d+ij − d−ij j = 1 . . . n− 1, r = 1 . . . R

m
∑

i=1

aixrin ≥ 1 r = 1 . . .R

brjl ≥ −1/M
l−1
∑

k=j

(

d+rk − d−rk
)

j = 1 . . . n− 1, l = j + 1 . . . n, r = 1 . . . R

d+rk, d
−
rk ≥ 0 r = 1 . . .R, j = 1 . . . n− 1

brjl ∈ {0, 1}
M is a big positive number

(4)
If function (1) obtained by the model ranks them as 2 > 1 > 3, then there
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would only exist an inconsistency between companies 1 and 2. The greater
difference would be given if the function would rank them as 3 > 2 > 1,
where 3 relations of dominance would be unfulfilled: 1 > 2, 1 > 3 y 2 > 3.
Therefore, the maximum number of inconsistencies in a round in which n
companies are compared is n(n − 1)/2, whilst the minimum will be 0 when
both rankings coincide. Another possibility consists of quantifying the cardi-
nal difference. That means to count the inconsistencies not by the number of
reversals in the ranking, but by the difference in the value they obtain using
function (1). In order to obtain the coefficients of function (1) the (4) binary
goal programming model is applied, where brjl is a binary variable referring
to round r. It takes value 1 when the value of function (1) of company j is less
than the value that company l takes in the function and 0 when the opposite
is true. Therefore the binary variable will take value 1 when the estimated
function inverts the order designated by the expert between companies j and
l. The objective function minimizes the sum of these binary variables given
that the aim is that the function estimated by the model respects, as far as
possible, the rankings created by the expert. Coefficients ai (i=1..m) are the
unknown variables of the model and correspond to coefficients a of function
(1); xrij is the value of the financial variable i-th for company j-th, bearing
in mind that company j-th is referred to round r (due to the type of sample
chosen, in each round company j will logically be different). Therefore, the
function estimated by the model for company j in round k would be obtained
as

∑m
i=1

aixrij ; d
+

rj and d−rj represent, respectively, the positive and negative
deviation variables, associated with company j-th in round r.

3 Summary and Conclusions

One of the restrictions of the statistical techniques used in determining credit
risk is in the relative high number of companies in default that is required.
Hence the default functions obtained using these techniques have a limited
predictive capacity. Another problem is that when considering default to be
a binary variable, information is lost as regards the different degree of sol-
vency of the companies. This paper shows a model to estimate the solvency
function, that allows for a set of companies to be ranked according to their
solvency level, by considering a relevant set of economic and financial vari-
ables and going beyond the described restrictions of statistical techniques. To
this end, the use of a binary goal programming model that incorporates not
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only economic and financial information, but also the opinion of an expert
or group of experts.
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1 Introduction

There are various methods to approach a solution to graph clustering, among
the most important are the spectral methods. The spectral methods are
based on eigenvalues and eigenvectors of a block-diagonal matrix conveniently
associated with the graph. Among spectral methods, graph-based ranking
algorithms are essentially a way of deciding the importance of a vertex in
a graph, by taking into account global information drawn from the graph
structure. Addressing this issue, [5] and [7] investigated applications of graph
theory and complex network principles in the analysis of vulnerability and
ranking elements of WSNs.

The aim of this paper is to define importance areas by a method of semi-
supervised clustering into WSNs, through ranking nodes. Our proposal uses
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spectral-based methods by the algebraical connectivity of the graph Lapla-
cian matrix. In order to develop efficient models from these spectral meth-
ods, it will also be useful to adapt the PageRank [1] and HITS [6] algorithms.
Both ranking algorithms provide relative importance measures of webpages.

2 Adapting the algorithms to WSN

To adapt the algorithms to WSNs, we considered the physical structure of
a WSN as a mathematical graph G = (V,E) in which the set of all graph
vertices, V , respresents tanks, water sources and nodes or junctions (wich are
the connection between pipes and points of water withdrawal). The set of
the graph edges, E, represents pipes, valves and pumps. By understanding
a WSN as a graph of special characteristics, it is possible to abstract the
concept of web page looking at it a consumption node in a WSN. Links
between pages are now understood as pipes connecting different nodes. Thus,
both algorithms can be adapted. About it [3] demonstrated the possibilities
of ranking algorithms through the adaptation of the PageRank algorithm to
measure the importance of the nodes of a WSN.

3 Experimental study

In order to show the methodology exposed we considered a real case, the
WSN of the central area of Celaya, Mexico. This network is made out of 479
pipes and 339 nodes; 5 sources and 1 tank. Its total pipe length is 42.5 km,
the node elevation average is 156 metres; and the total consumed flow rate
amounts to 91 l/s.

As stayed, our aim is to divide the WSN of our case study on importance
clusters. To this purpose, we apply the procedure of semi-supervised cluster-
ing algorithm explained in [2]. After applying this process to the WSN data,
the following results were obtained. In Figure 1 we can observe the division
of the WSN into three importance clusters introducing the PageRank and
HITS measures. In addition, this figure shows the distribution of the nodes
with high values in each case. It is important to note that cluster 2 (Figure
1a) is the zone with high PageRank average. Therefore, we can say that
this area is more critical than the others. It is because there are nodes with
sensible connectivity and remove them could affect the performance of the



Mathematical Models in Engineering & Human Behaviour 2011 156

WSN. In the case of HITS algorithm (Figure 1b), the results obtained show
that the division of the clusters was not homogeneus, because one of the
clusters has more of the 50 percent of the nodes. In Table 1 we can observe
a summary of each cluster regarding PageRank and HITS.

Figure 1: Scheme of the division clusters by PageRank and HITS algorithms.

Table 1: Description of PageRank and HITS clusters.
Cluster n Nodes PR avg. Cluster n Nodes HITS avg.
C1 74 0.00298 C1 38 208.1E-7
C2 91 0.00304 C2 41 144.4E-6
C3 174 0.00289 C3 260 0.03243

4 Conclusions

In the present work, we propose to introduce PageRank and HITS algorithms
as importance measures to form clusters into a WSN by a semi-supervised
clustering methodology. This let to know critical nodes into the WSN, and
how would they affect the nodes are connected with them.

It has demonstrated that PageRank and HITS algorithms can be an ac-
ceptable relative importance measures. These measures help us to under-
stand the structure and performance of the network, identifying vulnerability
points.



Mathematical Models in Engineering & Human Behaviour 2011 157

References

[1] Brin S. and Page L., 1998. The Anatomy of a Large-Scale Hypertextual
Web Search Engine. http://infolab.stanford.edu/backrub/google.html.

[2] Herrera M. Improving water network management by efficient division
into supply clusters. PhD. thesis, Universitat Politècnica de València,
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1 Introduction

We will consider two identification inverse problem in the parabolic equation
in two and one dimensions. In the first case, we have two identify the heat-
coefficient q(x) in the parabolic equation

∂u

∂t
−∇ · (q(x)∇u(x, t)) = f(x, t), (x, t) ∈ Ω× (0, T ] (1)

where Ω is an open bonded domain in R2 with piecewise smooth boundary
∂Ω. f is the heat source density in L2(0, T ;L

2(Ω)]
Initial-boundary conditions

∗e-mail: doris.hinestroza@correounivalle.edu.co
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u(x, 0) = u0(x), x ∈ Ω (2)

and
u(x, t) = 0, (x, t) ∈ ∂Ω × [0, T ], (3)

are known functions.
In the second case we consider the identification problem of finding the

heat-coefficient a(x) in the parabolic equation

ut =
∂
∂x
(a(x)ux(x, t)) + f(x, t), 0 ≤ x ≤ 1, 0 ≤ t ≤ 1 (4)

under the initial and boundary conditions

u(x, 0) = ϕ(x), 0 ≤ x ≤ 1, (5)

u(0, t) = h(t) 0 ≤ x ≤ 1 (6)

∂xu(1, t) = 0 0 ≤ t ≤ 1, (7)

where ϕ(x), h(t) are known u(x, t) twice differentiable and the coefficient
a(x) is suppose continuous.

We will suppose that the observation data u and f is given by

uε(x, t) = u(x, t) + noise, t ∈ (t1, t2). (8)

f ε(x, t) = f(x, t) + noise, t ∈ (t1, t2). (9)

For the one dimensional problem, to recover a we considerer temperature
measurements

gδi (t) = ui(t) = u(xi, t), 0 ≤ t ≤ 1, i = 1, ...n (10)

It is well known that the inverse problems [7] related with identification of
coefficients are ill possed and regularization technique have to be using. See
[1, 3]. A number of important physical identification problems fall within the
above framework. This partial differential equation is a basic model equation
in oil reservoir simulation and ground water flow structure with permittivity
coefficient a or the heat transfer of material with the conductivity a. See
[5, 6]. In this kind problems the physical law is given, but the information
of the parameters are unknown. In real situation is easier to measure the
solution u in several points of its domain that to measure the coefficient a.
Several papers about identification coefficients for the parabolic and elliptic
equations have been proposed in [1− 4].



Modelling for Engineering & Human Behaviour 2011 160

2 Definition of the Functional that Depends

of Two Parameters

To stabilize this problem for the two dimensional case, we will propose in
this paper a regularization method that depends on two parameters.

Let us define the admissible set of coefficients in the set K given by

K = {q ∈ H1(Ω} : α1 ≤ q(x) ≤ α2 in Ω},

where α1 and α2 > 0.
Let us define the operator

F : H1(Ω)× [0, T ]) −→ H1(Ω)× [L2(Ω)]n (11)

F (u) =

(
∫ t2

t1

u(x, t)dt,

∫ t2

t1

∇u(x, t)dt

)

(12)

and introduce

Ψ : K ⊂ H1 (Ω) −→ H1 (Ω× [0, T ])

In order to stabilize the problem of identification coefficient in the one di-
mensional case, we define the operators

Ψ(q)(x, t) = u(q, x, t), (13)

F (Ψ(q)) =

(
∫ t2

t1

u(q, x, t)dt,

∫ t2

t1

∇u(q, x, t)dt

)

(14)

Ψ : D(Ψ) ⊆ X → Y
a → u

(15)

F : Y → Z = ⊗n
i=1

L2[0.1]
u → (u1, u2, ..., un, )

(16)

where u is the solution of the problem (1)-(4) and ui(t) = u(xi, t), i = 1, ...n.
Therefore, we have the implicit operator

F ◦ ϕ(a) = (u1, u2, ..., un) = (ui)
n
i=1

(17)

These two operators are weakly closed defined in the two and one dimensional
case are bounded as we will see in the next two lemmas.
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Lema 2.1 The operator F ◦Ψ and Ψ are bounded.

Lema 2.2 The operators F ◦Ψ and Ψ are weakly closed.

The facts that the operators Ψ and F ◦Ψ are weak closed and bounded,
allow us to apply the results in [2]. To investigate the solutions of the im-
plicit problems () and () we define for α, β ≥ 0, the functionals for the two
dimensional case:

J(q) = Mβ
α [q, z, q

∗,Ψ∗] = ‖F ◦Ψ(q)− z‖2
+α ‖q − q∗‖2 + β ‖Ψ(q)−Ψ∗‖2

and consider the minimization problem

P β
α = min

q∈K
Mβ

α [q, z, q
∗,Ψ∗], (18)

where

z =





t2
∫

t1

u(x, t)dt,

t2
∫

t1

∇u(x, t)dt



 . (19)

For the one dimensional case we have to minimize the functional

J(a) = ‖FoΨ(a)− gδ‖2Z + α‖a‖2X + β‖Ψ(a)‖2Y , (20)

To minimize the functionals J we need to find the first variation of J and
this is the main problem related with these functionals. To find this kind of
derivative we will use the sensibility and adjoint equations. Ones we have
the derivative of this functional we use the conjugate gradient method to find
the approximation solutions. To determine the descend parameter we have
to solve a problem of minimization in one dimension. All this calculations
are made in the paper that will be consider for publication soon.

3 Numerical calculations

Will consider only one example for the one dimensional case. The data g
was generated adding to the exact solution u, random uniformly distributed
numbers.
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Example 3.1 Let’s considerer the equation

∂

∂t
u(x, t)− ∂

∂x
(a(x)ux(x, t)) = f(x, t)

u(0, t) = 0, u(1, t) = 0, u(x, 0) = sin(πx)

The exact solutions are :

u = exp(t) sin(πx), a(x) = ((40x2)/(40x2 + 1)) + 1.

We will initially suppose the a(x) = 1.7. In the table below, we have the best

approximation for α = ǫ = 10−5

See pictures at the end of the paper.

4 Conclusions

The importance of this paper is that we are using a new method using two
parameters of regularization, where we define adequate operators and show
the problem as an implicit inverse problem which allows us to use the results
obtained in [2]. Furthermore, we obtained the first variation of the functional
through the sensitivity and adjoint equations. In the future, we will define a
numerical scheme for numerically identifying the parameter in the parabolic
initial boundary-value for the two dimension problem. The present work is
accompanied with the support of Instituto Universitario de Matemtica Mul-
tidisciplinar, Universidad Politécnica de Valencia, Espaa and the Universidad
del Valle in Cali, Colombia.
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Figure 1: L2 − Error example for δ = 0.02

,
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Figure 2: Surface of the error for δ = 0.02, example
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Figure 3: comparison between Tikhonov and the Method using two param-
eters
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During the last fifteen years Computational Fluid Dynamics (CFD) has
become one of the most important tools to both understand and improve the
Diesel spray development in Internal Combustion Engine (ICE). Fuel injec-
tion process and subsequent fuel-air mixing formation play a major role on
combustion and pollutant emissions in ICE. Still now, some of the processes
taking part in this phenomena, such as primary atomization or nozzle cavi-
tation, are not fully understood [1, 2, 3], even taking into account that the
full set of equations describing the physical situation are known, [4], [5].

The goal of the Eulerian-Lagrangian Spray Atomization (ELSA) model
is to realistically describe the dense zone of the spray and its atomization.
Since the seminal work of Vallet et al. [6] it has been under development by
several authors, including Blokkeel et al. [7], Beau [8] or Lebas [9]. ELSA
model takes advantages of the Eulerian description of the near nozzle flow
where some assumptions of standard spray models based on discrete droplet
method (DDM) shows strong limitations. DDM approach is valid only when
the liquid volume fraction is small inside the computational cells and when
the drops are homogeneously distributed in the computational space, nei-
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ther of them is satisfied in the near field of the spray. Therefore, in order
to keep a low void fraction and assure numerical stability, it is necessary to
use grid sizes larger than orifice diameter, which cannot adequately resolve
the flow structures in this region by means of DDM. Additionally, it is also
not required to assume any particular shape to represent drops and liquid
ligaments on ELSA model, where the average area of the liquid-gas inter-
face is introduced as a measure of the atomization extent. Moreover, the
DDM method applies isolated drop based models in this region with strong
interaction within the liquid phase, where its validity is hardly justified.

The main hypothesis of ELSA, is that the flow must be a high-speed
turbulent spray, where Reynolds bulk number and Weber number should
be high (See the PhD thesis of Beau [8] for a detailed study). Reynolds
number, should be greater than 1500 [6], and Weber number, We > 350
[10, 11]. Values of these numbers in actual Diesel injector are far greater
than this threshold. The second hypothesis is that the turbulent mixing
process between the liquid and surrounding gaseous phase is simulated as
a single-phase turbulent fluid flow with mean properties. From this second
hypothesis comes the main concern about ELSA model, which is that it does
not give a detailed information about both phases separately in the near
nozzle region.

According to the previous statements, the purpose of the present study
is to perform a 2D preliminary validation of the ELSA spray model im-
plemented in the Star-CD code by Renault. This work is part of a more
ambitious project, with the general objective of developing and validating
this spray model implementation for real-life applications on CFD engine
calculations, including cavitating nozzles. There also exists a growing inter-
est in this sort of nozzles [12], due to the general perception that cavitation
can increase the turbulence level, thus improving the mixture of the spray
and its combustion. As DDM cannot resolve the near nozzle region, ELSA
which effectively resolves the vicinities of the nozzle, can be the right tool in
order to couple the internal flow, and the spray.

In order to perform this 2D validation of the ELSA model, data obtained
from an injecction experimental test facility [13] are used.The geometry re-
produces a chamber of 80 × 25mm. In this chamber, one diesel spray de-
velops, coming from an non-cavitating single-hole injector (tapered nozzle),
with an outlet diameter of 112µm. An inert gas is considered to be enclosed
in the chamber at an initial ambient pressure (PA) and temperature (TA) of
3.53MPa and 293K respectively. Fuel injection pressure is Pi = 80MPa and
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the fuel density is ρ = 822kg/m3

The simulations are actually a 3D simulation with only a cell in the
azimuthal direction, and modeling a 5◦ sector of the spray. This is shown
in Figure 3, where is also depicted the boundary conditions imposed on the
spray and chamber. The key zone in this sort of simulations is the vicinities
of the nozzle, where the mesh size has to be small enough to capture the
spray structure and droplets. The criterion used in this paper is to define
the size of the first cell and then extrude the mesh, fixing the axial and radial
ratio. The last to first ratio, R = (l1/ln)

−1/(n−1) is fixed in all cases to 0.006.
In this formula, l1,ln are the length of the first and last cell, and n is the
number of cells in the radial direction.

A typical calculation of a Diesel Injection, around tinj = 2ms, using the
ELSA model takes approximately one week on 8-12 last generation cores. So,
it is crucial to choose the mesh as coarser as possible to reduce the number of
computational time, as we need to validate many different factors afterward.

Selecting the right set-up and appropriate method have been done to
determine the relative importance of few parameters, and the best case which
we suggest to use in this article results very similar in profile to results
obtained from Diesel spray experiments. The coarser mesh is able to describe
accurately penetration and axial velocity, with a corrected value of the k− ε
constant Cε1 = 1.60. Apart from this, droplet generation and spray angle
and shape show that ELSA model can describe accurately these features.

There are three major drawbacks to continue the validation. Firstly, it is
necessary to increase the temperature at the chamber in order to take into
account the evaporation of Diesel droplets. Secondly, 2D cases are especial
simulations, and do not reflect the 3D structure and development of real life
sprays. Last, but no least by any means, is it necessary to consider cavitating
nozzles, as it seems that cavitation will be present in nozzles now and in the
near future.
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1 Introduction

In this work we show a general procedure to obtain optimal derivative free
iterative methods [3] for nonlinear equations f(x) = 0, applying polynomial
interpolation to a generic optimal derivative free iterative method of lower
order.

Let us consider an optimal method of order q = 2n−1, v = φn(x), that

uses n functional evaluations. Performing a Newton step w = v − f(v)

f ′(v)
one

obtains a method of order 2n, that is not optimal because it introduces two
new functional evaluations. Instead, we approximate the derivative by using
a polynomial of degree n that interpolates n + 1 already known functional
values and keeps the order 2n.

We have applied this idea to Steffensen’s method, [4], obtaining a family
of optimal derivative free iterative methods of arbitrary high order.

Different numerical tests confirm the theoretical results. We also compare
the new family with other well-known family of similar characteristics.
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2 Optimal methods of increasing order

A variety of problems in different fields of science and technology require
to find the solution of a nonlinear equation. Iterative methods for approx-
imating solutions of nonlinear equation are the most used technique. The
efficiency index, introduced by Ostrowski in [2], establishes the effectiveness
of the iterative method. In this sense, Kung and Traub conjectured in [3]
that a method is optimal if it reaches an order of convergence q = 2n, using
only n + 1 functional evaluations per step. Nowadays the interest of iter-
ative methods is their optimality. We can cite, among other, Newton and
Steffensen’s methods [4], optimal for n = 2, Ostrowski and Jarrat’s methods,
[2, 5], optimal for n = 3. Some optimal eighth order methods have been
proposed (see for example [6, 7, 8, 9, 10, 11]), even optimal sixteenth order
methods have been published such as [1].

General procedures to obtain families of optimal multipoint iterative
methods for every n were given in [3, 12].

Newton’s and Steffensen’s iterative methods for the solution of the nonlin-
ear equation f(x) = 0 are both of second order and they are optimal, because
they only need 2 functional evaluations per step. Steffensen’s method has
the advantage that it does not need the derivative. In this paper we focus
on derivative free iterative methods, but our procedure could also be applied
starting from Newton’s method.

Our idea for getting optimal methods of increasing order is to compose a
Steffensen’s iteration,

y0 = xk

y1 = y0 + f(y0)

y2 = y0 −
f(y0)

2

f(y1)− f(y0)
,

with a Newton’s step

y3 = y2 −
f(y2)

f ′(y2)
.

The resulting iteration has convergence order 4, being the composition of two
second order methods (see [13], theorem 2.4), but the method is not optimal
because it uses 4 functional evaluations.

In order to get optimality, the value of f ′(y2) can be approximated by
the derivative p′

2
(y2) of a suitable second degree polynomial obtained from
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already computed functional values. It is natural to consider the interpo-
lating polynomial of the points (y0, f(y0)), (y1, f(y1)) and (y2, f(y2)). This
polynomial can be written as

p2(t) = a
(2)

0
+ a

(2)

1
(t− y2) + a

(2)

2
(t− y2)

2,

and its coefficients are the solutions of a linear system

p2(yj) = f(yj), j = 0, 1, 2.

Therefore, we get a method, M4, with n + 1 = 3 functional evaluations
that will be optimal provided its order is 2n = 4.

y0 = xk (1)

y1 = y0 + f(y0) (2)

y2 = y0 −
f(y0)

2

f(y1)− f(y0)
(3)

xk+1 = y3 = y2 −
f(y2)

p′
2
(y2)

. (4)

We can improve M4 by the same procedure. Composing it with a New-
ton’s step one obtains an order 8 method but loses optimality because there
are two new functional evaluations. Then, we substitute the derivative of
function f by the derivative p′

3
(y3) of the third degree polynomial that in-

terpolates f at the points y0, y1, y2, y3. The order is maintained whereas the
method becomes optimal.

In theory, this procedure can be indefinitely repeated, giving a family
of optimal methods of arbitrarily high order. The iteration of the generic
method Mq, for q = 2n is xk+1 = yn+1 where

y0 = xk (5)

y1 = y0 + f(y0) (6)

yj+1 = yj −
f(yj)

p′j(yj)
, j = 1, 2, . . . , n, (7)

and pj is the polynomial that interpolates f in y0, y1, . . . , yj.
We are able to prove the following result.
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Theorem 1 Let α ∈ I be a simple zero of a sufficiently differentiable func-

tion f : I ⊆ R −→ R in an open interval I. If x0 is sufficiently close to α,
then the method M2n defined by (5-7) has optimal convergence order 2n.

We have checked the effectiveness of the new optimal iterative methods
Mq comparing them with the optimal family Kq, for q = 2n = 4, 8, 16 intro-
duced in [3],

y0 = xk

y1 = y0 + βf(y0), β 6= 0,

yj+1 = Qj(0), j = 1, 2, . . . , n,

where Qj(t) is a polynomial of degree at most j satisfying the interpolation
conditions Qj(f(yi)) = yi, i = 0, 1, . . . , j.

The numerical results show that the new family has a slightly better
performance than the classical one, so it can be competitive.
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1 Introduction

Torsional analysis of the lower extremities has become an integral part of
the decision-making process when treating neuromuscular problems. Ab-
normal gait or torsional misalignments may be risk factors for degenerative
pathological effects on joints of the lower extremities [1, 2]. Identiffication
of the alterations and precise knowledge about the extent a given extremity
is within or outside of some normal parameter value is a diffcult task. Solid
knowledge of the normal development of torsional relationships is essential
for treating musculoskeletal problems, and normal references, that is to say,
objective and quantitative standard measurements are of crucial importance
for comparison prior to making a decision.

In the 1980s, Staheli [3, 4] provided a great deal of information on normal
ranges of lower limb rotation. The aim of this paper is to update normal
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goniometric values that could be used as a reference for clinical analysis
and to discover unknown compensating mechanisms between the involved
segments. We focus on a non-parametric clustering methodology based on
support vectors (SVC). The process of clustering is based on kernel methods
that avoid explicit calculations in high-dimensional feature spaces and make
clustering more efficient. In addition, our proposal has the computational
advantage of relying on an SVM quadratic optimisation that reaches global
solutions.

2 Materials and method

The database has been compiled by the same clinician (JMBJ) during more
than 15 years for the whole series of measurements. We consequently claim
that the bias of the data is negligible. Moreover, the same goniometer was
used in all cases. Records collect data from individuals with ages ranging
from 2 to 60 years. Data was obtained by following the Stanley Hoppen-
feld protocol [7] to measure both internal and external femoral and tibial
rotations.

Support vector clustering (SVC) was introduced by Ben-Hur et al. [8] to
cluster the data set based on the theory of support vector machine (SVM).
SVM apply simple linear methods to the data in a high-dimensional feature
space non-linearly related to the input space by a kernel function. One
essential property of these kernel functions is that they can work with the
data on this high-dimensional space without needing explicit computation.
This so-called ’kernel-trick’ adds simplicity to the SVM approaches, which
combined with their adequate performance on a wide range of real-world
learning problems (such as classffication and regression) has added to their
popularity. SVC expands SVM to consider the problem of clustering. In the
SVC algorithm, data points are usually mapped from the data space to a
highly dimensional feature space using a Gaussian kernel.

The R language [9] has been used in this study.

3 Results

According to their two principal components in an SVM clustering process,
three different clusters are clearly obtained. The first principal component
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is explained by the age, while the second is inversely proportional to the
femoral rotation. The first cluster gathers 93% of the registers, corresponds
to normality, and is clearly related to high values of both left and right tibial
external torsion.

In all cases the measured variables decrease with age, more rapidly dur-
ing the early years of life and more steadily afterwards. Other interesting
aspects can be observed, however. For example, the linear relationship be-
tween left and right rotations expresses the symmetry of individuals. Also,
the compensating effect between external tibial and internal femoral rota-
tions is clearly observed. Even though a decreasing trend is observed for all
individuals for all variables, it is worth noting that values are different for
males and females.

4 Discussion

Our results confirm the decrease of rotations as a function of the age as
in all the previous works [3, 5, 4, 6, 10]. During childhood, the decrease of
internal femoral rotations is accompanied by a compensating inverse decrease
of external tibial rotations. This compensating effect, which needs further
characterization, is clearly supported by our data.

These data question the old conclusion by Staheli et al. [3] related to a
persistent external tibial rotation. According to our graphs it can be easily
observed that left and right tibial rotations do not suffer significant variation
with age. Finally, rotations in both male and female follow a decreasing
trend; it is greater for females than for males, the difference being on average
of 7o at the age of 8, and 5o when adult.

5 Conclusions

To the best of our knowledge there is no study regarding the subject this
paper addresses using SVM and, at the same time, using a database with
such a systematic and coherent volume of data that measures all the levels of
the lower extremity. This makes it possible to develop a method for enhancing
the applicability of our results. The method is based on a process of support
vector data description (SVDD) for each cluster and this process enables
our outlined targets to be achieved. The final accuracy of our proposed
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method outperforms traditional statistical methods, and it may be used as
a supplementary method for techniques such as computerised tomography.
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1 Introduction

During last years General Purpose Computing on Graphics Processing Units
(GPGPU) have experienced a fast evolution, allowing inherently parallel al-
gorithms to experience important performance gains. For an affordable cost,
a wide variety of applications have benefited from this evolution. The flagship
of GPGPU has been the CUDA architecture. CUDA lets the programmer
access and use a variety of resources from the GPU and an easy way of port-
ing serial codes to parallel codes without much effort. However, although
naively ported codes can perform much faster than its serial versions, careful
usage of the GPU hardware can increase the speed by one or two orders of
magnitude compared to the serial code.

It has not been until recently, with the CUDA architecture, that investi-
gation has been carried on room acoustic modelling. The latest work is pre-
sented in [1], where the performance of different implementation approaches
when working with double precision model data is discussed.
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This study presents a comparison between six representative approaches
to FDTD parallelization divided into two main categories applied to room
acoustics modelling to analyze which one provides the best performance, as
well as a novel approach to model data access and storage.

2 The FDTD method for acoustics

Finite-Difference Time-Domain (FDTD) method is arguably the most pop-
ular numerical method for the solution of problems in electromagnetism and
acoustics. Although the FDTD method has existed for over 40 years, its pop-
ularity continues to grow as computing costs keep on declining. The method
consist on dividing a volume (the room interior in the case of room acoustics)
into small cubic cells, whose size determines the maximum frequency to be
simulated, and apply the wave propagation equation of pressure to each cell.
Then the difference equation computes the next time step of pressure as a
function of the pressure in the neighbor cells in the two previous time steps.
More details about the FDTD method can be found in [2].

3 The CUDA architecture

From the perspective of CUDA, a GPU is abstracted as a device that contains
a set of memories and an array of independent Streaming Multiprocessors
(SMs), with each SM being able to execute a large number of threads simul-
taneously.

The threads, organized in blocks, and further clustered in a flat hierar-
chical structure called grid, are sent to the cores for execution. Inside each
core, on-chip shared memory allows fast communication between the threads
of a block. In addition, the GPU has a global memory that enables persistent
data storage along application lifetime and a (slower) global scope communi-
cation between different thread blocks. Finally, each core has fast read access
to a texture memory cache, optimized for 2D spatial locality.

Two hardware architectures have been evaluated in this study: Tesla [4]
and Fermi [5]. For further information on the CUDA architecture refer to
[3].
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4 3D FDTD Implementations

The CUDA threading model offers great flexibility when working with 2D
data thanks to its hierarchical nature as stated in the previous section, un-
fortunately it imposes certain limitations with 3D data since thread blocks
can be three-dimensional but grids can only be two-dimensional. Therefore
it is necessary to explore different possibilities on how to work with 3D data
efficiently, applied in this paper to the simulation of room acoustics through
the FDTD modelling technique. This paper explores two techniques: the
tiling method [1] and the slicing method.

The tiling method consists in flattening the volume into a tiled plane
where each tile corresponds to a 2D slice. This method maximizes parallel
execution by assigning an execution thread to every data point and keeping
the streaming multiprocessors busy, but at the cost of a higher computation
and memory access count for every model node. The recent Fermi architec-
ture can cope with the additional computational cost, but the fact that these
operations need to be performed by every single thread impose an important
performance penalty in previous hardware architectures.

The slicing method is presented in [6], and consists in slicing the volume
along its z-dimension. This way a flat threadfront sweeps the volume from
bottom to top every time step, with every single thread in the threadfront

processing a given column of nodes. This technique allows for data reuse,
because each thread only has to read five data values from the slow global
memory, as the remaining two have already been read in the previous time
steps.

Besides the described techniques, several additional improvements can
be added to the kernel codes. The first one is the usage of an in-place

approach to memory access, that is, the usage of only two memory structures
to store model data instead of the three, increasing the memory usage and
increasing cache efficiency. The second one is the usage of rectangular thread
block dimensions instead of the typical square shape, to increase the thread
execution efficiency. And the last improvement consist in a technique to
effectively process arbitrarily shaped rooms. It is based on two main points:
storage of boundary data in the same data structure as air pressure data,
and computation of the FDTD only when useful data is present.
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5 Conclusions

In this study we perform an exhaustive study on how different processing
strategies behave in respect to the calculation speed of the FDTD algorithm
applied to room acoustic simulation, providing at the same time several im-
plementation guidelines to improve the performance of similar algorithms.

From the six developed implementations, it has been demonstrated that
the sliced processing method is the fastest in both hardware architectures
tested. It has been proved the usage of texture cache provides the best results
when using the Tesla architecture. And, as for the Fermi architecture, the
usage of shared memory offers the best performance when processing single or
double precision floating point model data. Moreover, speedups of two orders
of magnitude has been obtained over optimized serial implementations of the
algorithm and almost a two-fold performance increase over recently published
parallel implementations.
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1 Introduction

The hyperbolic passive location systems are a powerful surveillance tools for air
traffic control and airport management (taxiing, taking off/ landing, approach or
enroute) and in this field they are based on the reception, by anumber of stations,
of signals emitted by a standard on-board device (called ”transponder”): the Sec-
ondary Surveillance Radar (SSR) Selective Mode or Mode-S signals. These lo-
cation systems are intended to inform air traffic controllers the location and iden-
tification of aircrafts or vehicles equipped with an operational SSR transponder
[1], and perform the localization calculations by solving asystem of hyperbolic
equations based on TDOA (Time Difference of Arrival) technique; the algorithms
for solving them run at real time in a central computer. The unknown target posi-
tion (i.e. of the transponder antenna) is non-linearly related to the measurements;
the location of the target usually calls for iterative solution techniques where the
equations are linearized and the first iteration is based on asuitable ”guess”. In
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some scenarios, especially when the target is outside the perimeter of a set of sta-
tions or when its height is near to those of the stations, it iscommon to find a
problem; i.e., the system of equations is ill-posed [2]. Theconsequence of this
is that, when the system of equations is solved, the solution(target position) has
a big error or may diverge [3]. As it is shown in [4], this problem has negative
effects in the hyperbolic passive location process that cansignificantly degrade
the system accuracy.

2 Ill-posed hyperbolic passive location and its solu-
tion by SVD and Tikhonov regularization

In hyperbolic passive location, every station measures theTime of Arrival (TOA)
of a signal emitted by the target (aircraft or vehicle), theneach one sends this
value to a central computer where the target position is calculated. This calcula-
tion is achieved by the Time Difference of Arrival (TDOA) technique, where the
intersection of multiples hyperboloids, which have been created with the relative
time differences, are computed. Mathematically, each of these hyperbolas can be
expressed in the following form,

TDOA =

√

(x− xi)2 + (y − yi)2 + (z − zi)2 −
√

(x− x1)2 + (y − y1)2 + (z − z1)2

c
(1)

wherec is the speed of light,(x, y, z) the unknown target position and(xi, yi, zi)
is the known position of theith station (i = 1 denotes a reference station). In this
sense, a set ofNs − 1 equations in the form of (1), whereNs is the number of
stations, must be solved to estimate the unknown target position. As it can be ob-
served, the relation between the measurements and the unknown target position is
highly non-linear. Nevertheless, the most established strategy to solve the system
of hyperbolic equations is to linearize (1) by a Taylor series expansion and solve
the resulting (linear) system of equations in the Least Squares (LS) sense [5][6].

The solution provided by the LS location estimator is the minimum residual
norm solution (that is the solution ofargmin

{

‖AΘ− m̂‖2
2

}

whereA is the Ja-
cobian Matrix coming from (1) calledcoefficient matrix, m̂ is the measurement
vector composed with the measured TDOAs andΘ is the estimated position vec-
tor (x, y, z) to be found) when the resulting system of equations is solvedby the
pseudoinverse matrix . However, as it is presented in [4], this strategy does not al-
ways provide acceptable accuracies because, in many operational conditions, the
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coefficient matrix, of the system of hyperbolic equations, may have some linearly-
dependent equations and in these cases the solution provided by LS may have a
big error. The numerical reason of this is that the pseudoinverse matrix does not
always satisfy all Hadamard’s conditions [2][3][7] and theproblem becomes ill-
posed. This problem arises in MLAT scenarios due to: (a) the system geometry
relative to the target position, (b) the measurement noise and (c) the quality of the
guess point for Taylor linearization.

In this paper two regularization methods to mitigate the accuracy degradation
due to the ill-posedness are presented. The first method is based on the Truncated
- Singular Value Decomposition (T-SVD) [8] whose main idea consists of con-
struct a modified coefficient matrix by truncating the SVD spectrum of the initial
coefficient matrix (i.e. that one used for the LS estimator).The initial coefficient
matrixA is decomposed in its SVD spectrum, then the firstkǫ components of this
are retained and the remaining ones are neglected to construct a new coefficient
matrix. This procedure is introduced in the iterative method of Taylor linearization
instead the pseudoinverse matrix.

The second method is based on the Tikhonov regularization [9][10] that does
not neglect any singular value component of the SVD spectrum, but introduces
a priori assumptions about the size and smoothness of the solution. This ad-
ditional information is in the form of a seminorm defined byλ2 ‖LΘ‖2

2
, where

λ is called Tikhonov regularization parameter,L is called regularization matrix
andΘ is the desired solution. In this way, the problem to be solvedbecomes
argmin

{

‖AΘ− m̂‖2
2
+ λ2 ‖LΘ‖2

2

}

. One of the most critical factors, to apply
the methods commented above, is the choice of the corresponding regularization
parameters (kǫ or λ ), because these define the ”amount” of regularization intro-
duced in the location problem. In hyperbolic passive location, if a large ”amount”
of regularization is introduced, then the regularized solution, either that of the T-
SVD or of Tikhonov, tends to the ”guess” point used in Taylor based algorithm
and, by contrast, if a small ”amount” of regularization is introduced, then the reg-
ularized solution tends to the LS solution and thus it is clearly affected by the
ill-posed problem. In the literature there exist a considerable number of meth-
ods and procedures to estimate an approximated regularization parameter value,
which are based on the solution of an optimization problem [11] or find a param-
eter that minimizes some special functions [12][13]. Due tothe nature of these
methods, they introduce a significant computational load and therefore the compu-
tation time can be not suitable for real-time location in Multilateration operations.
In this paper, we propose the evaluation of the problem for a few number of reg-
ularization parameters (one, two or three) and then choose that solution with the
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Figure 1: 2D r.m.s error.

minimum residual error. Moreover, we also propose the evaluation of the resid-
ual error by using the non-linear problem described by (1) instead of using the
classical expression of matrix-vector product.

In the following we have simulated a Multilateration scenario (see [4] for de-
tails) to validate the improvements obtained by the implementation of the regular-
ization methods introduced above. In this simulation, the2D r.m.s error of the
estimator is computed and compared with the Cramr-Rao LowerBound (CRLB)
estimated accuracy [4].

In Fig. 1 it is shown the2D r.m.s error for the simulated scenario. From this
figure it can be observed how the CRLB predicts poor accuracy values for several
points (those ones around 1, 4 and 17 km). Then, the accuracy of the LS solution,
as it is expected, reaches the CRLB and also diverges in otherpoints. These two
first results shown the problem is highly affected by the ill-posedness. On the
other hand, it is evident to see how the application of T-SVD and Tikhonov reg-
ularization significantly mitigates the ill-posed problemover the entire scenario,
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reaching a maximumr.m.s error of25m, which is a value within the boundaries
stipulated by the regulatory bodies [1]. Additionally, at the end of the takeoff line,
Tikhonov provides slightly better accuracy values than those of the T-SVD.

3 Conclusion

T-SVD and Tikhonov regularization to solve hyperbolic passive location problems
have been introduced and significant improvements in the location accuracy have
been found in particular where the problem results hard ill-posed.

This work has been partially supported by a FPU scholarship (AP2008-03300)
from the Spanish Ministry of Education.
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1 Introduction

Non-Fourier models of heat conduction may account for phenomena that ap-
pear in transient responses at the microscale level, such as thermal “inertia”,
heat waves and delayed responses to thermal disturbances (see [1]) and they
are increasingly being considered in the modelling of microscale heat transfer
in engineering and biomedical heat transfer problems (see, e.g., [2, 3]).

In the dual-phase-lag (DPL) model [1, 4], classical Fourier law relating
the heat flux vector q(r, t) and the temperature gradient ∇T (r, t), is replaced
by

q(r, t+ τq) = −k∇T (r, t+ τT ), (1)

where τq and τT are the corresponding phase lags. Combining Fourier law
and the conservation of energy principle, the classical diffusion equation is
obtained. In a similar way, using (1) instead of the Fourier law, a delayed
partial differential equation is obtained [5]. However, it is common to use
first-order approximations in (1),

q(r, t) + τq
∂q

∂t
(r, t) ∼= −k

(

∇T (r, t) + τT
∂

∂t
∇T (r, t)

)

, (2)
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referring to the derived equation as the DPL model [4],

∂

∂t
T (r, t) + τq

∂2

∂t2
T (r, t) = α

(

∆T (r, t) + τT∆
∂

∂t
T (r, t)

)

. (3)

Higher order approximations in (1) can also be considered [6]. In this
work, model (3) will be denoted DPL(1,1), while corresponding models re-
sulting from second order approximation in τq and first or second order ap-
proximations in τT will be denoted, respectively, as DPL(2,1), and DPL(2,2).

Finite differences schemes to obtain numerical approximations for DPL(1,1)
models and variations, in different spatial domains, have been proposed (see,
e.g., [7, 8, 9]). In this work, numerical schemes for DPL(2,2) models in
one spatial dimension, with appropriate initial and boundary conditions are
developed, characterizing their properties of convergence and stability.

In particular, consider a finite rod with insulated ends at x = 0 and x = l,
so that

T (0, t) = T (l, t) = 0, t ≥ 0, (4)

and initial temperature distribution

T (x, 0) = φ(x),
∂

∂t
T (x, 0) = ϕ(x),

∂2

∂t2
T (x, 0) = ψ(x), x ∈ [0, l] , (5)

with heat conduction, for t > 0 and x ∈ [0, l], given by the general equation,

∂

∂t

(

AT (x, t) +B
∂

∂t
T (x, t) + C

∂2

∂t2
T (x, t)

)

=
∂2

∂x2

(

T (x, t) +D
∂

∂t
T (x, t) + E

∂2

∂t2
T (x, t)

)

, (6)

where DPL(2,2) is obtained with

A =
1

α
, B =

τq
α
, C =

τ 2q
2α
, D = τT , E =

τ 2T
2
,

while DPL(2,1) is the particular case with E = 0.

2 Finite difference scheme

Introducing the two new variables

v (x, t) = BT (x, t) + C
∂

∂t
T (x, t) (7)
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and

u (x, t) = AT (x, t) +
∂

∂t
v (x, t) , (8)

Eq. 6 can be expressed as

∂

∂t
u (x, t) =

∂2

∂x2
(aT (x, t) + bv (x, t) + cu (x, t)) , (9)

where a = (C2+EB2−BDC−ACE)/C2, b = (DC−BE)/C2, and c = E/C.
Hence, since from (7) and (8) one gets

∂

∂t
T (x, t) =

1

C
(v (x, t)−BT (x, t)) , (10)

∂

∂t
v (x, t) = u (x, t)− AT (x, t) , (11)

the mixed problem given by Eq. 6 with boundary conditions (4) and initial
conditions (5) is equivalent to the system consisting of equations (9)-(11),
with corresponding boundary and initial conditions.

Consider a bounded domain [0, l] × [0, TM ], for some fixed TM > 0, to-
gether with the uniform mesh {(xj , tn), j = 0 . . . P, n = 0 . . .N}, defined by
the increments h = ∆x and k = ∆t, such that l = Ph and TM = Nk. The
value of any function w at a point (xj , tn) in the mesh will be denoted wn

j .
The proposed finite difference scheme for DPL(2,2) model will be derived

from the following finite difference approximations in equations (9)-(11),

un+1

j − unj
k

=
1

2
δ2x

(

aT n
j + bvnj + cunj

)

+
1

2
δ2x

(

aT n+1

j + bvn+1

j + cun+1

j

)

,

T n+1

j − T n
j

k
= − B

2C

(

T n+1

j + T n
j

)

+
1

2C

(

vn+1

j + vnj
)

,

vn+1

j − vnj
k

=
1

2

(

un+1

j + unj
)

− A

2

(

T n+1

j + T n
j

)

,

where δ2xw
n
j = (wn

j−1
−2wn

j +w
n
j+1

)/h2, with appropriate discretized boundary
and initial conditions. Writing r = h/k2, xk = 4C + 2Bk + Ak2, yk =
4C − 2Bk − Ak2, zk = 4C + 2Bk − Ak2,

αk =
r

2

(

c+
xk + zk
xk

bk

4
+
ak2

xk

)

, βk =
r

2

(

a +
ayk
xk

− xk + yk
xk

bAk

2

)

,
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and

γk =
r

2

(

b+
4ak

xk
+
bzk
xk

)

,

and introducing, for n = 0 . . . N , the vectors Un, T n, and V n, where Un stacks
up the P − 1 values unj , j = 1, . . . , P − 1, and similarly for T n and V n, and
writingM for the tridiagonal (P−1)×(P −1) matrixM = tridiag (1,−2, 1),
the equations of the scheme can be given in matrix form as follows,

(I − αkM)Un+1 = (I + αkM)Un + βkMT n + γkMV n, (12)

T n+1 =
k2

xk
Un +

yk
xk
T n +

4k

xk
V n +

k2

xk
Un+1, (13)

and

V n+1 =
xk + zk
4xk

kUn − xk + yk
2xk

AkT n +
zk
xk
V n +

xk + zk
4xk

kUn+1. (14)

Hence, starting from the initial values given and taking into account the
boundary conditions, the method can progress from step n to step n+1, solv-
ing for Un+1 in (12), which can be done very efficiently, since the coefficient
of Un+1 is also a tridiagonal matrix, and substituting into equations (13) and
(14), to obtain T n+1 and V n+1. It can be proved, writing the scheme as a
two-level scheme, that the method is unconditionally stable, for any finite
value of r = h/k2, and that it is consistent with the original partial differ-
ential equation. Thus, from Lax equivalence theorem [10], the convergence
of the scheme follows. It can also be proved that the truncation error is
O (k2) +O (h2), as shown in Figure 1.

References

[1] D.Y. Tzou, Macro- to Microscale Heat Transfer: The Lagging Behavior.
Washington, Taylor & Francis, 1996.

[2] L. Wang, and X. Wei. Heat conduction in nanofluids, Chaos Solitons

Fractals 39: 2211–2215, 2009.

[3] J. Zhou, J.K. Chen, and Y. Zhang. Dual-phase-lag effects on thermal
damage to biological tissues caused by laser irradiations, Comput. Biol.

Med., 39: 286–293, 2009.



Modelling for Engineering & Human Behaviour 2011 193

0 500 1000 1500 2000 2500 3000
10

−20

10
−15

10
−10

10
−5

10
0

t

E
rr

or

k=2.000×10−2

k=1.000×10−2

k=0.500×10−2

k=0.250×10−2

0 500 1000 1500 2000 2500 3000
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

t

E
rr

or
/k

2

Figure 1: Maximum errors of the approximate solutions, in terms of time
(left) and relation with the size of the mesh (right).

[4] D.Y. Tzou. The generalized lagging response in small-scale and high-rate
heating, Int. J. Heat Mass Transfer 38: 3231–3240, 1995.

[5] M. Xu and L. Wang. Dual-phase-lagging heat conduction based on
Boltzmann transport equation, Int. J. Heat Mass Transfer 48: 5616–
5624, 2005.

[6] D.Y. Tzou. A unified approach for heat conduction from macro to micro-
scales, ASME J. Heat Transfer 117: 8–16, 1995.

[7] W. Dai and R. Nassar. A finite difference scheme for solving the heat
transport equation at the microscale, Numer. Methods Partial Differen-

tial Equations 15: 697–708, 1999.

[8] W. Dai and R. Nassar. A compact finite difference scheme for solving a
one-dimensional heat transport equation at the microscale, J. Comput.

Appl. Math. 132: 431–441, 2001.

[9] H. Wanng, W. Dai, R. Nassar, and R. Melnik. A finite difference method
for studying thermal deformation in a thin film exposed to ultrashort-
pulsed lasers, Int. J. Heat Mass Transfer 49: 2712–2723, 2006.

[10] R.D. Richtmyer and K.W. Morton, Difference Methods for Initial-Value
Problems. New York, John Wiley & Sons, 1967.



Classifying Slate Tile Quality Using

Automated Learning Techniques
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1 Introduction

Slate quality studies are typically addressed from a deposit perspective,

through core sampling in the operational phase [1] or through experimen-

tal analyses. Given the research gap, we tackled slate quality evaluation

using an objective methodology based on artificial vision and machine learn-

ing techniques.

The application of machine learning techniques to the ornamental rock

field has been studied by Lpez et al. [2], who developed a granite classifier

based on spectral colour data. In the particular case of slate, Araujo et

al. [3], [4] used machine learning techniques to evaluate the quality of slate

∗e-mail: jmtorres@unizar.es
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blocks; however, no research to date has developed an objective classifier of

the quality of roofing slate slabs.

The classification problem was resolved using machine learning techniques

applied to data captured by a hybrid 3D-2D laser scanner system developed

by Lopez et al. [5], for which a set of slate characterization variables was

established.

2 Machine Learning Techniques

To describe the machine learning techniques implemented in our research,

we first briefly describe the classification problem.

2.1 The Classification Problem

Classification can be interpreted as partitioning the feature space in mutually

exclusive regions in such a way that each region is associated with a class

Cj, j = 1, ..., c, and, given a particular pattern, deciding to which class of

the available c it belongs. Therefore Y = {1, ..., c}, and the classification rule

can be defined as that function g : X → Y such that:

g(x) =











1 if x ∈ X1

...
...

c if x ∈ Xc

where

i=c
⋃

i=1

Xi = X ;Xi ∩ Xj = ∅ if i 6= j.

In other words, each element x is assigned to the class Cj if x ∈ Xj.

Cluster Analysis Cluster analysis aims to group items into homogeneous

groups based on similarities between them. These clusters should have no

prior information about the classes, as these are suggested by the data it-

self. For the purposes of this detection, the k-means [6] algorithm is usually

implemented.

Self Organizating Maps A SOM model is a set of neurons organized in

a regular grid of a smaller dimension than the input space. It requires a

set {xi}ni=1
= {x1,x2, ...,xn}, of n training elements xi = (xi1, xi2, ..., xim).

Each neuron in the map, output layer or competitive layer (in a row k and

column j) is represented by a weights vector (prototype vector or codebook
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vector) of the same dimension as the input vectors (m-dimensional) of the

form wkj = (wkj1, wkj2, ..., wkjm) ∈ R
m.

Support Vector Machines Regarding the classification problem, the lin-

early separable xi ∈ X ⊂ R
d, yi ∈ Y = {−1, 1}, i = 1 : n is separable by

a decision function fw,b(x) = sign(〈w,x〉 + b), w ∈ R
d, b ∈ R; the opti-

mal separating hyperplane, meanwhile, is defined as the maximum-margin

separating hyperplane that maximizes the distance to the classes.

The optimization problem of the SVM satisfies the Kuhn-Tucker con-

ditions and so can be solved by solving the dual problem. For the multi-

classification problem see [7].

Multi-layer perceptron neural networks The multi-layer perceptron

is a neural network where the architecture is acyclic, so that there is no

feedback to the nodes (with a perceptron in each node) with specific ac-

tivation functions and fixed weights; the network implements a function

f :X ⊂ R
m −→ Y ⊂ R

c.
The general form of the MLP is thus:

f(x, θ) =

h
∑

j=1

cjψ(w
T
j x+ wj0) + c0

where w and c are the weights of the input and hidden layer respectively

and the function ψ and h are the activation function and the number of

neurons of the hidden layer respectively.

3 Results and Conclusions

Slate tiles classification was based on a set of variables, obtained using a

hybrid 3D-2D laser scanner [5], and capable of characterizing each tile ob-

jectively. We generated a sample of 75 observations with 29 variables, with

one variable corresponding to the slate commercial classification: top quality

(1), intermediate quality (2) or reject quality (3).

To obtain the optimal classifier, we tested both unsupervised and super-

vised machine learning techniques: cluster analysis and SOM as unsuper-

vised techniques and SVM and MLP as supervised techniques. The super-

vised techniques produced significantly better results than the unsupervised
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techniques. Furthermore, the lower error rates obtained by the SVM and

MLP techniques (around 1%), in comparison to those obtained by the clus-

ter analysis and SOM techniques, reveal the presence of nonlinearity in the

classification problem studied.
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1 Introduction

The operational conditions of wind farms are quite different from traditional
power stations. Thus, a specific feature of wind power generation is the
stochastic behaviour of wind velocity, what determines the energy produced,
and also influences the turbine degradation process due to the stochastic
load suffered by the wind turbine[1][2]. Such loads influence the failure
rate of wind turbine components accelerating the aging process. Nowa-
days, the maintenance plan scheduled in wind turbine farms include rou-
tine checks, testing and maintenance, foused on minimizing the degradation
effects. Moreover, maintenance plan is determined by the meteorological con-
ditions. Thus to guarantee safe working conditions, maintenance activities
can not be undertaken under adverse meteorological conditions. The main-
tenance tasks have to be planned to maximize the annual energy generated
and minimize the costs associated.
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2 Mathematical models

2.1 Reliability model

Reliability evaluation is developed using a sequential Monte Carlos simula-
tion. The times to failure and times to repair over a year period of time are
generated by sampling the adequate probability distribution. In this paper
the failure time distribution is assumed to be a Weibull distribution. The
probability density function (pdf) is modified to include imperfect mainte-
nance. So, the pdf depends on the chronological time (t) and on the preven-
tive maintenance effectiveness (ε), [3].

2.2 Power model

The power generated can be evaluated using:

P (v(t)) =


0 v < vci or v > vco,
a

1+b exp( −cv(t))
vci < v < vr,

Pr vr < v < vco

(1)

where v(t) is a random variable, which can be modelled using a two param-
eters Weibull distribution, vci is called the cut-in velocity, vco is the cut-out
velocity and Pr is the rated power, this is the power generated when the
wind velocity varies between rated velocity, vr, and vco. The Annual Energy
Produced (AEP ) can be calculated as:

AEP =
365∑
j=1

(∆t− σj − µj)(P (v(∆t)j), (2)

where σj and µj are the corrective and preventive maintenance duration,
respectively. The maximum annual energy produced AEPmax could be ob-
tained when σ =µ=0.

2.3 Cost model

The total cost, ct, has been modeled using the cost contribution of preventive,
cpm, and corrective maintenance, ccm, using the following expression:

ct = cpm + ccm =
n∑

i=1

σichpm +
k∑

i=1

µichpm, (3)
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where, chpm and chcm are the hourly personnel cost to perform the preven-
tive and corrective maintenance activities, respectively, n is the number of
preventive maintenance tasks performed to the interval time considered, and
k is the number of failures observed in the same period.

3 Problem formulation

Using the models exposed in section 2 the Multiobjective Optimization Prob-
lem can be transformed into a Single objective Optimization Problem using
the effectiveness concept:

y = f(x) = wEp + (1− w)(1− Ec), (4)

where w is the weighting coeficient with range interval [0, 1] and Ep and Ec

are the power and cost effectiveness, defined as:

Ep =
AEPmax − AEP

AEPmax

, (5)

Ec =
cpm
ct

, (6)

4 Methodology

The optimization process is developed using the following procedure:
Step 1. The parameters associated to the reliability function are obtained

using available wind turbine failure data. It is assumed that the failure
process can be modeled using the two-parameter Weibull distribution. So,
to characterize the reliability function, the scale and shape parameters must
be estimated. These parameters have been obtained using the Maximum
Likelihood Estimation method.

Step 2. Preventive and corrective maintenance duration, the failure times
and wind speed are generated using a Monte Carlo sampling and the energy
and cost are evaluated for every trial, as follows:

a) Suppose that the wind turbine is operating in t=0.
b) Simulate the first failure time. Using the reliability function obtained

in step 1 it is possible generate the first random failure using the inverse
transformation method.
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c) Repeat step b) in a specific time span (in this case one year).
d) For each sample the daily wind velocity is simulated using a Weibull

distribution and a chronological daily energy and cost are obtained.
Step 3. The optimization is performed using a direct search algorithm

based on the Nelder Mead Simplex method.

5 Case of application

The case of application is focused on optimizing the maintenance plan of a
wind turbine of 2MW. The behaviour of the two stochastics variables, failure
time and wind velocity, considered in this study have been modeled using
Weibull distribution.

Other stochastic variables considered in the study are the duration and
the effectiveness of the maintenance tasks. Preventive and corrective main-
tenance durations is modeled as an uniform distribution in the range [6, 10]
and [10, 20] hours, respectively. Maintenance effectiveness is also considered
to be a uniform distribution in the range of interval [0.7, 1]. Monte Carlo
simulation with 500 sampling has been used to generate random values of
power, wind and failures. The optimization has been performed using a
Nelder-Mead simplex algorithm implemented in MatLab [4]. The optimum
maintenance interval obtained from optimization process is 113 days. Fig.1
shows the annual evolution of daily energy produced obtained from the opti-
mization process. In this figure, a comparison between the behaviour of the
AEPmax and the AEP is showed.

6 Conclusions

In the last years,the use of wind energy has been increased and this makes
necessary to consider the reliability of energy produced that can be obtained
and the associated costs. The model proposed in this paper can be used to
find the optimum maintenance preventive strategy that maximize the annual
power and minimize the cost taking into account the stochastic behaviour of
wind velocity, reliability, maintenance duration and effectiveness. This study
considers each wind turbine isolated, but preventive maintenance should be
analyzed considering the whole wind farm.
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Figure 1: Annual energy produced.
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1 Introduction

In this work we are mainly concerned with the efficient preconditioning of
the linear system arising in the Picard iteration for the solution of a general
system of nonlinear equations: F (x) = 0, which is usually written as

{

J(xk)sk = −F (xk)
xk+1 = xk + sk

. (1)

We employ the preconditioned Conjugate Gradient (PCG) method for the
solution of the linear system, so that two nested iterative procedures need
to be implemented, the outer iteration formed by the Newton steps and the
inner iterations within the PCG method.

Since in each Newton step a new system has to be solved, we are dealing
with the construction of a sequence of preconditioners Pk ≈ J−1

k which are

∗Work supported by the Spanish DGI grant MTM2010-18674 e-mail:
{berga,acalomar,putti}@dmsa.unipd.it

†e-mail: {rbru,jmasm}@mat.upv.es
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“optimal” in the sense that they would minimize the constant C of:

‖I − PkJ(xk)‖ ≤ C. (2)

Our aim is to solve the Picard SPD system (1) with the PCG method, start-
ing with an initial preconditioner, IC(0), AINV preconditioners, computed
from the initial Jacobian, and to update this preconditioner using low-rank
matrices. A sequence of SPD preconditioners Pk can thus be defined by im-
posing the secant condition, as used in the implementation of quasi-Newton
methods.

2 BFGS-update of preconditioners and im-

plementation

The idea is to start with a preconditioner P0 ≈ J−1
0 . Let us define yk =

F (xk+1)−F (xk) and recall that sk is the solution of the kth Newton system.
The preconditioner is updated by the recurrence formula

Pk+1 =

(

I − sky
T
k

sTk yk

)

Pk

(

I − yks
T
k

sTk yk

)

+
sks

T
k

sTk yk

· (3)

If the Jacobian matrices are SPD and so is P0, then Pk is also SPD under
the condition sTk yk > 0. It can also be easily proved that the sequence of
matrices just defined satisfies the secant condition Pk+1yk = sk, and that
‖I − PkJ(xk)‖ can be tuned to any fixed accuracy by suitable choices of
the initial guess x0 and the initial preconditioner P0. Note that this makes
our preconditioner almost ideal in the sense of (2). The linear iteration is
stopped as soon as the following test is satisfied

‖J(xk)sk + F (xk)‖ ≤ ηk‖F (xk)‖. (4)

At a certain nonlinear iteration level, k, and given a vector z
(l)
k , we want to

compute c = Pkz
(l)
k . where with superscript l we indicate the linear iteration

index. Let us suppose we compute an initial preconditioner P0. Then, at the
initial nonlinear iteration k = 0, we simply have c = P0z

(l)
0 . For k ≥ 0, Pk+1

is given inductively by (3).
We define kmax as the maximum number of rank two corrections we al-

low. When the nonlinear iteration counter k is larger than kmax, the vectors
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si,yi, i = k mod kmax are replaced with the last computed sk,yk and a new
preconditioner P0 is computed. Vectors {si,yi} are stored in a matrix V
with n rows and 2× kmax columns.

Restarted Newton-BFGS (RNBfgs) Algorithm

Input: x0,F , kmax, nlmax, tol

• kaux := 0, k := 0

• while ‖F (xk)‖ > tol ‖F (x0)‖ and k < nlmax do

1. if kaux = 0 then Compute P0 approximating J−1
0

else Update Pk from Pk−1 using the
columns of V .

2. Solve J(xk)sk = −F (xk) by a Krylov method with
preconditioner Pk and tolerance ηk.

3. xk+1 := xk + sk

4. V (∗, 2kaux + 1) := sk, V (∗, 2kaux + 2) := yk,

5. k := k + 1 kaux = k mod kmax

• end while

Output: nlit := k,xk, ‖F (xk)‖

3 Numerical Results

Here we give the numerical performance of our sequence of preconditioners
in solving a realistic test case resulting from e 3d FE discretization of the
Richard’s equation that considers water infiltration from a surface drain into
an initially dry soil connected on one side to a channel. The domain is formed
by a flat 50 m×50 m terrain overlying a 2 m deep sandy soil. The drain
is simulated using a constant flux Neumann boundary condition, while the
channel is kept at a constant pressure head. No flow boundary conditions are
imposed in all the other parts of the frontier. The sandy soil is characterized
by a uniform and isotropic saturated conductivity value Ks = 10−3 m/s and
a porosity φ = 0.3. The steady state is reached by infiltration from the top
and from the channel.
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The simulations were run on a Intel I7 Core 2 QUAD workstation running
at 2.4 GHz with 16 Gb RAM. The CPU times are measured in seconds. In
the solution of the systems (1) we employed the PCG iterative method and
stop the iteration whenever the exit test (4) with constant ηk = 10−4 is ful-
filled. The nonlinear iteration is stopped whenever ‖F (xk)‖ ≤ 10−8‖F (x0)‖
(i. e. tol = 10−8). In the subsequent tables we report the total number
of nonlinear and linear iterations and CPU time. When kmax = 0 we as-
sume that the initial preconditioner is computed, and not updated, at each
nonlinear iteration.

Note that our Restarted Newton BFGS algorithm provides an improve-
ment in terms of number of iterations, irrespective on the kmax value and on
the initial preconditioner. In almost all the runs there is also a reduction
of the CPU time. The iteration number reduction appears to be monotone
with kmax, however high values of this parameter may lead to increased CPU
time due to the increasing cost per iteration. The advantage of the proposed
preconditioner is particularly evident when the computation of the initial
preconditioner is costly.

P0 kmax NLIT LINIT CPU
ILU(0) 0 12 1619 98.55
ILU(0) 1 12 1522 88.30
ILU(0) 2 12 1496 87.22
ILU(0) 3 12 1475 88.58
ILU(0) no restart 12 1428 82.76
AINV(0.05) 0 12 4075 191.27
AINV(0.05) 1 12 3815 189.77
AINV(0.05) 3 12 3663 191.20
AINV(0.05) 5 12 3577 193.99
AINV(0.02) 0 12 2840 282.12
AINV(0.02) 2 12 2610 244.88
AINV(0.02) 5 12 2519 227.47
AINV(0.02) no restart 12 2481 204.14

Table 1: Number of linear iterations (LINIT) and CPU time for the solution
of the Picard-linearized systems with different initial preconditioners and
values of the restart parameter kmax. Steady state case.
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1 Introduction

The most prescribed psychotropic drugs are anxiolytics (AX) belonging to
the group of benzodiazepines [1] N05B, code defined as the classification
system Anatomical Therapeutic Chemical (ATC). The main causes of the
prescription of AX by the general practitioners (GP) of Primary Health Care
Centers (PHCC) are the presence of anxiety and/or insomnia [2].

In Spain, the consumption of AX has increased significantly since the
90’s. In fact, in 2007, it represented the 16% of the total pharmaceutical
expenditure. In 2009, 15.5% of Spanish population consumed AX in a regular
bases and the public expenditure of it summed up over 200 million Euros.

These drugs are only suitable for short-term treatment (between 15-30
Defined Daily Doses (DDD)≈1 month). However, several studies show that
GP often prescribe treatments for longer, which increases the risk of patients
developing tolerance and physical or psychological addiction [3]. The conse-
quences of developing drug dependence may lead to brain damage resulting
in poor concentration, reduced ability to react, memory loss, and accidents.

∗elpopla@esp.upv.es
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It should seek alternative therapies to psychopharmacology, to reduce not
only the economic cost, but also the social cost [4].

The aim of this paper is to develop a mathematical model to predict ad-
dictive behaviours to AX for the next four years (2011-2014) in the province
of Castellón considering as main variables that can influence the AX con-
sumption: the social contact [7], [8], the economic situation [6], and the
marital termination [5]. This will lead us to estimate the social effects, the
pharmaceutical expenditure, and possible public health recommendations.

2 Mathematical model and results

The study population in this work is made up of subjects who were registered
as inhabitants in the Census of the province of Castellón in the Autonomous
Community of Valencia (Spain) and also were registered in the Population-
based Information System (SIP) in the province of Castellón in 2009 and
2010.

To build the mathematical model, the population is divided into three
subpopulations according to the AX (number of DDD) prescribed by year
[9]: A: long-term users (more than 180DDD ≈ more than 6 months); R:
regular users (31-180DDD ≈ 2-6 months); I: incidental users (0-30 DDD ≈
1 month). The subpopulation of incidental consumers (I) includes all people
that have never consumed for the period considered or they have done just
occasionally.

The total population (P ) at any time n is expressed as follows:

Pn = In +Rn + An . (1)

The factors considered in the development of addiction to AX consumption
were: the economic scenario, the marriage termination (embracing marital
dissolution through divorce, separation and annulment) and the social con-
tact. The model was built following the assumptions of previous studies of
social contagious [7], [10]. The values of all parameters were estimated from
different sources of information and hypothesis with the exception of the
transit rates (µ1, µ2) that were adjusted by the model with the Nelder-Mead
algorithm.

The dynamic of the population can be described by the following system
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of difference equations (n, time in years):

In+1 − In = β(In +Rn + An)− diIn − αIn + γ1Rn + γ2An − µ1InAn − ψIn ,
Rn+1 −Rn = −drRn + αIn − αRn − γ1Rn + γ1An + µ1InAn − µ2RnAn + ψIn − ψRn ,
An+1 −An = −daAn + αRn − γ1An − γ2An + µ2RnAn + ψRn .

(2)
Different simulations are developed considering that the value of α (rate

of unemployed people that consume AX) evolves during the next four years
assuming different economic scenarios [19]: L, V,

√
, International Monetary

Fund (IMF) and optimistic scenario.
For the particular case of Castellón, the percentage of consumers will

double from 2010 to 2014. As consequence, the public expenditure of AX
will increase for all possible economic scenarios.

3 Conclusions

The proposed model let us predict the development of the addicts rate to AX
for the next four years as well as the public healthcare expenditure derived
from the prescription of AX. Considering demographic, economic and cul-
tural similarities between provinces, the same methodology could be applied
to any Spanish province or the whole country.

The results obtained should be considered as a valuable source of informa-
tion for Public Authorities in order to control and reduce the AX prescription
by GP through different policies, mainly alternative therapies to the phar-
macological ones since the results obtained show how the GPs’ prescribing
patterns are not in accordance with recommended dosage and duration of
AX treatment.
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1 Introduction

Econophysics is an interdisciplinary research field which applies statistical
physics methods for solving problems in economics and finance. The term
“econophysics” was first introduced by the theoretical physicist Eugene Stanley[1].
This novel discipline uses mathematical methods developed in statistical
physics to study statistical properties of complex economic systems consisting
of a large number of humans, and it can be considered as a branch of applied
theory of probabilities [2]. In this sense, econophysics has much common
ground with agent-based modeling and simulation, as it studies mathematical
models of a large number of interacting economic agents [3]. Econophysics
distances from the classical approach of economics, mainly representative-
agent based, which ignores statistical and heterogeneous aspects of the econ-
omy.
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2 A Simple Lattice Gas Automata to Model

Money Distribution

Following the principles of econophysics, we have developed a Lattice Gas
Automata to model money distribution in a multi-agent system. Economic
agents are considered to be molecules of a gas, and each molecule has an
internal state variable m, which to our purposes, represents the quantity
of money for this particular agent. Agents are allowed to move in a d -
dimensional lattice L. In this particular model, d is taken to be 2 because it
seems to represent in a more natural way the human movement on a territory.

The performance of the automata is taken in two phases. The first phase
corresponds to a simple movement dynamics: each agent moves in the lattice.
For this movement, we have selected a simple random walk dynamics. Time
advances in discrete time steps of δt. For each time step, each agent randomly
selects one of its neighbouring empty sites and performs its movement.

The second phase of the automata is properly the economic transition.
When two agents are placed in two neighboring sites, an economic transaction
takes place. In order to simplify the dynamics, a very simple model for an
economic transaction has been considered. For each economic transaction,
there is a probability 1 − pt that the final result of the transaction is that
both agents finish with the same amount of money. But there is a probability
pt that one of them wins money from the other one, in order to keep the
total amount of money constant. In that case, the agent that “wins” money
is selected at random. The quantity of money transferred from one agent
to the other has been taken to be fixed, as this has no influence over the
stationary distribution of the system.

The proposed model does not consider the possibility of having debt. In
the practice, whenever an agent with m = 0 enters in an economic trans-
action, it can only have two results, instead of the three previously given
results. Agents with no money can only win or stay unchanged.

3 Adding Features to the Model

LGEM can be slightly modified to increase its usefulness introducing a new
phase, between phase 1 and 2, in the global behavior of the system. In this
phase, money is redistributed by going from richer agents to poorer ones.

Several strategies can be designed for this phase. We will focus in the



Modelling for Engineering & Human Behaviour 2011 213

strategies which we can call “charity strategies”: whenever an agent interacts
with a poorer agent, there is a certain probability for the richer to voluntarily
give some money to the poorer.

Two parameters have been introduced for each model: pc and ac. pc
always controls the probability of a richer agent deciding to give some money
to a poorer one, while ac controls the amount of money involved in the
process.

MODEL 0: Constant Probability, Constant Magnitude,
On poorest (m = 0) agents

In this model, whenever a richer agent (m > 0) collides with a poorest one
(m = 0), there is a constant probability pc for him to voluntarily give a fixed
amount of money ac. The only constraint of this process is that the money
of the richer agent must be greater than ac.

The result of this strategy is an important decrease of the poorest agents,
a fact that can be seen in figure 1 (a).

MODEL 1: Constant Probability, Linear Magnitude,
On poorest (m = 0) agents

In this model, whenever a richer agent (m > 0) collides with a poorest one
(m = 0), there is a constant probability pc for him to voluntarily give a
variable amount of money.

The richest agent of the set (with money mmax) gives an amount of ac.
An agent with lesser money will give an amount of money given by

a =
m

mmax

ac (1)

Again, the money of the richer agent must be greater than ac.
The result of this strategy can be seen in figure 1 (b). One remarkable

fact regarding to this strategy is the long-range effect for reducing not only
the poorest agents, but also those who have less money than the average
value.



Modelling for Engineering & Human Behaviour 2011 214

Figure 1: Results for a system of 200 agents in a 50x50 square lattice. Each
agent has been initialized to have m0 = 4.

Figure 2: Probability distribution of income in the US in 1996. (a) Families
with two adults. (b)All families.

4 Conclusions and Further Work

The previously presented models lead to a global behavior different from the
exponential distribution. The main feature is a reduction on the number of
agents with zero money. It turns out that these distributions adapt well to
real market distributions. For example, in [4], the probability distribution
of income for US families with two adults in 1996 is given. In the same
paper, the probability distribution of income for all US families in 1996 is
also given. Both distributions can be seen in Figure 2. The similarity between
this distribution and the distributions obtained by LGEM is remarkable.

Considering the distributions obtained by LGEM models, and real data
from economic systems, it turns out that these models can be very useful
from a practical point of view. They can be considered as “toy models”
to experiment with tax formulae or income redistribution strategies, before
implementing in real systems.
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The main feature of LGEM is its simplicity and the universality of the
results obtained. Just by adjusting a few parameters, almost any distribution
can be reproduced. Additionally, the process by which each agent performs
its evolution is a parallel, local process, with the only requirement, in some
particular redistribution strategies, of knowing a unique global value. All
these facts lead to a very easy implementation.

LGEM can be expanded in several ways, to study new phenomena. As
it has been explained, the money redistribution process has been designed
to take place just in the cases when a richer agent meets a poorest (m = 0)
one. New strategies can be designed to consider the possibility of a “charity
transaction” to take place linearly with the difference of money between the
two agents. On the other hand, economic transactions have been considered
to take place completely at random. More interesting models can be designed,
which consider different probabilities for winning and losing, as a function of
the money of each agent.

Finally, there is a last expansion that we are working on, and we believe to
be the most interesting aspect of LGEM: spatiality. One of the best features
of LG is the fact that topology has a direct influence on the performance. A
very interesting study would consist of having two different economic systems
capable of interacting with each other in some particular sites. We strongly
believe that the study of the interactions between systems can lead to a
deeper understanding of global economy dynamics.
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1 Introduction

Non-reflecting boundary conditions have a great variety of applications in
the field of Computational Fluid Dynamics (CFD); in particular, they are
often used in acoustic applications when the open-end of a piping system has
to be modeled as an ideal anechoic termination. A typical problem need-
ing non-reflecting boundary condition is the calculation of the Transmission
Loss (TL) of a silencer for internal combustion engines. TL is defined as the
ratio between incident and transmitted sound pressure levels measured, re-
spectively, upstream and downstream the component. To avoid pollution of
the transmitted waves by undesired reflections from the outlet, an anechoic
termination has to be employed.

In this work, simulations of acoustic behavior of different silencers for ICE
are presented. A non-reflecting boundary condition based on the Navier-
Stokes characteristic analysis [2, 3] has been developed in the framework of
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Figure 1: Geometric features of the silencer with flow reversal. Geometric
details and experimental measurements are courtesy of AVL.

the open-source code OpenFOAM®, and it has been applied to a standard
compressible solver to carry out acoustic simulations.

Results are validated against experimental data for two classes of si-
lencers: reverse flow chambers and single-plug perforated mufflers.

2 Case setup

The first set of tests has been performed on a reverse flow chamber con-
figuration. The generic geometry is represented in Fig. 1, where the main
dimensions are specified as follows. Chamber diameter D is 197 mm for all
cases, while chamber length L is 494 mm for cases RC-l1 and RC-l2, 377 mm
for case RC-m and 127 mm for case RC-s. Lenght of inlet channel (e1) is 17
mm for cases RC-l1 and RC-s, while for cases RC-l2 and RC-m it is 257 mm
and 167 mm respectively. Outlet channel (e2) is 17 mm long for all cases.
Both inlet and outlet pipes have a diameter d = 50 mm.

On the inlet section of the chambers a pulse function with a frequency
content ranging from 20 to 2000 Hz has been employed as acoustic source.

Incident wave amplitude has been determined by sampling the pressure
at two point along the inlet channel and then applying the two-sensor methor
described by Seybert [1]. The transmitted wave amplitude was directly mea-
sured by a sampling probe near the outlet section.
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Figure 2: (a) TL of the RC-l1 silencer. (b) Pressure isosurfaces at t = 0.44 s.

Figure 3: (a) TL of the RC-l2 silencer. (b) Pressure isosurfaces at t = 0.44 s

3 Results

Figures 2 to 5 show comparisons between computed and measured TL and
snapshot of pressure waves at t = 0.44 s for the four configurations already
mentioned. Agreement between simulations and experiments looks very good
for three cases (Figs. 2-a, 3-a and 4-a) across the whole frequency range, while
the last geometry (Fig. 5-a) has some dicrepancies in the high-frequency part
of the graph. This is probably due to the non-planar shape of the pressure
waves in the measurement region: this can be easily seen in Fig. 5-b.

By means of the proposed method, complex configurations like perforated
mufflers can be simulated in details. Fig. 6 shows the instantaneous flow field
and the TL of a single-plug perforated muffler with no mean flow. Compar-
ison between measured and computed TL show a quite good agreement up
to 1000 Hz. Beyond that point, the fit between simulations and experiments
deteriorates, even though it is difficult to draw definite conclusions since the



Modelling for Engineering & Human Behaviour 2011 219

Figure 4: (a) TL of the RC-m silencer. (b) Pressure isosurfaces at t = 0.44 s

Figure 5: (a) TL of the RC-s silencer. (b) Pressure isosurfaces at t = 0.44 s

Figure 6: (a) TL of the perforated silencer. (b) Snapshot of the instantaneous
velocity field
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accuracy of the experimental data is unknown.

4 Conclusions

In the present work numerical simulations of TL for complex silencers ge-
ometries like reverse chambers and perforated mufflers have been carried out.
Scope of this work was the validation of the non-reflecting outlet boundary
condition implemented in OpenFOAM® to apply to acoustic simulations.

Results shown that the proposed approach has a good capability in pre-
dicting the acoustic behavior of complex silencers configurations, thus making
it promising as a tool for industrial applications.
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1 Introduction

Voluntary tasks are also a good choice to occupy free time, thought it does
not mean that volunteers are necessarily influenced by this motivation. This
type of committed aid conduct needs certain simulating elements. From the
Social Sciences, the main theories which base their analysis on the predict-
ing elements of the altruistic conduct distinguish five types of explications:
firstly, biological motivations; secondly, personal motivations and those which
are proper to the history of socialisation itself; thirdly affective (empathy)
motivations; fourthly, cognitive motivations and fifthly, condition motiva-
tions. The multidisciplinary approach of our study should make it easier the
development of decision support models and expert systems of automatic
detection of basic qualities for the practice of the volunteer work in areas of
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specific intervention, which would help the staff selection processes guarantee
the choice of suitable personnel for determined areas of social intervention.
In short, we consider that the use of Self-Organizing Maps (SOM) will con-
tribute favourably to the development of the selection model and to our
capacity of generalization of the influential factors in the volunteer.

2 Analysis of the social voluntary work

The study of volunteering is a very complex task and shows a rich diversity
of questions and perspectives. At the basis there is a common fascination
with the experience, which appears as a contradiction in certain disciplines,
while others see it as a natural part of social life or a matter of personality.
For example, given the underlying assumptions of the self-interested rational
thinking in economics, why would any rational individual make a great ef-
fort to accept the costs of an activity that provides no material gains? Thus,
economists set out to do a cost-benefit analysis of volunteering for individuals,
paying attention to material and nonmaterial benefits that may compensate
for the cost of volunteering to resolve this otherwise irrational behaviour [1].
Sociologists and political scientists, on the contrary, view volunteering as an
expression of nucleus social philosophy such as freedom, social cohesion and
solidarity [2]. And social psychologists have identified a pro-social person-
ality type, that is, a durable set of predispositions that discern volunteers
from non-volunteers [3]. According to the different performance fields there
are some classification criteria for the voluntary work, such as international
cooperation, aids and emergencies, environmental work, cultural, community
service and social voluntary enlistment, that it is the kind of voluntary work
we are going to study in this paper. Some basic qualifications are required for
its success: responsibility and commitment, lack of prejudices, good social
skills and empathy [4]. The study of social volunteering has resulted in a
number of explanatory theories: for instance, one of the most agreed-upon
aspects of volunteer study is that people with higher economic and social
position have a tendency to volunteering [5]. Other reasons are related to
the sensitivity of people: they develop more empathy and/or emotional in-
telligence [6]. Other theories explain that volunteers have learned it from
their closest social circle, such as, parents, siblings, friends, etc.: theory of
socialization and social cognitive learning [7]. Finally, other authors focus
on the fact that volunteers live in a social environment that allows them to:
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theory of the resource mobilization, social networks.

3 Data analysis objectives and hypothesis

We examine volunteering motivation and influence to sort out uncertainties
about reasons that make people to help others: influence of individual vari-
ables like personality features (e.g. empathy), socialization variables (e.g.
parents, friends, special interest groups, etc.) and environmental variables
(e.g. chances to join associative organizations); our research is focused on
the university context. We have formulated the following hypotheses:

• H1: People come to voluntary work through a socialization process.

• H2: Ability for empathy predisposes them to carry out help activities
for other people.

• H3: The personal willingness to accomplish voluntary tasks does not
reach a formal commitment with an organization without the influence
of external factors (e.g. access to information, advertising campaigns,
educational environment,. . . ).

In order to achieve our outlined objectives it is designed a questionnaire,
which allows to discriminate between the answers from the group of volun-
teers and the group of non-volunteers. With regards to the kind of questions
which the designed questionnaire poses, we can point out that all of them
are close questions implying either yes/no answers (those referring to per-
sonality or socialization) or answers based upon Likert scales (mainly, those
referring to empathy and self-acceptance). Moreover, question 1: Do you

belong to a social volunteer group? If not, what is the reason? is considered
to be of vital importance since it functions as a filter question, because it
classifies the answers into three groups of people: current volunteers, former
volunteers and students who have never volunteered before. In developing the
experimental basis, we have taken into account matching with the population
universe, being a representative sample of socio-demographic characteristics
of the students at the University of Alicante, for example gender, university
degree, etc. From the total sample N = 1100 university students represent-
ing the whole range of university courses, aged 17-30 years old, extreme cases
were selected and it was created an experimental database comprised of 310
youngsters with the following structure:
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• University students who belong to a social volunteer group ( N1 = 145).

• University students who do not belong to a social volunteer group due
to their laziness ( N2 = 165).

4 Analysis model of the volunteer behaviour

by Self-Organizing Maps

The SOM has revealed to be exceptionally successful in arranging high di-
mensional input data along its two-dimensional output space in such a way
that similar inputs are mapped onto neighbouring regions of the map. In
other words, the spatial relationship of the input data is preserved as closely
as possible within the representation space of the SOM [8]. SOMs are an
interesting tool for exploratory data analysis and visualization [9, 10], which
map from a high-dimensional input space to a low-dimensional grid, pre-
serving the topology of the data set as closely as possible. Our proposal is
to train a SOM (square grid with 8 x 8 neurons) with the answers to an
opinion poll obtained from 310 students of the University of Alicante as the
input data set and to exploit the SOM capacity to self-classify and to visu-
alize hidden relations between high dimensional data. Each vector consists
of 13 components, each one is the numerical answer of a question in the
questionnaire. We propose the following specific objectives in our research of
the human behaviour modelling about volunteer enlistment in a non-profit
organization:

• First one, to analyze whether the SOM is capable of providing, auto-
matically, a clustering of volunteers and non-volunteers data.

• Second one, to study individual questions and identify regions on the
SOM map where they are influential.

• Finally, we want to know if it is feasible to answer the question: Is it
possible to predict and categorize volunteers correctly, by means of the
fill-out forms of opinion polls?.
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(a) (b)

Figure 1: Trained SOM with answers of students. (a) self-organized BMUs,
(b) k-means clustering with k = 2.

5 Experiments

In Fig. 1(a), we illustrate the SOM map we have obtained after the training
step with data obtained by the questionnaires. As we can see, the SOM
self-clustering is unambiguous.

Fig. 1(b) shows an automatic k-means clustering of the questionnaire
data map with k = 2 that validates previous observations. In Fig. 2(a), we
analyze the influence of the socialization variable, for example as a response
to the question: Have your parents spent any of their spare time by helping

other people?. We can see that the non-volunteer zone is darker (answered
as never) than the volunteer zone (answered by yes) which is lighter grey.

In Fig. 2(b), we analyze the influence of another socialization variable as
a response to the question 7: Have your fiends spent any of their spare time

by helping other people?. In this case, the component visualization is more
impressive; so, this socialization variable is much more sensitive to categorize
volunteers and non-volunteers than the previous one, as we can see. Finally,
we are going to test the SOM capability to predict if a student is volunteer
or not, only by means of that student s answers to the opinion poll and
considering that this input vector was not used in the SOM training phase.
So, we are going to develop a test of automatic classification for non-trained
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(a) (b)

(c)

Figure 2: Component visualizations of socialization variables, (a) question 6,
(b) question 9, (c) answer legend.
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# Correctly predicted % Correctly predicted
SOM1 36 of 40 90 %
SOM2 37 of 40 92.5 %
SOM3 34 of 40 85 %
SOM4 33 of 40 82.5 %
SOM5 38 of 40 95 %

Table 1: Automatic SOM classification for non-trained vectors

vectors. We have trained five different SOM with only 270 input vectors
selected randomly from the total of 310, with empathy, socialization and
environmental variables and the test set consisted of the forty remainders
vectors. Table 1 shows the results of the forecasting developed for each
trained map.

6 Conclusions

In this paper, we have studied aspects of special interest about the profile
of the volunteer: empathy, socialization, environment by using connectionist
methodology. SOM seems to be a good tool for multidimensional data anal-
ysis and to visualize hidden relations between high dimensional data vectors
and it will contribute favourably to the development of a selection model and
to our capacity of generalization of the influential factors in the volunteer.
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1 Introduction

Movement patterns can be identified when studying a group of moving en-
tities such as a flock of birds, a school of fish, a convoy of vehicles, among
others[4][3]. A pattern, known as leadership has been recognized in [2]. This
pattern is characterized by a moving entity that motivates or represents the
behavior of the group in order to reach a goal during a period. A leadership
pattern can be defined using some temporal constraints and a geometrical
arrangement between the leader entity and the other entities in the group,
called followers.Given a group of moving entities and a time-point t, we pro-
pose a method to estimate the position and the direction where a leader
should be located and headed at t in order to lead this group.

2 Estimating the position and direction of a

leader

Our calculations and notation are based in elements of Andersson model [2].
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Figure 1: Intersection region Ω (in grey)

Figure 2: Intersection ∇ of n intervals

2.1 Estimation of the Leader Position

Let (xpos(eleader, t), ypos(eleader, t)) be the position of a leader entity eleader
at time t with regard to a group of followers F. Because each entity ei ∈ F
must be a follower of eleader then eleader ∈ front(ei) ∀ei ∈ F . That is, the
position of eleader at t must be contained in the front region of each ei ∈ F :
(xpos(eleader, t), ypos(eleader, t)) ∈ front(ei), ∀ei ∈ F . Therefore, if eleader is
a leader at t for the entities in F then eleader must be located in a region Ω,
i.e., the intersection of the front regions of each entity in F: (xpos(eleader, t),
ypos(eleader, t)) ∈ Ω, see Figure 1.

2.2 Estimation of the Direction of a Leader

Let d(eleader) the direction of an entity eleader at time t. If an entity ei ∈ F is a
follower of eleader then ‖d(ei) - d(eleader)‖ ≤ β. This condition can be written
as d(eleader) ∈ [d(ei) - β, d(ei) + β]. That is, if eleader is a leader at time t for
the set of entities in F then the direction of eleader must be included in the
interval defined by each entity in F. Therefore, d(eleader) must be included in
the intersection ∇ of the intervals defined by the entities in F, see Figure 2:
the value of d(eleader) must be included in the interval delimited between the
dashed lines.

Let Mind and Maxd be the minimum and the maximum of the directions
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of the entities in F, respectively. The intersection of these intervals is non-
empty if Maxd ≤ Mind + 2β, giving rise to an intersection interval ∇: [Maxd
- β , Mind+ β].

3 Experiments

To show the expediency of our proposal, we implemented our algorithms
and conducted a set of experiments on various data sets. The algorithms
were implemented using Oracle Spatial features [1]. We simulate the data
collection using the flocking model built in the Netlogo Library [5]. For
each leadership pattern that was found, we applied algorithms to estimate
the position and direction of the leader at a specific time-point; then, we
compare these results with the simulated ones.

Our results showed how the number of followers affects the estimation of
the position and direction of the leader entity. The results showed a better
estimation of both parameters when the number of followers increases. This
is reasonable because the more followers there are, the greater the number of
regions to intersect and Ω tends to be smaller. Figure 3 illustrates this aspect,
where we plotted the average ‖LSP - LEP‖ vs.m (difference between the
estimated and the simulated positions). On the other hand, the estimation
of the direction, see Figure 4, did not show in some cases a good estimation
due possibly to the early alignment of the entities. That is, in the first time-
steps, when some estimations were done, the entities just begin to align and
∇ tends to be wider. Even so, the differences between the simulated and
calculated data were small.

4 Conclusions and future work

Our experiments showed the expediency of our algorithms. Although more
extensive experiments are needed, our results suggest that as the number of
followers increase, the distance between the estimated and simulated position
decreases. With regard to the estimation of the direction, we did not get an
analogous behavior; even though most of the times the estimations were very
close to the simulated ones.

As future work we consider the following. To propose alternative methods
for estimating the position and the direction of a leader and compare them
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Figure 3: Average ‖LSP LEP‖ vs. Number of Followers

Figure 4: Average ‖LSP LEP‖ vs. Number of Followers

with our current method. Another interesting issue is to conduct experiments
to analyze the effect of parameters such as r, β, and α that we kept constant
here. Experiments with real data are also a must as well as its comparison
with Netlogo simulations.
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1 Introduction

Hans Berger discovered in 1924 the oscillations of the electric potential of
the human brain, and their trace is called electroencephalogram (EEG) since
then. The analysis of computerized EEG is an important tool nowadays in
the brain and behavioral sciences.

Our team has proposed numerical quantifiers of the EEG signal, coming
from the methodology of fractal mathematics and the theory of approxima-
tion. We describe in this communication several one-single channel indices,
along with numerical procedures for their computation. In every case, an
experiment related to a disorder of attention is developed.

2 Fractal Complexity

We have implemented several method of data approximation by means of
fractal interpolation functions (FIF), and proved the validity and convergence
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of the procedures if the sampling frequency is high enough (see for instance
[4] and [5]).

Given a set of data {(tn, xn)}Nn=1
, we consider a system of affinities ([4])

of the plane (wn)
N
n=1

and a transformation such that, for A ⊆ R
2

w(A) =
N
⋃

n=1

wn(A).

This system has a global attractor G. This limit set G is the graph of
a continuous function f which interpolates the data: xi = f(ti) for i =
1, . . . , N .

The fractal dimension of the graph of f constitutes a numerical index
measuring the complexity of the signal. The parameter lies between 1 and 2.

The procedure described was applied to the study of the EEG recordings
of two samples of children: a healthy control group and a set diagnosed with
an Attention Deficit with Hyperactivity Disorder (ADHD). By a mere visual
inspection of the EEG, no difference was observed in the patient group.

The children of control group were selected randomly by the teachers. 19
children diagnosed with ADHD were chosen, with an average age of 9.3±1.5.
The sample was compared with a control group of 13 children with similar
age (9.2 ± 1.3). For every subject, the following signals were recorded: an
EEG of rest with closed eyes, and an EEG during the execution of a test
consisting in the recognition of a face different from the others, in series of
three.

Six locations of the cortical surface were analyzed, following the 10-20
International System of Jasper: F3, F4, O1, O2, F7, F8. The equipment
included filters of 0.18 Hz for low frequencies and 35 Hz for high frequencies.
The sampling frequency was 128 Hz. A segment of 30 seconds was analyzed
in the second minute of the record.

To compare the EEG of rest with the EEG recorded while the execution
of the exercise described, the test of the sign hierarchized of Wilcoxon was
used. To compare both groups during the execution of the same task the
test of Mann-Withney was performed.

The parameter undegoes a general increase on the whole cortical surface
by the execution of the visual test in the ADHD group, but the difference is
only significant in some locations.

In the comparison of the data obtained in the computation of the fractal
dimension of the EEG during the test of faces recognition with respect to the
rest EEG, in the group of children with ADHD the differences were found in
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O2 to the significance level of 0.05, and in F8 at level 0.01, whereas in the
control group no difference was found. These variations show the activation
of the occipital zone (primary visual area) in the achievement of tasks of
visual attention, and an increase in frontal area, responsible for cognitive
processes.

Some differences between the group of children diagnosed with ADHD
and the healthy control at rest were also found. In F8 at the significance
level 0.05 and 0.01, ADHD children show a lower value of the parameter,
that confirms the hypothesis of slower resting EEG activity.

3 Smooth Complexities

Several groups have employed Hjorth parameters for the EEG processing:
Elbert et al. [2], R. F. Byring et al. [1], among others.

The Hjorth parameters are defined in terms of the spectral moments of
the signal

A = m0

M = (m2/m0)
1/2

C = (m4/m2)
1/2/(m2/m0)

1/2

Cq =
(

(m2(q+1)/m2q)− (m2q/m2(q−1))
)1/2 ∀q ≥ 1

where
m2q =

∫

R

w
2q
S(w) dw =

1

T

∫

I

(

x
(q)(t)

)2

dt,

x(t) and x̂(w) are the representation of an EEG signal in the time and fre-
quency (Fourier Transform) domains, x̂(w)∗ the complex conjugate of x̂(w),
and S(w) = x̂(w)x̂(w)∗.

For large q, the computation of m2q implies a numerical differentiation of
high order followed by a numerical integration, and this process may produce
considerable computation errors. To avoid these problems we propose the
use a method of interpolation by polynomial splines σ of degree 2q − 1 to
reconstruct the signal. The computation of the quadratures for m2q can be
obtained by means of the following formula:

m2q =
1

T

∫

I

(σ(q)(t))2 dt =
1

T

[

(−1)q
N
∑

i=1

dixi

]

We applied the previous method for the EEG study of ADHD. The mo-
bility M is considered an index of the mean frequency of the EEG. It is well
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known that the frequency increases with age and thus we have chosen the
mobility as a suitable quantifier of the brain maturity.

The parameter M was computed for the EEG at rest with closed eyes of
the same samples of children of the Section 2. The channels processed were
F3, F4, P3, P4, O1, O2.

It can be observed that, in general, the ADHD group presents lower values
of the mobility at rest. These variations have been confirmed statistically by
means of a non-parametric test (Mann-Whitney). Significant differences were
found in the frontal area, locations F3 and F4, for a significance level of 0.05.

Concerning the ADHD, the results obtained by other groups indicate
the existence of excessive slow activity. The experiments of Mouzé-Amady
& Horwat [3] indicate that the mobility is significantly correlated with the
mean frequency of the EEG, calculated by means of Fast Fourier Transform.
According to these results, the children with deficient attention present lower
values of the mobility, that is to say, a ”slowness” in the EEG with respect
to the healthy children, which confirms the described findings.
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1 Introduction

Recent research activities in the �eld of diesel engines have shown the poten-
tial to reduce pollutant emissions and improve thermal e�ciency by control-
ling fuel reactivity. However, understanding the impact of blending fuels with
di�erent physical and especially chemical properties on diesel-like spray mix-
ing and combustion processes is still a challenge. The present work focuses on
modeling a dual fuel spray in diesel-like conditions by means of CFD, com-
paring di�erent diesel and gasoline blends in terms of ignition characteristics
and �ame structure.

2 Methodology

Three di�erent cases (pure diesel and two diesel-gasoline blends with 80/20
and 60/40 mass fraction ratio) of a single spray in a constant volume ves-
sel were calculated with the dieselFoam solver of the open source CFD code
OpenFOAM R© (Version 1.6). Turbulence was modeled with the standard k-ε

∗e-mail: rinoro@mot.upv.es
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RANS model. N-heptane and iso-octane were used as surrogates in order to
model the chemistry of diesel and gasoline, respectively. A reduced mecha-
nism [1] was applied to describe the chemical kinetics. The numerical setup
and the adopted models were adjusted and validated under inert conditions
with experimental data from the Spray A case of the ECN [2].

3 Results

The main objective of this work was to determine the in�uence of modi�ed
fuel reactivity on the spray ignition and combustion processes. Therefore, the
results shown in this section are chosen in order to identify the di�erences
found in this investigation.
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Figure 1: Ignition delay analysis. Temporal evolution of max. temperature

Fig.1 represents the temporal evolution of the maximum temperature in
the vessel. Temporal di�erences in the temperature rise can be observed for
the three di�erent fuel blends, where the pure diesel case ("100%") shows
the earliest rise of temperature. A progressive increase of ignition delay is
observed with decreasing diesel proportion (percentage values in Fig.1) in
the blend. This outcome goes along with the di�erence in ignition delay of
pure n-heptane and iso-octane. Moreover, these results con�rm the potential
of fuel blending to control the reactivity of the spray.

Additionally to the impact on the ignition delay, also an e�ect on the
di�erent levels of equivalence ratios φ where combustion occurs can be ob-
served. This fact is demonstrated in the φ-T-maps in Fig.2 at start of com-
bustion (SOC) and 0.05ms after SOC (time values stated in the �gure are
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Figure 2: E�ect of the fuel proportion on the ignition process. Circles: pure diesel,
squares: 60/40 diesel-gasoline blend. Left �gure: at SOC, right �gure: 0.05ms after SOC

milliseconds after start of injection). The ignition process of the pure diesel
fuel spray starts at equivalence ratio values between 2.5 and 3, whereas the
60/40 diesel-gasoline blend ignites at an equivalence ratio of approximatly
1.5.
In summary, the results evidence how controlled fuel reactivity, by adjust-
ing blend proportions, introduces temporal and spatial changes in the auto-
ignition process. The onset of combustion is shifted toward zones with lower
equivalence ratio.
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Figure 3: Flame structure comparison 2ms after SOI. Pure diesel (top half), 60/40
diesel-gasoline blend (bottom half)

In addition to the auto-ignition process described above, the structure of
the lifted turbulent di�usion �ame associated to the fuel spray combustion
was investigated.
A key parameter of such �ames is the lift-o� length (LOL). The high interest
in controlling the lift-o� length arises from its relationship with the pollutant
formation during combustion [3]. Several strategies exist to control the lift-
o� length, such as reducing the ambient temperature, decreasing the injector
hole diameter or increasing the injection pressure in order to increase the lift-
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o� length. However, the implementation of these strategies in real engines
is di�cult and/or expensive. Therefore, controlling the lift-o� length by
adjusting the fuel reactivity is a promising approach.
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Figure 4: φ-T map 2ms after SOI and soot region. Pure diesel (circles), 60/40 diesel-
gasoline blend (squares)

Approximately 2ms after the start of injection (SOI) a quasi steady-state
concerning lift-o� length can be observed in all three cases. The CFD simu-
lation results in Fig.3 compare the �ame structure of pure diesel with a 60/40
diesel-gasoline blend. The color range represents the equivalence ratio and,
additionally, temperature contours in zones with T>3000K are depicted in a
plane through the spray axis. The white line plotted in the �gure indicates
a threshold of OH mass fraction of 0.01% which has been used to determine
the lift-o� length of the �ame as it is done in experimental investigations.
A signi�cant di�erence in LOL between the two depicted cases can be seen.
Furthermore, it is important to point out that the reacting zone of the fuel
blend does not reach rich mixture regions. On the contrary, in the pure diesel
fuel spray some parts of the rich mixture (inner black line marking φ=2) en-
ter the high temperature region.
The consequence of this fact is illustrated in the φ-T-map in Fig. 4, where
temperature is depicted versus equivalence ratio. Additionally, the soot re-
gion is marked in the �gure. Both the 60/40 and the 80/20 (not shown here)
dual fuel blends show potential to avoid generating a sooting �ame during
combustion.
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4 Conclusions

A theoretical investigation based on CFD modeling has been performed with
the aim of evaluating the impact of fuel reactivity on the characteristics of a
diesel-like reacting spray.
According to the results of this research, the expected dependence of the ig-
nition delay was con�rmed. Furthermore, �ame lift-o� length, which directly
in�uences soot emission formation, was shown to be intrinsically related to
fuel reactivity. The �nal impact on the �ame structure was evidenced in
terms of the equivalence ratio-temperature maps, since the reacting zones of
the spray were shifted toward lower equivalence ratios, avoiding the zones of
soot formation.
The suitability of combining state of the art CFD modeling tools together
with an adequate chemistry model for reproducing the complex physical and
chemical processes involved in dual fuel reacting sprays has been proven.
Consequently, CFD modeling provides detailed qualitative spatial informa-
tion about the local thermo-�uid dynamic conditions inside the spray and
their time evolution. The expected trends in key parameters were well de-
scribed by CFD results.
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1 Introduction

In the present paper a one dimensional lumped model to calculate the heat
fluxes inside a turbocharger from diesel passenger car has been presented.
This lumped model will be used to determine accurately turbine and compres-
sor efficiency from measurements of a gas stand. Traditionally turbocharger
efficiency calculation has been based on the ratio of change of compressor
enthalpy and isentropic turbine enthalpy [1] showed in equation (1). Nev-
ertheless this equation provides inaccurate results, mainly at lower speeds
and powers, due to the no consideration of the heat fluxes effect and the
mechanical losses in the turbocharger axis.

ηTG =
(T20 − T10) · cp · ṁC

(T30 − T4s) · cp · ṁT

=
ẆC + Q̇C

ẆTs + Q̇T

(1)

2 Lumped Model

The proposed one-dimensional lumped model is shown in Figure 1. This
model is based on the electrical analogy [2]. As the model shows, the tur-
bocharger has been separated into five different regions. Each of them has
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been introduced in the model as a metal node representing the surface tem-
perature. Meanwhile turbine and compressor cases have been represented as
single nodes in the lumped model (T and C), the turbocharger housing has
been divided into three different regions (H1,H2,H3) due to both its compli-
cated geometry and the fact that oil and coolant circuits are placed inside
that small element. Metal nodes in the lumped model are connected between
them by means of metal conductance and connected with the working fluids
by means of convective conductance. Finally, the lumped model includes
capacitors in each of the metal nodes in order to represent the accumula-
tion or release of thermal energy of those nodes during a transient evolution.
Once lumped model information has been obtained using the methodology
described in [3], the model will be used to determine the real power used by
the turbine and the compressor.

Figure 1: 1-D Lumped Model for the turbocharger. Heat fluxes are repre-
sented with arrows.

3 Model Application

The system of equations representing the lumped model is shown in ma-
trix form in (2). Where K is a 9 × 9 matrix storing the whole information
from lumped model. This matrix can be subdivided into four submatrix as
indicates equation (3).
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K ·T = Tk (2)

K =

[

I 0

(h ·A)i/fluid Ki/j

]

(3)

Submatrix I represents the 4×4 identity matrix, 0 is a 4×5 zero matrix.
Columns from submatrix (hA)i/fluid represent each of the working fluids
meanwhile there is a row per each of the metal nodes. Therefore, elements
from submatrix (hA)i/fluid are zero if there is not a physical connection
between node i and fluid j. Columns and rows from submatrix Ki/j represent
the metal nodes. This submatrix is tridiagonal and symetric. Elements for
the main diagonal are the sum of conductances (conductive and convective)
connected with metal node i but with a minus sign, and elements from upper
and lower diagonal are metal conductance between node i and j. Finally,
vectors of temperatures are,

T =
[

TT,in TOI TW TDO TT TH1 TH2 TH3 TC

]t
(4)

T =
[

TT,in TOI TW TDO 0 0 0 0 0
]t

(5)

As the system of equations shows, there are five independent equations
(each non-identity line in matrix (3)) meanwhile there are six unknonws (one
per each node and one more for the diffuser outlet temperature). In order
to solve this system of equations extra information will be obtained from
turbocharger maps where turbine, compressor, oil and cooling inlet condi-
tions are known. Besides, it has been assumed that the measured point in
the map corresponds to the one defined by inlet conditions and the efficiency
from map is estimated and the real mass flow is calculated with equation
(6). Since the map was obtained without having in mind the heat fluxes,
an iteration is performed until the diffuser outlet temperature is obtained.
Then, the aerodynamic efficiency of the compressor will be known. With this
efficiency, and iterative process will be followed in order to obtain the rest of
temperatures.

mmap
T =

Nmap
is,c

ηTGηC∆hmap
is,T

(6)
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A study about the importance of heat fluxes for all the operative condi-
tions of the turbocharger has been performed.

Figure 2: Heat fluxes importance in the turbocharger, a) Heat flux between
exhaust gases and turbine case. b) Heat flux between air and compressor
case.

This information is presented in Figure 2-(a) where the energy transferred
to the turbine case and later transmitted to the rest of the turbocharger is
shown. That energy is expressed in dimensionless form dividing it by the
exhaust gases energy. As it is shown, an important ratio of the available
energy at turbine entrance is not used during the expansion procedure and
passes directly to the rest of the turbocharger as a heat flux. These ratios
are near 45% for the lowest speeds and loads as it has been said traditionally
[4]. Figure 2-(b) shows a similar study but performed at the compressor. As
it is represented, the lower is the turbocharger speed the higher is the ratio
between the energy passed from the compressor case to its air, compared
with compressor power with a ratio around the 10% of the whole compressor
energy.

4 Conclusions

A one-dimensional lumped model for heat fluxes calculation inside an auto-
motive engine turbocharger has been presented. The whole turbocharger has
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been split into different metal nodes. The application of this model into a
real turbocharger has shown the importance of internal heat fluxes when the
turbocharger is running at lower rotational speeds. Besides, this application
allows obtaining adiabatic maps for turbine and compressor using the maps
given by turbocharger manufacturers.
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1 Introduction

The organization and dynamics of many photosynthetic pigment-protein
complexes in the photosynthetic membrane is frequently studied using fluo-
rescence confocal microscopy by means of Fluorescence Recovery After Pho-
tobleaching (FRAP) measuring technique [7]. FRAP has been used since
1970s to study lateral mobility on the cell surface. Later it has been extended
to the investigation of protein dynamics within the living cells [6] including
thylakoid membrane proteins [4, 3]. Based on spatio-temporal FRAP im-
ages, the mobility of photosynthetic complexes in a native intact membrane,
i.e. the diffusivity or diffusion coefficient D,1 is reconstructed using either a

∗e-mail: papacek@greentech.cz
1I. F. Sbalzarini in [6] distinguishes between the molecular diffusion constant and the

apparent diffusion constant; while the former is directly measured by single-molecule tech-
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closed form model or simulation based model [5, 2]. The FRAP images are
in general very noisy, with small signal to noise ratio (SNR), which requires
an adequate technique assuring the reliable results.2

Our study describes the development of a method aiming to determine
the phycobilisomes diffusivity on thylakoid membrane from FRAP experi-
ments. As we know, this is usually done by experimental curve fitting to the
analytical (closed form) models, see e.g. [1, 4, 3]. However, the closed form
models need some unrealistic assumptions. For example, C. W. Moulineaux
et al. [4] have exploited the rotational symmetry of the cells by bleaching a
plane across the short axis of the cell. This approach allowed construction
of bleaching profiles along the long axis. Supposing: (i) the infinite domain,
(ii) the initial bleaching profile is Gaussian: y(x, t0) = y0,0 exp

−2x2

r02
, where r0

is the half-width of the bleach at time t0 = 0, y0,0 is the maximum depth at
time t0, i.e. the depth (y0,0 < 0) of the first post-bleach signal at the center
(x = 0), and (iii) boundary conditions correspond to the complete recovery:
y → 0 as t → ∞, y → 0 as x → ∞; then the solution y(x, t) of diffusion

equation ∂y
∂t

= D ∂2y
∂x2 and the maximum depth at time t, i.e. y(0, t) are as

follows:

y(x, t) =
y0,0r0√

r02 + 8Dt
exp

−2x2

r02 + 8Dt
, y(0, t) =

y0,0r0√
r02 + 8Dt

.

The calculation of diffusion coefficient D then resides in the weighted linear
regression: a plot of ( y0,0

y(0,t)
)2 against time should give a straight line with the

tangent 8D
r02

.
As the analytical approach has several limitations (e.g. restriction to the

cell geometry, full recovery is required, bleach profile must be gaussian-like,
etc.) we model the process by the Fickian diffusion equation (with realistic
initial and boundary conditions) instead. The estimation of diffusivity is
further formulated as an optimization problem consisting in the minimization
of an objective function representing the disparity between the experimental
and simulated time-varying concentration profiles.

niques, the latter is determined by coarse-grained methods such as FRAP, averaging over
a certain observation volume.

2Let us mention that the fluorescence confocal microscope allows the selection of a
thin cross-section of the sample by rejecting the information coming from the out-of-focus
planes. However, the small energy level emitted by the fluorophore and the amplification
performed by the photon detector introduces a measurement noise.
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2 Problem formulation

FRAP (Fluorescence Recovery After Photobleaching) technique allows de-
tection of diffusivity of autofluorescence compound like proteins (e.g. phyco-
biliproteins) and also other non-fluorescence compound that are fluorescently
tagged (e.g. green fluorescence proteins - GFP). This method is based on
application of short, intense laser irradiation (the so called bleach) to a small
target region (Region Of Interest - ROI) of the cell that causes irreversible loss
in fluorescence in this area without any damage in intracellular structures.
After the ”bleach” (or ”bleaching”), the observed recovery in fluorescence
in the ”bleached area” reflects diffusion of fluorescence compounds from the
area outside the bleach. For an arbitrary bleach spot and assuming (i) local
homogeneity, i.e. assuring that the concentration profile of fluorescent par-
ticles is smooth, (ii) isotropy, i.e. diffusion coefficient is space-invariant, (iii)
an unrestricted supply of unbleached particles outside of the target region,
i.e. assuring the complete recovery,3 the unbleached particle concentration C
as a function of spatial coordinate ~r and time t is modeled with the following
diffusion-reaction equation on two-dimensional domain Ω:

∂C

∂t
−∇ · (D∇C) = R(C) , (1)

where D is the fluorescent particle diffusivity within the domain Ω and R(C)
is a reaction term. The initial condition and time varying Dirichlet boundary
conditions are:

C0 = f(~r, t0) in Ω, C(t) = g(~r, t) in ∂Ω× [t0, T ]. (2)

The reaction term R(C) is often viewed as negligible under assumptions that
diffusion of fluorescence compounds (proteins) is not restricted (e.g. by some
binding to the medium) and that photobleaching of these molecules during
recovery is negligible. Consequently, if R(C) is neglected, Eq. (1) becomes
the Fickian diffusion equation. In contrast, under continual photobleaching
during image acquisition, this reaction term could be described as a first
order reaction:

R(C) = −kS C , (3)

where kS is a rate constant describing bleaching during scanning [2].

3The recovery is not always complete. It is usually modelled by introducing some
correction term. More consistent method resides in the special time dependent Neumann
boundary condition in form of a saturation curve.
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1 Introduction

Realistic boundary conditions are necessary in numerical simulations in order
to get validated results. In computational fluid dynamics it is widely accepted
that the fluid behaviour is determined in large part by the inlet behaviour,
especially in turbulent flows. For Reynolds Averaged Navier-Stokes (RANS)
simulations, only mean profiles of velocity or pressure and some turbulent
variables need to be defined at the inlet, but for Large-Eddy (LES) and
Direct-Numerical (DNS) Simultaions the turbulent inflow conditions have to
be prescribed [2].

The power of LES for modelling real systems has been proved by R. Payri
et al. [3]. However, no comparison of fluid behaviour in real systems with
different inlet boundary conditions has been found [1]. Thus, in the present
work the main idea is to simulate the internal flow of a diesel injector in order
to check the accuracy of three different already available inlet conditions.

∗e-mail: jaigigar@mot.upv.es
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2 Methodology

LES code [7, 15] is applied to an industrial process, such a modern common-
rail nozzle injector in diesel engines [10, 11]. The pressure gradient in these
systems is very high and the fluid experiences a restriction, which could
affect in the flow in a way the boundary layer detaches and the flow along
the hole becomes turbulent. The study is focused just to the liquid phase
inside nozzle (no cavitation is considered) [12], and the main goal is to find
the most suitable inlet boundary condition.

The nozzle geometry is the same that used in previous works [3, 5]. It
corresponds to an axi-symmetric nozzle manufactured specially for research
purposes. The orifice has an outlet diameter of 112 µm and 1 mm of length.
The shape is convergent, thus the cavitation is “avoided” [6] and the as-
sumption that simulation involves only incompressible liquid is validated.
The computational mesh used in this study is the same that was used in
previous works [3, 5].

The conditions are characterized by two inlet pressures, 120 MPa and
160 MPa, correspondig to medium and high diesel injection pressures and
an outlet pressure of 5 MPa. Isothermal conditions are assumed and the
temperature used for the simulations was 298 K. The working fluid was
winter diesel fuel with a constant density of 825.28 kg/m3 and also constant
viscosity of 2.80 · 10−3 kg/(m · s) [9].

The Reynolds number based on the theoretical Bernouilli velocity and
the exit diameter is 17400 for medium injection pressure case and 20200 for
high injection pressure case. Both values are high enough to expect the flow
to be turbulent. Before the calculation it was unknown if the turbulence is
fully developed because the hole could not be long enough.

The boundary conditions used in the simulations are described below.
Inlet conditions are detailed in the next subsection.

• Walls: non-slip velocity condition.

• Outlet: uniform pressure condition was used, and zero gradient velocity
setup [5].

2.1 Inlet conditions

Three different inlet conditions were tested. According to [1], the inlet
boudary should:
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• be stocahstically varying;

• ... on scales down to the filter scale (spatially and temporally);

• be compatible with Navier-Stoke equations;

• “look” like turbulence;

• allow the easy specification of turbulent properties;

• and be easy to implement and to adjust to new inlet conditions.

However, the chosen inlet conditions do not meet all of these requirements.
They are:

• Constant pressure: uniform pressure condition and zero gradient velo-
city setup.

• Turbulent inlet: similar to the previous condition, but a random Gaus-
sian noise is added over pressure variable (with an amplitude of 5%
[16, 8]). It does not reproduce the coherent structures and the oscilla-
tions could be quickly damped.

• Mapped inlet (or direct mapped): internal mapping condition in which
a precursor domain is integrated in the main domain (leading to higher
computational cost).

2.2 Procedure

The governing equations (filtered Navier-Stokes equations) are solved using
the finite volume CFD code OpenFOAM 1.5 [8], which employs temporal
and spatial discretisation schemes that are bounded and preserve the proper
physical limits on the fluid-dynamics variables. The solution procedure em-
ploys the Oodles solver, which is a generic single-phase incompressible LES
solver.



Modelling for Engineering & Human Behaviour 2011 255

3 Results and discussion

3.1 Time evolution

A comparison of the instantaneous velocity trend is made. Only the stabilized
time will be shown, defined as the simulated time at which the oscillations
have appeared and the flow is stabilized in time. The previous trend is always
the same. Table 1 summarizes this time for every simulation. It can be seen,
in both cases, that the turbulent inlet aids the oscillations to appear. Direct
mapped inlet stabilizes the flow even in less time, but this does not mean
mapped inlet is the fastest option, the domain is more than double so the
computing time will be larger (more than double).

Case name Stabilization time [ms]
1200 simple 60.6395

1200 turbulent 43.969
1200 mapped 23.865
1600 simple 64.9329

1600 turbulent 24.978
1600 mapped 27.565

Table 1: Stabilization time for every simulation made.

Figure 1 shows the velocity time evolution for 120 MPa injection pressure
case. Figure 1a shows the expected result, the turbulence is generated at
the restriction (entrance of the hole) and developed along the hole. So,
there are no oscillations at the entry section, some at the middle and more
at the exit. The behaviour with the turbulent inlet is the same, shown in
Figure 1b, but some oscillations can be observed at the entry. This is because
of the artifical oscillations that the boundary is imposing close to the entry
section. Nevertheless, no oscillations at all can be seen for the mapped inlet
simulation. No turbulence is generated with this boundary. The same fluid
behaviour is observed for the high injection pressure case.

3.2 Validation using experimental results

The simulation results are compared against equivalent experimental data
performed in [6]. The parameter used for comparison purposes is Cv, as de-
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(a) Constant pressure (b) Turbulent (c) Mapped

Figure 1: Velocity time evolution for stabilized flow in three different points
of three different sections for 120 MPa injection pressure case.

fined by [14]. The comparison is summarized in Table 2. As can be seen,
constant pressure inlet estimates the experimental value very well mean-
while turbulent boundary overestimates and direct mapped underestimates
it slightly. With this result any inlet condition can be dismissed, the three
of them are in a range narrow enough to say that they are right, especially
considering the error in the experimental measurement.

Case name Cv [-] Cv|exp [-] Deviation [%]
1200 simple 0.902 0.907 −0.569

1200 turbulent 0.912 0.907 0.619
1200 mapped 0.888 0.907 −2.034
1600 simple 0.908 0.909 −0.166

1600 turbulent 0.964 0.909 6.025
1600 mapped 0.909 0.909 −0.002

Table 2: Simulated and experimental velocity coefficient values and deviation
between them.

4 Conclusions

There are big differences in the turbulent fluid behaviour, but none of the
inlet has been better for internal flow in diesel injectors:
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• by using a constant pressure inlet, velocity and oscillations similar to
the experimentally obtained are calculated, but the required time is
high and the inlet does not have the structure of the turbulence;

• by using a turbulent inlet condition, the required time decreases signif-
icantly, though the calculus is more unstable and the fluctuations do
not have the coherent structure of the turbulence neither;

• and by using the mapped inlet condition the calculus is stable and less
simulated time is required to get stabilized flow, but no turbulence is
generated in a reasonable time.

However, considering the presented results the next solution to improve
the simulation is purposed:

1. using the constant pressure inlet until the exit velocity reaches values
close to the real ones,

2. then change the inlet condition to turbulent inlet to generate oscilla-
tions faster,

3. and finally switch to a direct mapped to stabilize the flow, obtain real
turbulent structures and simulate more time.

This combination will be case dependent.
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López. Validation of a code for modeling cavitation phenomena in Diesel



Modelling for Engineering & Human Behaviour 2011 259

injector nozzles Mathematical and Computer Modelling, 52:1123–1132,
2010.
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1 Introduction

Some usual centrality measures (degree, betweeness, etc.) can be used to
assign importance to users in a Social Network Site (SNS). We use the concept
of PageRank [1] since it has proved to be of utility in some fields, apart of
being in the core of the searcher Google.

The framework presented is based on the concept of Leadership group

recently introduced by one of the authors [2]. In particular, we show how
to analyze the structure of the Leadership group as a function of a single
parameter.

We classify the users of an SNS based on the Personalized PageRank
(PPR) vector. PPR is PR when using some prescribed personalization vector.
PPR was originally introduced to bias PR to some nodes [3]. See, e.g., [4]
for an analytical formulation. An example of how to use topics of the queries
to bias the PageRank can be found in [5].

We are interesting in classifying the nodes of a network considering the
direct graph of the network and the features of the nodes. PPR is used to

∗e-mail:pedroche@imm.upv.es. This work is supported by Spanish DGI grant
MTM2010-18674.
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include some features of the nodes. The method presented allows to give an
extra of PR to some nodes in a controlled way. In this paper we call a leader

a node that has higher PR than the others.

2 Preliminaries

Let G = (N , E) be the directed graph representing a Social Network Site.
Users are represented by the set of nodes N = {1, 2, . . . , n} and the set of
directed links is E ⊆ N ×N . The link represented by the pair (i, j) belongs
to the set E if and only if there exists a link pointing from node i to node j.
In this paper we assume that each node has at least one outlink.

Let 0 < α < 1 be the damping factor (that we use as α = 0.85). Let
e ∈ R

n×1 be the vector of all ones and let v be the personalization (or
teleportation) vector, i.e., v = (vi) ∈ R

n×1 : vi > 0 for all i ∈ N and
vTe = 1. The Google matrix is defined as G = αP + (1 − α)evT , and
is an stochastic and primitive (irreducible and aperiodic) matrix [3]. The
PageRank vector is defined as the unique left Perron vector of G, that is:
πT = πTG, with πTe = 1. Denoting ei the ith column of the identity matrix
of order n, the PageRank of a node i is πi = πTei. We call basic PageRank,
and denote it by basic PR to the vector π(e/n). We call basic leader a node
that is in the top of the basic PR.

3 Leadership group

The fundamentals of the model were presented in [2], where the concept of
Leadership group, L, was introduced.The following two definitions constitute
the framework that allows classify users using PPR.

Definition 1. Given a directed graph G = (N , E), let 0 < ǫ ≤ n−1

n
and let

vi(ǫ) = [vij ] ∈ R
n×1 : vii = 1 − ǫ, vij = ǫ/(n − 1) if i 6= j. For each i ∈ N ,

let PRi = π(vi). and we denote as (PRi)j the jth entry of PRi.

Note that (PRi)j represents the value of the PR corresponding to node j
when using the personalization vector vi(ǫ). This is the centrality measure
that we use.
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Definition 2. Given a directed graph G = (N , E), and 0 < ǫ ≤ n−1

n
, the

Leadership group, L ⊆ N is defined as follows: j ∈ L if, for some i ∈ N it

holds that

(PRi)j ≥ (PRi)k for all k 6= j. (1)

i.e. for some personalization vector vi(ǫ), node j has the greatest PageRank.

The number of different indices i ∈ N for which (1) occurs is called the

frequency of node j in L, and we denote it as νL(j).

3.1 Example
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0 0.5 0.5 0 0
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Figure 1: A graph and its corresponding row stochastic matrix

Node j PR1 PR2 PR3 PR4 PR5 νL(j)
1 0.38 0.29 0.34 0.26 0.26 2
2 0.30 0.39 0.27 0.35 0.35 3
3 0.17 0.13 0.25 0.12 0.12 0
4 0.14 0.18 0.13 0.25 0.16 0
5 0.01 0.01 0.01 0.01 0.11 0

Table 1: PRi, and νL(j) for the graph of Fig. 1, with ǫ = 0.3.

In Table 1 we show the elements of the vector PRi, for ǫ = 0.3, for the
graph shown in Fig. 1. Note that in this example changing vi(ǫ) we obtain
a different ranking. That is why we claim that we use PPR depending on
two parameters (i and ǫ) as a centrality measure. In this example we have
L = {1, 2} and νL(1) = 2 and νL(2) = 3. Note also that, giving a node i,
the maximum value of the PPR for that node is obtained when computing
PRi; Note also that there are nodes such as nodes 3, 4 or 5 that do not win
even though we bias the PPR to them, for the ǫ considered. Computing the
same experiment for some values of ǫ we find that for ǫ ≤ 0.68 we have that
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L = {1, 2} while for ǫ ≥ 0.69 we have that L = {1}. Therefore, in this graph
the ranking, the structure of L and νL(j) depend on ǫ.

In this framework we can define the probability to be a leader in the
following form.

Definition 3. Given a directed graph G = (N , E), and 0 < ǫ ≤ n−1

n
, let L

and νL(j) given by Definition 2. We define the probability of node i ∈ N to

be a leader as P (i, ǫ) = ν
L
(i,ǫ)

∑

j∈N

ν
L
(j,ǫ)

.

4 Conclusions

We have presented a theoretical framework for classifying users in SNSs.
We have shown that the Personalized PageRank can be used as a centrality
measure depending on two parameters. We have shown how to analyze the
Leadership group using a single parameter ǫ. We have introduced the mea-
sure νL(j) that can be also used as a centrality measure. We have introduced
the probability to be a leader in this framework.
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(‡) Institut Universitari de Matemàtica Multidisciplinar,
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1 Introduction

Compartmental modelling is a common approach to simulate biological pro-
cesses. Furthermore, these models have been used in many diverse areas such
as economics, engineering, medicine, or human sciences. In particular, many
models have been developed to study pharmacokinetic processes, such as the
examples analysed in this paper.

This work is focused on the parallel inputs model [1], which is based on a
suggestion given by Jacquez, who considered that the single-peak concentration-
time response that usually follows the oral administration of a drug could
be modelled using a single linear chain of identical compartments connected
together in series. A similar approach is based on two or more parallel linear
chains connected to the output compartment with elimination rate ke, as
shown in Figure 1. Each chain is formed by a number (that can vary for each
chain) of identical compartments. Due to the possible different pathways
to reach the output, this type of model is usually used to analyse pharma-
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cokinetic processes in which inputs show effects on the output with different
delays in time.

a1,1 

k1 a1,2 

X
 

ke 

a1,N1  

k1 
k1 

an,1 

kn an,2 
an,Nn  

kn 
kn 

un 

u1 

Figure 1: Diagram of the parallel inputs model.

When studying a biological process with a compartmental model there is
always some mismatch between the model and real life, caused because math-
ematical models are a simplified version of the actual process. This mismatch
yields non-modelled dynamics. Furthermore, a common characteristic of bi-
ological processes is variability, leading to parametric uncertainty. The exact
values of the model parameters and initial conditions are unknown, but they
can be bounded by intervals. There is just one solution for constant param-
eters, but parametric uncertainty yields a set of different possible solutions.
The computation of an output envelope must guarantee the inclusion of all
the possible solutions for the model.

The aim of this work is to propose a new method to minimise the over-
estimation of output bounds on the parallel inputs model.

2 The computation of output bounds

Different approaches have been applied to compute the set of possible solu-
tions when interval parametric uncertainty is considered. These approaches
have been compared in two cases: subcutaneous insulin absorption for ar-
tificial pancreas research, and the study of the double-peak phenomenon
observed for certain drugs [2]. The results for this second example are shown
in Figure 2.

Montecarlo methods have traditionally been used to deal with uncer-
tainty. However, they are not applicable for computing output bounds be-



Modelling for Engineering & Human Behaviour 2011 266

0 50 100 150
-1

-0.5

0

0.5

1
x 10

9

Time [t]

D
ru

g
 [
m

U
]

0 50 100 150
0

2

4

6

Time [t]

D
ru

g
 [
m

U
]

0 50 100 150
0

2

4

6

Time [t]

D
ru

g
 [
m

U
]

(a) (b) 

(c) 

Figure 2: Improvements computing double-peak phenomenon bounds. (a)

VNODE-LP computation. (b) Monotonicity analysis of the parallel inputs

model. (c) Monotonicity analysis of the equivalent one-compartment model.

cause, independently of the number of simulations executed, the bounds ob-
tained do not guarantee the inclusion of all the possible solutions. This
inclusion guarantee is a priority when a model is used as part of a medical
decision system, as is the case here, since the output bounds must ensure
that all the possible responses by the patient are outside risk levels. Other
areas where this is needed include error-bounded parametric identification
and constraint-satisfaction problems. Furthermore, the computational cost
of Montecarlo methods increases proportionally to the number of simulations
performed to cover the uncertain input space sufficiently. For these reasons,
Montecarlo simulations have just been used to measure the overestimation
produced by the different methods.

Region-based approaches have been considered for the output bounds
computation, using VNODE-LP [3] software. This C++ solver computes
guaranteed output bounds, but the error obtained produces a large overesti-
mation, as seen in Figure 2a.

The most common method in the literature to reduce overestimation is
to perform a monotonicity analysis of a trajectory-based approach [4]. After
this analysis is performed, only non-monotone compartments or parameters
produce an overestimation in the output bounds computation. In the parallel
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inputs model, the only non-monotone parameters are ki. An overestimation
is produced due to these parameters, as seen in Figure 2b, but this is much
smaller than the error obtained with the VNODE-LP method.

Finally, our proposal consists in obtaining an equivalent model combining
analytical solutions of the input chains with a monotonicity analysis. This
approach allows computing critical points of the non-monotone parameter
ki, which helps to compute tighter output bounds, as seen in Figure 2c. Fur-
thermore, the computational cost is just 0.02 seconds to obtain the solution
bounds.

Our proposed method outperforms previous approaches for the compu-
tation of output bounds on the parallel inputs model, as it minimises the
overestimation produced, and also because of its low computational cost.
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1 Introduction

The use of aftertreatment systems in internal combustion engines has be-
come a standard in recent years [1]. The inclusion of these systems in 1D gas
dynamics codes for internal combustion engine modelling [2] demands the
development of a chemical species transport model able to consider the influ-
ence of chemical species conversion along the engine flow-path on emissions
and flow thermal properties.

This work presents a chemical species transport model to account for
variable composition and gas properties along the engine flow path. The
performance for chemical species transport in 1D elements of shock-capturing
methods, such as the two-step Lax&Wendroff method and the Sweby’s TVD
scheme, is analysed by means of shock-tube tests. The influence of the fluid
modelling as perfect or non-perfect gas on the numerical methods features
and the flow characteristics on shock-tube results is analysed.
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2 Chemical species transport model

The governing equations for one-dimensional unsteady compressible non- ho-
mentropic flow, i.e. the mass, momentum and energy conservation equa-
tions, form a hyperbolic system of partial differential equations [3]. Addi-
tionally, the solution of the chemical species transport along the 1D elements
requires n − 1 equations of chemical species conservation in the governing
equations system, where n is the number of chemical species to be trans-
ported. The chemical species conservation equation in vector form is

∂ (ρYF )

∂t
+

∂ (ρuYF )

∂x
= ρF Ẏ (1)

where Y is a vector including the mass fraction of n − 1 different chemical
species. The mass fraction of the chemical species n is given by the following
compatibility equation:

Yn = 1−
n−1
∑

j=1

Yj (2)

The transport of chemical species in 1D elements can be performed solv-
ing the governing equations systems by means of finite difference numerical
methods, which need to be adapted. In the case of the finite difference nu-
merical methods applied in this work, the following considerations have been
taken into account:

• In the case of the two-steps Lax&Wendroff method [4], the n− 1 equa-
tions of chemical species transport are discretized in the same way than
the mass conservation equation. The only difference is that both the
solution and the flux terms have to be multiplied by the mass fraction
of the chemical species i, Yi.

• In the case of the Sweby’s TVD scheme [5], the transport of chemical
species requires the use of the vector formulation of the Sweby’s TVD
scheme to solve the mass, momentum and energy conservation equa-
tions, whereas every chemical species conservation equation is solved
applying the scalar formulation.
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3 Results and discussion

This section is focused on the evaluation of the two-step Lax&Wendroff
method and the Sweby’s TVD scheme to solve the chemical species transport.
These methods are applied to shock-tube tests derived from the Riemann
problem.

Case I: Thermal and composition contact discontinuity

Case I is a shock-tube test consisting of a duct with a diaphragm separating
two regions where the flow has different conditions in pressure, temperature
and composition. When the diaphragm is removed, the initial conditions
generate a shock wave and a strong thermal and composition contact discon-
tinuity.
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Figure 1: Case I. Results of the two-step Lax&Wendroff method with chem-
ical species transport. Time t = 0.001s.

Figure 1 shows the results corresponding to the two-step Lax&Wendroff
method. As common in symmetric shock-capturing methods of second or
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higher order, the solution is dispersive and spurious around the discontinu-
ities. This behavior appears also in the transport of chemical species.

Regarding the numerical solution considering non-perfect gas, it is worth
to note that the main differences with respect to the exact solution appear
in the left side, since the exact solution has been obtained with the fluid
properties of the right side. The differences affect mainly the propagation
velocity of the rarefaction wave, since it is the discontinuity more exposed
to fluid properties differences with respect to the exact solution. A slight
influence appears also in the region between the contact discontinuity and
the shock wave because of the temperature effect.
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Figure 2: Case I. Results of the Sweby’s TVD scheme with chemical species
transport. Time t = 0.001s.

The same simulations have been performed with the Sweby’s TVD scheme.
As shown in Figure 2, the use of this method allows removing the spurious
oscillations around the discontinuities, independently of the perfect or non-
perfect gas assumption. However, this approach involves numerical diffusion
around the discontinuities. It affects the mass fraction solution mainly in the
region of the contact discontinuity but influences also in the proximity of the
shock wave and in the end of the rarefaction wave.
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Case II: Contact discontinuity in ICE

This case is devoted to evaluate the magnitude of the influence that the non-
perfect gas assumption has on the solution of a contact discontinuity between
a wave of exhaust gas and fresh air in internal combustion engines.
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Figure 3: Case II. Chemical species transport considering variable gas prop-
erties. Time t = 0.001 s.

The results shown in Figure 3 evidence that the variable gas properties
calculation brings noticeable differences in temperature, pressure and velocity
prediction in thermal and composition contact discontinuities typical from
ICE. The variations affects the propagation velocity of shock and rarefaction
waves and the position of the contact discontinuity.

4 Summary and conclusions

The paper presents a chemical species transport model for gas dynamic calcu-
lation and an analyis of the influence on the solution of representative shock
capturing methods. The two-step Lax&Wendroff method has shown typical
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spurious oscillations of second order symmetric schemes. On the other hand,
the Sweby’s TVD scheme mitigates this effect but introduces numerical diffu-
sion around the discontinuities. Influence of the rarefaction and shock waves
has been also identified on the chemical species transport.

The transport of the chemical species has additionally allowed the solution
of the governing equations with the assumption of non-perfect gas. The
shock-tube tests results has evidenced that variable gas properties as function
of temperature and composition must considered for a suitable prediction of
wave propagation velocity at typical ICE operating conditions.
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1 Introduction

This contribution is concerned with love dynamics. In particular, we consider
committed relationships intended to endure. Given the current grim statistics
about divorce, a fundamental problem consist of understanding what makes
some couples successful while others are miserable. This is an old question
already posed by psychologist Louis Terman in the 1930s [1].

A further contemporary problem arises from sociological evidence. On
one hand, there is an epidemic of failure among couple relationships in the
western world. This is evidenced in many surveys and studies, e.g. [?]. Also,
there is evidence that most people consider a long-term relationship as a
main ingredient of happiness and, furthermore, most of them would consider
their own relationship stable [4, 5]. These two facts together pose what can
be called the failure paradox: how is it that, while most couples are ready
to commit to a lasting happy relationship, a massive proportion of them will
fail?
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This note seeks to contribute to understand the problem of long-term
sentimental relationships via a mathematical model based in optimal control
theory.

2 The (Adam and Eve) model

The model makes three simple assumptions, that may be considered plausible
in the case of Adam and Eve’s love story.

The first assumption is homogamy: the couple itself is the planning unit.
In particular, no interaction dynamics within the couple is considered. This
strong assumption amounts to considering the partners as similar. This seems
valid in the West, where people choose their long-term partners among those
who are similar to them (see e.g. [6]). A weaker form is similarity is needed
here: partners share the parameters and functional structure defined below.

The second assumption is the second law of thermodynamics of marital

relationship: there is a natural decay of the sentimental dynamics, that can
be counteracted with effort. This fact is widely recognized by scholars and
therapists and it was formulated as a law by Gottman et al [1]. The second
law can be written as a linear differential equation that describes the decay
of the variable x(t) ≥ 0 describing the state of the relationship (the feeling)
plus a recovery term that comes from the effort making, whose level is given
by the variable c(t) ≥ 0 (the effort). The equation reads

dx

dt
= −rx+ ac, (1)

where r > 0 measures the strength of the feeling fading inertia and a > 0
represents effort efficiency.

The third assumption concerns well-being valuation: couples evaluate
their relationship through a cost-benefit approach. Feeling is something
good that produces satisfaction but in a decreasing fashion. So feeling sat-
isfaction is described by some increasing and concave function U(x) that
goes flat when feeling becomes large, i.e. U ′(x) > 0, U ′′(x) < 0, and
U ′(x) → 0 as x → +∞. Bad things, however, escalate. Since high le-
vels of effort are considered a bad thing, effort discomfort D(c) is assumed
to be increasing and convex beyond certain level c∗ ≥ 0. However, effort
levels below c∗ may have a positive effect on well-being, so that partners
enjoy making the effort provided it is not excessive. It is thus assumed that
D′′(c) > 0, D′(c∗) = 0, and D′(c) → +∞ as c → +∞.
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The assumptions above allows us to formulate the couple’s plan for their
relationship as an optimal control problem: the couple determines the ef-
fort path that makes them as happy as possible and such that the entailed
feeling-effort dynamics is sustainable in the long-term. Total happiness is
expressed as the aggregate net well-being during the non-terminating life of
the relationship, i.e.

∫ ∞

0
exp(−ρt) (U(x)−D(c)) dt.

The instantaneous satisfaction is balanced with an exponential term that
represents temporal preference in a standard way.

3 Results

Optimal control theory [7] produces the fundamental equation for the optimal
effort dynamics:

dc

dt
=

1

D′′(c)
((ρ+ r)D′(c)− aU ′(x)) . (2)

It is apparent from above that the favorite effort level c∗ is never a solution
of the couple’s problem.

• The back room analysis. The analysis of the coupled feeling-effort dy-
namics (1)-(2) produces significant features. First, there is a unique
sentimental equilibrium E = (x♥, c♥). E is admissible if x♥ > xmin,
where xmin is a certain threshold value below which the relationship is
not considered satisfactory.

A key finding is that the required effort at equilibrium c♥ is always
bigger than the effort level preferred a priori c∗. The existence of this
effort gap represents an unexpected difficulty for the viability of the
relationship: even if the feeling is rewarding, E may not be viable if
the size of the gap is important.

The global dynamics determines the evolution of the sentimental dy-
namics, which is typically expected to start at a high feeling level
x0 >> xmin. The phase space turns out to be that of a nonlinear
saddle. In particular, the feeling-effort dynamics is unstable. Thus, a
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long-term sustainable dynamics is only possible if the initial effort c(0)
is fine-tuned to get onto the stable manifold W− –say at a point A–
and then the trajectory of A, γA ⊂ W−, is followed until E is reached.
Other trajectories are either not admissible or lead to feeling extinc-
tion. Again there is an effort gap along γA: the required effort level
to make the transition from A to E is always above c∗. Thus, lasting
relationships are possible: if E is rewarding enough, if the effort gap is
tolerable, if instability is resisted along the way to E, if the couple is
alert to watch the correct effort permanently.

• The front room analysis. Things look different from the front room,
where real relationships take place. While lasting relationships are
possible they are somehow exceptional. A successful long-term story
seems very demanding, namely: equilibrium must be found and the
problem solved to find γA ⊂ W− –and there is only one such successful
trajectory–; the equilibrium E must be viable, i.e. x♥ > xmin; effort
stress must be tolerable along the path γA; effort instability must be
resisted along γA; and the effort gap that still persists if E is reached
must remain monitored.

• As a consequence, there are apparent reasons not to be optimistic about
the future of a relationship in the front room.

4 Conclusions

Some key sources of instability revealed by optimal control theory explain
the endangered future of a committed relationship. The analysis suggests a
general robust mechanism that may be acting behind the breakdown of many
couple relationships in realistic scenarios. It is the combination of two effects
–the effort gap plus the instability of the dynamics–, provoking that when
effort is relaxed, the feeling is driven far from the successful path towards
non-admissible levels.

The theory also offers a possible explanation for one mystery in the field of
marital therapy [1]: the fact that couples that went through therapy relapse
after some time. The model suggests that, if therapy restores the state of
things back to the stable path, instability and the effort stress may operate
together to take the relationship out of the successful track again after some
time.
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The model study also produces a mechanistic explanation of the failure
paradox, as a consequence of the couple’s planning behavior and the second
law. The theory so gives meaning to a paradoxical statement: Our love was
to last forever. Hence we are now breaking up.
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1 Introduction

The goal of this manuscript is to simulate both the daily inpatient activity and
the length of the stay patterns in the Galician NHS hospitals. To achieve this
aim, the main idea is to fit a distribution to each variable which allows us to
generate new values for them by means of a Monte-Carlo procedure. Once we
produce these new observations, we can also create the corresponding simulated
waiting list and the occupancy rate (the daily percentage of occupied beds).

We also analyze how the number of hospital beds affects inpatient activity,
length of stay and, consequently, waiting list. For that, the simulation was
repeated for several increased percentages in the number of available hospital
beds for two cases: when number of beds does not affect to inpatient activity
(Case 1), and when the number of beds affects to inpatient activity (Case 2).

2 Methodology

Our working data are the daily inpatient activity and the length of stays of
patients admitted to 14 NHS Galician Hospitals in 2009. During this period,
hospitals range a number between 80 and 1300 beds. Due to differences between
the inpatient activity in working days and holidays, this dataset was split into
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two groups: Monday to Friday, except July/August/December days (working
days); and Saturdays, Sundays, and July/August/December days (holidays).

Simulating the daily inpatient activity. Assuming that data are indepen-
dent observations of a Normal variable, one can estimate the mean µwd and the
standard deviation σwd for working days (µhd and σhd for holidays) by means
of the function fitdistr included in the R package MASS (see [1]). Thus, new
observations can be drawn from N (µ̂wd, σ̂wd) or N (µ̂hd, σ̂hd) by means of the R
function rnorm included in the stats package (see [1]).

Simulating length of stay. We have assumed that the variable is continuous,
and we have chosen an approach based on kernel density estimation (see [3]).
If x1, x2,...,xn are the observed length of stay, the density f of the variable
can be estimated by f̂h(x) = (nh)−1

∑

n

i=1 K(h−1(x − xi)), where K is a kernel
function, and h is a positive parameter called bandwidth. Specifically, we have
considered as K the standard normal density function, and h is estimated using
the function density in the R stats package (see [1]). Then, a new value x∗

can be generated as follows: (1) select randomly x ∈ {x1, . . . , xn}; (2) generate
z ∼ N(0, 1); (3) build x∗ = x+ ĥ ∗ z, being ĥ the estimated bandwidth for f̂h.

Simulating hospital activity. Now we are ready to simulate hospital activ-
ity during a given period as follows: (1) generate an inpatient activity value,
taking into account both new patients and waiting list patients; (2) detect the
number of free beds and occupy them with patients for which generate the
length of their stays; and (3) if the daily inpatient activity exceeds the available
number of beds, include the remaining patients in the waiting list.

‘Elasticity’ term: the beds effect. We want to analyze what happens if
the number of beds is modified in two cases. In Case 1, the daily inpatient
activity is simulated according to the procedure seen before, with parameters
estimated regardless of hospital beds. However, for Case 2, we have fitted a
linear regressionmodel where the number of beds is the covariate and the median
(or median absolute deviation) of daily inpatient activity is the response. Hence,
we have obtained that µ̂wd = 3.9619+0.0972×beds, σ̂wd = 2.3747+0.0165×beds,
µ̂hd = 4.2362 + 0.0643 × beds, and σ̂hd = 2.2984 + 0.0181 × beds for holidays.
Thus, the number of beds has a ‘linear’ effect in the inpatient activity pattern.

3 Main results

For a year, we have simulated the variables of interest for three hospitals (C1, C2
and C3), each of them belong to one of the three clusters presented by Reyes [2]
which group hospitals depending on the number of specialities and the type of
services they may offer (high, average and low case-mix). Regarding the hospital
beds, four situations were considered: the real number of beds (0%), and three
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Case Hospital 0% 5% 10% 20%

No beds effect C1 93.50 89.10 84.93 77.89
C2 98.22 93.64 89.33 81.90
C3 90.78 86.14 82.98 75.56

Beds effect C1 93.69 93.63 93.43 93.12
C2 92.21 91.83 91.70 91.40
C3 100.00 99.99 99.98 99.75

Table 1: Cases 1 & 2. Mean of simulated daily occupancy rates for C1, C2 and
C3 for a year period (from January to December).
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Figure 1: Cases 1 & 2 (first & second row, respectively). Simulated daily waiting
list for hospital C1, C2 and C3 for a year period (from January to December).

different increases (5%, 10% and 20%). The study was repeated 500 times and
a summary is shown in Figure 1 and Table 1. For Case 1, for all clusters,
waiting lists disappear and the daily occupancy rate is drastically reduced when
the number of beds rises. Taking into account the effect of the number of
beds in the daily inpatient activity (Case 2), for C1, there are no significant
differences in terms of waiting lists or occupancy rate when the number of beds
increases. However, the increment in the number of beds reduces the waiting
list and increases the percentage of days without waiting lists for C2, whereas
an increase in the hospital beds leads to an increase in waiting list in C3.

As [4] in their study of the effect of hospital bed reduction in bed use 10
European countries found that admission rates appear to be sensitive to bed
supply, with a positive elasticity of 1.44, the same has been found in the present
study. It seems that there are no significant differences in terms of waiting lists
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and occupancy rate when the number of beds of teaching hospitals increased.
In that sense, [5] suggested that an increase in the supply of hospital beds
tends to generate additional demand, either in the form of more patients ad-
mitted or patients treated for longer periods of time or some combination of the
two. Supply-side policies may also be disappointing in their effects on waiting
times for small rural hospitals. The same results have been found by [6] who
show that a common experience is to take measures aimed at reducing waiting
times by increasing activity, only to find that after a brief period demand has
increased and waiting times have reverted to levels similar to those before the
introduction of the measures, since demand responds positively to reductions in
waiting times. On the other side, our study shows that higher capacity in terms
of beds is associated with lower waiting times for medium size hospitals. The
same results were found by [7] showing that econometric evidence suggests that
higher capacity (more beds and physicians), is associated with lower waiting
times.

4 Conclusions

The study shows the usefulness of simulation techniques to examine a hospital
system (in particular, daily inpatient activity and length of stay), and to analyze
the drop in waiting list numbers due to clustering under new-bed allocation.
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1 Introduction

Quasi-positive linear control systems can be used to manage the big game
population of a natural reserve where environmentally sustainable develop-
ment must be guaranteed. These models allow us to estimate the annual
measures (improvements or hunting) that must be implemented to take and
maintain the studied population around the carrying capacity of the reserve,
with an individual distribution that leads to maximum efficiency.

In this work we want to analyze the behaviour of a population that we
have structured in different stage classes according to age and sex. For that
on the basis of the quasi-positive systems, we construct a sex-specific age-at-
harvest mathematical model that can analyzes the dynamic evolution of a
population as a result of its intrinsic attributes and as well as external effects.
Consequently, the model could be used in the developing of the cynegetic plan
of a hunting natural reserve.

∗e-mail: {rcanto, bearibe, amurbano}@mat.upv.es. Supported by the Spanish DGI
grant MTM2010-18228 and by the UPV under its research program PAID-06-10
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2 Mathematical model

From the Lefkovitch model [2, 3] and the quasi-positive lineal systems [1],
we develop a new model that takes into account both age and sex of the
individuals. Except for the youngest ones, which constitute the first stage
class and where we assume the same percentage of males and females, we
divide the life cycle of females into nf stages and the life cycle of males into
nm stages. Then, the dynamic evolution of a population is given by:

N(t + 1) = AN(t) + U(t), t ∈ Z

where N(t) ∈ R
n
+
represents the individuals in each stage class at instant t,

with n = 1 + nf + nm and U(t) shows the annual measures (improvements
or hunting) that must be implemented to take the population around the
carrying capacity of the studied area with a desired individual distribution.

Matrix A is given by:

A =
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with bi ≥ 0, 1 > pi ≥ 0 and 1 ≥ gi > 0.

Proposition 1. Matrix A has a strictly dominant eigenvalue λ1 if the
older female stage class is fertile, the newborn individuals or some females
always survive and remain in the same stage and the maximum probability
of surviving and remaining in the same state in females is greater than or
equal to the probability in males.

Without any external effect (U(t) = 0), the asymptotic population growth
only depends on λ1, whereas the distribution of individuals among the dif-
ferent stage classes tends to stabilize independently of population growth
proportionally to the associated eigenvector u1.
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If for economic reasons it is convenient to change this distribution and
achieve another desired distribution w = [w1 w2 · · · wn]

T we assume that
U(t) = diag(ε1(t), ε2(t), . . . , εn(t))N(t) = Mε(t)N(t). Hence,

N(t + 1) = (A+Mε(t))N(t) = A(t)N(t)

Matrices A(t) are obtained by the next algorithm where they are denoted
by At, D denotes the corresponding λ1(t), t = 0, 1, . . . , k − 1, and Df the
desired eigenvalue λ1

k
the unitary eigenvector of which is w.

Algorithm 1. Introduce A, nf , n, w and tol.

1. Let Df = A(1, 1) + A(1, 2 : nf + 1)w(2 : nf + 1)/w(1, 1)

2. Obtain D

3. Let At = A

4. While |D −Df |/Df > tol

For i = 2 : nf + 1, At(i, i) = D −At(i, i− 1)w(i− 1)/w(i), end

At(nf + 2, nf + 2) = D − At(nf + 1, 1)w(1)/w(nf + 1)

For j = nf + 3 : n, At(j, j) = D−At(j, j − 1)w(j − 1)/w(j), end

Obtain D

end

But we must also check that the desired population density Pf has not
been rising. In any other case, we decrease the population growth applying
a new negative control u(t) = α

∑n
i=1

Ni(t) = α[1 1 . . . 1]N(t) = αeTN(t)
distributed according to w. Therefore,

N(t + 1) = AN(t) + U(t) = AN(t) + (Mε(t)− αweT )N(t) (1)

Finally, once Pf with the individual distribution w is achieved we apply
a negative control u(t) to balance the population, which is estimated from
the equation,

N(t + 1) = AkN(t)− wu(t) (2)

solving by less squares approximation so that u(t) is given by:

u(t) = (wTw)−1w(AtN(t)− wPf). (3)
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3 Example

The Spanish wild goat population in the Valencian natural reserve of “Muela
de Cortes” has been selected to illustrate the model. This population is di-
vided in nine stage classes: newborn individuals, four stage classes of females
and four stage classes of males. Without any external influence, the popu-
lation tends to grow in an indefinite manner, reaching a stable distribution
that differs from the optimal distribution by 12%. To modify it we apply the
quasi-positive model (1). Now, we get the desired population density and
distribution in six years if a hunting strain of 8% and a tolerance of 5% are
considered. From time t ≥ 6, we consider A(t) = A(6) and apply equations
(2) and (3) to keep the population in this conditions. All these results are
summarized in Figure 1. After 5 years the population distribution differs
with the optimal by less than 5%.

Figure 1: Population evolution estimated by the model (1).
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M-J Rodŕıguez-Alvarez †, F. Sánchez † , A. Soriano †,

A. Iborra ‡ and J.C. Cortés ‡

(†) I3M, Centro mixto CSIC-Universitat Politècnica de València-CIEMAT
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Abstract

The high computational cost for iterative image reconstruction algo-
rithms in Computed Tomography (CT) can be partially avoided by using
polar pixel techniques [1]. To deal with the 3D nature of the problem,
exhaustive comparison among three different approaches was carried out
in a 2D based image reconstruction procedure. From these considered 2D
approaches, the one showing best performances was finally implemented
in a 3D based image reconstruction model. We also present a comparison
between 3D images reconstructed with our procedure and the well known
FBP algorithm.

1 Introduction

Image reconstruction in computed tomography (CT) has been dominated by an-
alytical methods like Filtered BackProjection (FBP) [2] because these methods
produce images with a reasonable quality with low cost in terms of computing
time. Recent advances in computer science enable the use of reconstruction
techniques based on iterative methods [3, 4, 5, 6] as an alternative to FBP,
without great penalty on the time needed for image reconstruction. Iterative
methods allow a detailed mathematical description of the tomographic systems.
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As a consequence of the improvement of the image quality, less patient dose is
needed during CT examination. Promising results obtained at the Mayo Clinic
in Arizona reported a 63 % reduction in dose received by the patient when
iterative reconstruction methods were considered instead of FBP [7].

The mathematical description of the tomographic system in iterative recon-
struction process is done through the so-called weight matrix. Three different
ways to obtain the weight matrix are presented and compared for a 2D-CT scan-
ner. The best of which is extended from 2D to 3D. Performance evaluation of
the different approaches proposed in this work is conducted with real data from
a small animal micro CT. The FBP algorithm has been implemented to compare
3D iterative images against the usual algorithm for CT image reconstruction.

2 Iterative reconstruction

The iterative image reconstruction can be regarded as a standard statistical
estimation problem. Maximum Likelihood Expectation Maximization (MLEM)
algorithm [3] has attracted considerable interest in the area of image reconstruc-
tion, as it produces images with better quality than FBP [2]. In order to speed
up the reconstruction process the Ordered Subsets Expectation Maximization
(OSEM) algorithm was proposed [4]. It is a modified MLEM that groups projec-
tions into subsets of angles. Within each iteration the image is updated as many
times as the number of subsets, proportionally accelerating the convergence.

In order to take full advantage from the symmetry of the scanner geometry,
we propose to use polar discretization to arrange the pixels in the field of view
(FOV). So that the weight matrix elements are equal for all the projections.
Since more than one hundred projections are usually required to obtain a CT
image, the polar description cuts down the time and storage requirements of the
weight matrix. Recent studies [1] reveal that polar pixel-based weight matrices
allow an efficient implementation of 3D-MLEM and 3D-OSEM, with an image
quality equal to the equivalent cartesian ones [8].

The elements wij of the weight matrix represent the contribution of each
voxel j to the attenuation of beam i. The way the wij for each pixel (voxel
in 3D) are defined, strongly influences the quality of the reconstructed image
obtained after the iterative process. Three different ways to calculate the weight
matrix have been considered in this work.

Nearest neighbor Each pixel only contributes to its closest beam.

Joseph’s Method [9], Assumes that each pixel contributes to its two sur-
rounding beams. The weighting factor decreases with the relative distance
of the pixel respect to each beam.

Area intersection The weights wij are defined as the area of the pixel j which
intersects a beam i.

The performance of each approach has been assessed with a 50 mm height
and 55 mm in diameter cylindrical phantom of plexiglass. Five holes of 8 mm in
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(a) Nearest (b) Joseph (c) Area

Figure 1: 2D reconstructed images.

diameter were axially drilled at 16 mm off the axis. Four of the holes were filled
with 8 mm in diameter inserts of PolyEthylene, plexiglass, Delrin and Teflon
which model adipose tissue, water, organs tissue and soft bone respectively. The
remaining hole was left empty to model an air region inside the body. In order
to assess the performance of each approach, the average and standard deviation
values in each material during the iterative process have been considered.

3 Results

Although mean values nearly converge to the same value in all three approaches
considered, strong differences are appreciated in the noise obtained with the
different approaches considered. Transversal slices of the reconstructed object
are shown in Fig. 1. It permits to identify the ring artifacts which lead to dif-
ferences in the noise measured in each approach. Strong artifacts are obtained
when the nearest neighbor approach is considered. Artifacts diminish consider-
ably if the two surrounding LORs are considered, although little artifacts are
still appreciated. No evidences of ringing artifacts are seen in Fig. 1 when the
weights matrix is calculated as the area intersection between LOR and voxel.
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Figure 2: Results obtained for 3D sector matrix as a function of update number
for 1, 10, 20, 40 and 100 subsets.

The performance evaluation of the iterative process when 1, 10, 20, 40 and
100 subsets are considered is shown in Fig. 2 for the 3D case and the ”Area
intersection” approach. After about 50 updates, average values measured in each
RoI converge to the same value when less than 20 subsets are considered. As
the number of subsets increases an oscillation of the average value, whose period
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coincides with the number of subsets, becomes more and more appreciable.

(a) FBP 0.8 mm (b) FBP 0.4 mm (c) Iterative 0.8 mm

Figure 3: Comparison of transversal 3D images reconstructed with OSEM and
FBP with several voxel sizes.

The comparison of reconstructed images obtained with iterative and FBP
reconstructions is shown in Fig. 3. The iterative reconstruction procedure con-
sisted of 5 iterations of OSEM algorithm with 20 subsets. When comparing
reconstructed images with the same voxel size of 0.8 mm, iterative method
OSEM exhibits a superior quality. If the voxel size in FBP reconstruction is
reduced to 0.4 mm the image quality improves, being comparable to that in
Fig. 3(c). Results in Fig. 3 confirm that useful images for medical applications
in small animals using voxel sizes as big as 0.8 mm are possible when itera-
tive methods are considered. FBP reconstruction requires voxel sizes of about
0.4 mm to provide useful images therefore increasing image sizes.

4 Conclusions

Research presented in this work shows up the relevance of an accurate mathe-
matical description of the scanner in computed tomography image reconstruc-
tion. Real data from a small animal micro CT has been considered in this
work. In order to take advantage from the symmetry of the scanner geometry
we have used polar discretization of the pixels within the FOV. The proposed
polar discretization reduces the storage requirements of the system matrix on
the computer by a factor that equals the number of projections used in the to-
mographic system, usually 200. Although all weight matrices considered nearly
converge to the the same value in average, noise in the image exhibited strong
differences. The comparison of transversal slices reflects that noise differences
are due to strong “ring” artifacts present in less accurate approaches. From the
three approaches evaluated, that considering the weights as the area intersection
between LOR and pixel had the best performance which has been extended to
3D. Results obtained with iterative reconstruction were finally compared against
FBP reconstructed images. Superior image quality is appreciated in iterative
reconstruction when the same voxel size is used.
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1 Introduction

Most of the improvements achieved to reduce the emissions of diesel engines
and improve their efficiency are due thanks to the advances in fuel injection
systems. One of the most widely used strategies in recent years has been the
increase of injection pressure, which has forced that cavitation and turbulence
play a fundamental role on the internal flow and spray development [1].

The experimental study of the turbulence developed within diesel injector
nozzles and its interaction with cavitation phenomenon present huge difficul-
ties due to extremely small size of the holes, the existence of a multiphase
flow and the high velocities found in the discharge orifices, so the use of
Large Eddy Simulation (LES) has become a great alternative to advance in
the knowledge of the internal flow [2, 3].
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2 Description of the geometry simulated

The nozzle studied is a cylindrical six-hole microsac nozzle with a diameter
of 170 µm, 1 mm of length and a curvature inlet radius of 13 µm, simulating
only the domain belonged to one orifice of the whole nozzle (see Figure 1)
in order to reduce the high computational cost typical of LES techniques,
which capture the large scale motions of the flow and models the small scale
motions that occur on length scales smaller than the mesh spacing. The
geometry has been discretised in a hybrid mesh of 1.836.964 cells, with cell
size ranging in the orifice from 0.6 µm in the orifice wall to 3 µm in the orifice
core (D/56.7) and 8 µm in the rest of the nozzle.

Figure 1: Multi-hole nozzle simulated.

3 Validation of the code

For validation purposes and subsequent study of the cavitation and turbu-
lence interaction, four simulations have been calculated with OpenFOAM
fixing the injection pressure to 160 MPa and varying the backpressure to 3,
5, 7 and 9 MPa. Each simulation has been run in parallel using 30 processes,
needing 90 days to complete 100 µs.
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Figure 2 shows the comparison of numerical results for the mass flow,
momentum flux and effective velocity against experimental data obtained in
CMT-Motores Térmicos laboratories. As can be observed, for all the pa-
rameters and pressure conditions compared, CFD calculations slightly over-
estimate the experimental results, following always the tendencies of the
experimental data.

Figure 2: Comparison of experimental and numerical results.

Attending to the mass flow injected by the nozzle, represented in the left
plot, it can be seen that the mass flow is collapsed in both cases, keeping
constant for all the pressure conditions. This indicates that the flow is at
cavitating conditions [4]. The deviation between experimental and computa-
tional values is around 10%. However, due to the measurements uncertainties
in the determination of the mass flow, momentum flux, and the internal ge-
ometry, and the complexity of modeling cavitating flows it can be considered
that the code is able to predict the behavior of the flow with enough degree
of confidence.

Opposite to the mass flow behavior, the momentum flux represented in
the plot placed in the middle of Figure 2 is not choked, so an increment of
effective velocity is expected since it is calculated dividing the momentum
flux values by the mass flow. Effectively, as can be seen on the right of Figure
2, the effective velocity shows a linear increase with the root of pressure drop,
reaching values of almost 600 m/s, with a deviation between experimental
and computational results for the velocity always lower than 5%. This ve-
locity rise is justified by the fact that the presence of vapour near the orifice
wall due to cavitation phenomenon reduces the friction losses (slip condition)
and the effective diameter for the liquid phase [1].
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4 Vapour phase distribution and turbulence

development

Attending to the mass flow results seen in Figure 2, it is expected to see
vapour bubbles into the discharge orifices for any pressure condition simu-
lated, since the mass flow remains collapsed due to cavitation phenomenon.

In order to assess it, Figure 3 shows the vapour field average (where
blue regions correspond to pure liquid and red region correspond to pure
vapour) at seven cross sections of the orifice and its standard deviation for
the simulation Pinj = 160 MPa – Pback = 5 MPa, averaging a period equal to
15 times the time needed by a fluid particle to cover the whole orifice length.

Figure 3: Vapour phase average and standard deviation.

As expected, the average field shows as the vapour bubbles are distributed
along the upper part of the orifice, being the origin of the vapour phase
the inlet corner region of the channel. The vapour bubbles flow along the
upper surface of the orifice wall reaching the exit although it is possible to
see vapour phase in the center and lower part of the orifice near the outlet
section. Furthermore, the standard deviation values indicate that cavitation
is always present near the orifice inlet, whereas cavitation appearance as the
bubbles reach the exit varies time step to time step, showing that cavitation
is a transient phenomenon.

The influence of the turbulence on the cavitation appearance can be seen
in Figure 4, where vapour phase has been depicted for several cross sections
of the orifice. Vapour phase is clearly divided in two cores, which can be also
observed representing the velocity vectors in one of the cross sections chosen
of the orifice. The direction of the vectors shows a pair of twin vortices, one
of them in the left part, and another one in the right part of the section.
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This behavior, which has been observed by other authors [5], justifies the
separation of the vapour phase in two regions.

Figure 4: Vapour phase and velocity vectors for the simulation Pinj = 160
MPa – Pback = 5 MPa.

Up to now it has been proved that the turbulence developed inside a
diesel injector nozzle has a strong influence on the vapour phase appearance.
Nevertheless, there is a certain interaction or interdependence between both
phenomena, since cavitation also enhances turbulence [6]. Indeed, if the
vapour phase within the nozzle is compared with the vorticity (see Figure
5) it is possible to state that the highest values of turbulence is due to the
presence of vapour bubbles, reaching the maximum values in the interphase
liquid-vapour region.

Figure 5: Vapour phase distribution and vorticity (Pinj = 160 MPa – Pback

= 5 MPa).
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5 Conclusions

• A code to model cavitation phenomenon by Large Eddy Simulation has
been validated in a diesel injector nozzle at real operating conditions,
showing an acceptable level of confidence.

• Cavitation appearance is strongly influenced by the turbulence and
vortices development, justifying the separation of the vapour phase in
two cores in the zone near the orifice inlet.

• Cavitation enhances turbulence, since the highest values of vorticity in
the nozzle are found at the interphase liquid-vapour.
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Nomenclature

D: diameter
Pback: discharge back pressure
Pinj: injection pressure
∆P : pressure drop, ∆P=Pinj − Pback
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simulation and extended validation of two-phase compressible flow in
Diesel injector nozzle Proceedings of the Institution of Mechanical Engi-

neers, Part D, Journal of Automobile Engineering, 225:545–563, 2011.

[5] Masuda R., Fuyuto T. and Nagaoka M., Validation of a diesel fuel spray
and mixture formation from nozzle internal flow calculation SAE paper

2005–01–2098.

[6] Desantes J. M., Payri R., Salvador F. J. and De la Morena J., Influence
of cavitation phenomenon on primary break-up and spray behavior at
stationary conditions Fuel, 89:3033–3041, 2010.



An Approach to the Application of
Shift-and-add Algorithms on Engineering and

Industrial Processes

J.L. Sanchez-Romero† ∗, A. Jimeno-Morenilla†, R. Molina-Carmona‡,
and J. Perez-Martinez†

(†) Department of Computer Technology and Data Processing,

University of Alicante, 03690 Alicante, Spain.

(‡) Department of Computing Sciences and Artificial Intelligence,

University of Alicante, 03690 Alicante, Spain.

November 30, 2011

1 Introduction

CORDIC (COordinate Rotation DIgital Computer) is an iterative algorithm
to approximate mathematical functions [1]. It was originally developed for
working with radix-2 operands. The method was extended to support hy-
perbolic and linear coordinates [2].

In recent years, a renewed interest in decimal computing has arisen, since
it is essential for many applications and scopes [3]. In [4] and [5] the use of
CORDIC for BCD operands was proposed. This method cannot compare to
binary CORDIC with regard to latency, since the binary method requires a
smaller number of iterations so as to obtain the same precision. Therefore,
the advantages of using the algorithm with decimal operands would be re-
duced to omit conversion between decimal and binary representation and,
consequently, to avoid loss of precision.
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In [6], we proposed a new CORDIC which works with decimal operands.
Besides avoiding the tasks of conversion from decimal to radix-2 represen-
tation and vice versa, which implies neither conversion error nor time con-
sumption implicit in these stages, the specific features of this recent decimal
CORDIC allow a significant reduction in the number of required iterations.
From this point on, the new decimal CORDIC will be referred to as ND-
CORDIC, whereas binary CORDIC and the older decimal CORDIC [4] will
be referred to as B-CORDIC and D-CORDIC, respectively.

In this paper, we will analyze the requirements of some engineering and
industrial problems in terms of type of operands and functions to approxi-
mate. We will propose the application of different CORDIC versions to these
problems. We will make a comparison between the different methods applied
in terms of the obtained precision and the number of iterations required.

2 Application of CORDIC on Industrial Pro-

cesses.

2.1 Specific characteristics of data in industrial and
engineering environments

A trending issue in CAD/CAM is the utilization of decimal operands, since
in the earlier stages of the product design engineers work with decimal mag-
nitudes, which are propagated throughout the whole manufacturing process.
Therefore, decimal formats should be considered so as to represent data and
operate with them.

2.2 Computation of specific operations in industrial
processes

One of the most important tasks in the manufacturing process is machining.
It can be described as the definition of an object to be manufactured by means
of predefined tools. The more usual operation in machining is the removal
of material by using a cutting tool. In the machining process, the main task
is the tool path computation: obtaining a trajectory of tool centres that
defines the required object to be machined with a given precision. Therefore,
for every object point to be machined, the position of the tool centre must
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be determined. This task involves a high computational cost.
An example of a hard-to-compute distance is the one required when using

a toroidal tool for machinig [7]. A toroidal cutting tool is characterized by a
major radius R, a minor radius r, and the coordinates of the torus center (Tx,
Ty), as shown in Fig. 1. The distance from a point (px, py, pz) to a toroidal
tool centre is given by the following expression:

d(px, py, pz) = (Ty − py)−
√

(R +
√
r2 − (px − Tx)2)

2

− p2z (1)

In equation 1, two square roots appear:

sqrt1 =
√
r2 − (px − Tx)2 (2)

sqrt2 =
√

(R + sqrt1)2 − p2z (3)

The argument of each one of these square roots is the difference of two
squares. The computation of such operations has a high computational cost.
However, it can be efficiently performed by the CORDIC algorithm. In fact,
CORDIC working in vectoring mode with hyperbolic coordinates directly
provides as a result the square root of the diffence of two squares [8]. There-
fore, an algorithm including two instances of CORDIC can be developed so
as to calculate the distance shown in Eq. (1):

Algorithm distance (px, py, pz, Tx, Ty, R, r: real): real;

Variables srqt_1, sqrt_2, y1, x2, d: real;

y1 = px - Tx;

sqrt_1 = CORDIC_Hyp_Vec(x = r, y = y1);

x2 = R + sqrt_1;

sqrt_2 = CORDIC_Hyp_Vec(x = x2, y = pz);

d = Ty - py - sqrt_2;

return d;

End Algorithm

For B-CORDIC, some of the iterations must be performed twice so as
to guarantee convergence. For D-CORDIC, repeating some iterations is also
required so as to achieve convergence. In this case, the repetition are much
more numerous than those for B-CORDIC. The experiments shown in [5]
used 10 iterations for the initial stage, that is, for j = 1, and 9 iterations for
the following ones. In case of ND-CORDIC, it is not necessary to repeat any
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Figure 1: Structure of a toroidal tool and its main parameters.

stage, due to the fact that the elementary angle chosen in each stage of the
vectoring mode is not fixed, but it is specifically selected according to the
value of xj and yj.

Different tests were carried out so as to make a complete comparison
with regard to latency and precision between B-CORDIC, D-CORDIC, and
ND-CORDIC. The architecture for ND-CORDIC, as proposed in [6], was im-
plemented on the hardware description language VHDL using the Xilinx ISE
Design Suite 10.1 tool. The Virtex4 XC4VLX60 FPGA device was randomly
chosen for simulation and synthesis. The architectures for D-CORDIC pro-
posed in [4] and [5] and for B-CORDIC were also implemented. In all cases,
a complete stage of the method was implemented.

Original data were selected in interval [0,1) and represented in BCD with
6 fractional digits. A homogeneous length of 28 bits was used for every
number format, so 24 bits were used for the fractional digits of BCD and
BCD XS3 numbers. Conversion from BCD to BCD XS3 and vice versa
can be easily performed by means of a few logic gates. The use of BCD
XS3 is proposed since addition, subtraction, and other operations such as
detection of zero and nine’s complement are simpler than for BCD [4]. The
initial conversion from BCD to BCD XS3 and the final conversion the other
way were also included for D-CORDIC and ND-CORDIC. For B-CORDIC,
an initial conversion from BCD to binary and a final conversion the other
way were also implemented. The results obtained with every algorithm were
compared with those obtained by means of the direct application of Eq. (1),
calculated in Matlab c©. The mean relative error according to the execution
time is depicted in Fig. 2. For ND-CORDIC, experiments were performed
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Figure 2: Mean relative error according to delay for each CORDIC architec-
ture when calculating the toroidal tool distance; logarithmic scale.

with only six iterations of the first instance of CORDIC (calculation of sqrt1).
This optimization is due to the fact that there is not a significant loss of
precision and, moreover, the overall latency is reduced.

As observed, the error for ND-CORDIC is lower than that for D-CORDIC
at any time interval. On the other hand, accuracy achieved by ND-CORDIC
is similar to the one obtained with B-CORDIC and, indeed, ND-CORDIC
provides a precision of 10−6 with a latency similar to the one of B-CORDIC.
Besides, when a high number of iterations is performed, ND-CORDIC achieves
an error lower that this limit, while B-CORDIC is not able to.

3 Conclusion

In this paper, a proposal for the application of CORDIC on engineering
and industrial processes has been shown. A manufacturing task with a
high computational cost has been analyzed and, as a result, the applica-
tion of CORDIC has been proposed for improving performance. More-
over, specific features of operands involved in these tasks suggest the uti-
lization of CORDIC versions specially developed for working with decimal
operands. Experimentation has been performed for comparing the original,
binary CORDIC (B-CORDIC) with two versions of CORDIC for decimal
operands (D-CORDIC and ND-CORDIC). The results confirm that ND-
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CORDIC requires fewer iterations than both B-CORDIC and D-CORDIC
so as to obtain a required precision. In addition, ND-CORDIC offers similar
global performance than B-CORDIC and, in some cases, accuracy is even
better than the one obtained with B-CORDIC.
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1 Introduction

Microalgae has gained a lot of attention due to its wide area of applicability.
It has been shown that it has a high potential as a source of renewable
energy – i.e. biofuels and also in other enviroment related applications like
CO2 sequestration, bioremediation, waste water treatment and others.

Mainly due to the complex multi-scale processes governing the microalgae
growth in multi-phase, multi-component flow, the bioreactor design still is
rather an empirical process. In our previous work [3, 4] we have introduced
an alternative approach to bioreactor simulation based on random walk with
spatially dependent dispersion coefficient devised from a CFD simulation and
with the work presented we would like to contribute to more deterministic
bioreactor design methods with a method based on parallel LBM fluid flow
simulation and parallel stochastic implementation of PSF. Within the scope
of our work we focus on the so-called Couette-Taylor photobioreactor(CTBR)
[5].

∗e-mail: stumbav@gmail.com

306



Modelling for Engineering & Human Behaviour 2011 307

2 Materials & Methods

The Lattice Boltzmann method has gained a lot of attention in diverse areas
because of its ability to simulate complex flows, straight-forward implemen-
tation and parallelism potential. LBM is still lacking a lot in boundary
treatment and there exist various approaches to the treatment of the curved
velocity boundary required to simulate fluid flow in CTBR. In this work
we have employed and validated the interpolation scheme of Mei [2]. The
so-called Photosynthetic Factory model (PSF) [1] has been employed for mi-
croalgae growth simulation in the 3D flow field of homogeneously irradiated
CTBR. Irradiance is the sole input parameter of the model and the model
exhibits the important property of ’integrating’ fast irradiance changes. Thus
in dense well-mixed cultures all microalgae cells may be exposed to irradiance
intermittently and grow as if exposed to an averaged irradiance value. Both
LBM and PSF solver have been implemeneted on CPU as well as the parallel
architecture of CUDA in order to compare the performance advantage of the
method.

3 Results

3.1 LBM solver

As a means of validation for the LBM solver in case of CTBR a cylindrical
Couette flow was simulated at various r1

r2−r1
and compared with the analyti-

cal velocity profile – see figure 1. Computations have been done on a grid of
64× 64 nodes (cross section). Speedup of LBM solver between CPU imple-
mentation and parallel GPU implementation has been measured at various
grid sizes. Smaller grid sizes (16 × 16 × 16) show much lower speedup than
larger ones – speedup for larger grids was approximately constant (

.
= 20).

3.2 PSF solver

To validate the PSF solver a comparison of simulated results with the an-
alytical solution for xa of the PSF model at constant irradiance has been
performed. Figure 2 depicts comparison of averaged simulated results for
8192 microalgae cells and analytical solution at various levels of constant il-
lumination normalized by the optimal illumination Iopt. Comparison is based
on results from [1] (α = 5β, γ = 5δ).
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Figure 1: Comparison of simulated cylindrical Couette flow velocity profile
with analytical solution at different r1

r2−r1
.

Figure 2: Comparison of simulated PSF results and analytical solution.
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4 Conclusions

Within the presented work an alternative approach to bioreactor design and
simulation based on parallel implementation of Lattice Boltzmann method
for fluid flow and parallel stochastic implementation of Photosynthetic Fac-
tory for microalgae growth has been presented. Simulation approach has
been validated on the so-called Couette-Taylor photobioreactor. Fluid flow
simulation results have been matched against analytical velocity profiles – the
cylindrical Couette flow. Parallel stochastic approach to the model of Photo-
synthetic Factory has been successfully validated by comparison of simulated
results and analytical results at constant irradiance.
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vakultury a biodiverzity hydrocenóz”(CENAKVA), OP VaVpI.
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Camino de Vera, s/n, 46022, Valencia, Spain

November 30, 2011

1 Introduction

From position and velocity coordinates for several given instants, it is possible
to determine orbital elements for the preliminary orbit of an artificial satellite,
taking only into account mutual gravitational attraction forces between the
Earth and the satellite. Different methods developed for this purpose need
to find a solution of a nonlinear function. In classical methods it is usual to
employ fixed point or secant method. We focus our attention in the method
of iteration of the true anomaly, in which the secant classical method is
replaced by more efficient methods.

The two-body problem

Let M and m be the masses of the primary (the Earth) and secondary (the
satellite) bodies, respectively, and G the universal gravitational constant.
Moreover, let µ be the gravitational parameter, defined by µ = G(M +m) ≈
GM . By applying second Newton’s law for each mass, and adding both

∗This research was supported by Ministerio de Ciencia y Tecnoloǵıa MTM2010-18539
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expressions, we obtain ~̈r + µ
r3
~r = 0, where |~r| = r = p

1+e cos ν
. This expression

can be interpreted as a conic, where p is the semiparameter of the conic, e
is its eccentricity and the polar angle ν is called true anomaly. The scalar
velocity of the satellite, given by Vis-Viva Equation (see [1]), can be obtained

by v =
√

µ
(

2
r
− 1

a

)

, where a is the semimajor axis of the conic. Many

observations of the satellites motion determines that the orbit is bounded.
For elliptic motion, 0 < e < 1, and 0 < a < ∞. The orbital elements set
(a,e,i,ω,Ω,τ) determinate the position and the velocity of a satellite in space,
or vice versa. Some of them are described in Figure 1.

Figure 1: The Orbital Plane and Space

2 Determination of a preliminary orbit from

two positions and time

From two position vectors of the satellite, and the time interval between the
measurements, ~r1(t1) and ~r2(t2), we can find the velocity of the satellite by
~v1 =

~r2−f~r1
g

. Once ~r1 and ~v1 are known, orbital elements are easily obtained.

True Anomaly Iteration

Let us set an initial estimation of ν1 and check if the eccentricity and the
semimajor axis satisfy the conditions of elliptic motion; if not, a new initial
estimation of ν1 is obtained. The function F is defined by the difference
between the estimated and the real time in the first position of the satellite.
While F is not near zero (i.e. estimated and real times are not similar), we
apply the secant method, incrementing the estimation of ν1 a small amount.
Finally, the velocity of the satellite is obtained by the series f and g.
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Derivative-free high-order methods

In order to improve the efficiency of true anomaly iteration method, we are
going to replace the secant method (SEC) by derivative-free high-order meth-
ods. These methods are based on Newton’s method, where the derivative
is replaced by some approximations. The first one is Steffensen’s method

(SFT) (see [2]), with the iterative expression xk+1 = xk − [f(xk)]
2

f(xk+f(xk))−f(xk)

and quadratic convergence.
The method of Liu, Zheng and Zhao (LZZ) (see [3]) is a fourth-order

scheme obtained by the composition of STF and Newton’s method. Its
iterative expression is xk+1 = yk − f [xk,yk]−f [yk,zk]+f [xk,zk]

(f [xk,yk])2
f(yk), where yk is

the STF iteration, and zk = xk + f(xk). The method of Cordero and
Torregrosa (CT) (see [4]) is a fourth-order method designed as the com-
position of STF and Newton’s method. Its iterative expression is xk+1 =
yk − f(yk)

f(yk)−f(zk)

yk−zk
+

f(yk)

yk−xk

. M8 method (see [5]) is an eighth-order scheme ob-

tained by the double composition of STF and Newton’s method, with Padé
approximants of degrees one and two, respectively. The iterative expression
is xk+1 = uk− f(uk)

b2−b1b4
, where uk is the previous fourth-order step, b1 = f(uk),

b2 = f [yk, uk] − b3(yk − uk) + f(yk)b4, b3 = f [yk, uk, zk] + b4f [yk, zk], and

b4 =
f [yk,uk,xk]−f [yk,uk,zk]

f [yk,zk]−f [yk,xk]
.

3 Numerical Results

Numerical computations have been carried out using variable precision arith-
metic, with 500 significant digits, in MATLAB R2009B. The stopping crite-
rion used is |xk+1−xk| < 10−498. Each method is applied to several reference
orbits, that can be found in [1]. The study is based on the initial estimation
of ν0 that causes the maximum number of iterations with the secant method.
In Table 1 the difference between the two last iterations |xk+1 − xk|, the
number of iterations iter, the approximated order of convergence (ACOC)
defined in [6] and the e− time calculated after 100 performances of the pro-
gram are.
The composed methods LZZ, CT and M8 reach higher computational order
of convergence than SEC and STF. The number of iterations decreases as
the order of convergence increases. Moreover, CT has a better behavior than
LZZ in terms of the mean elapsed time and M8 needs the minimum number
of iterations to get the result and it is the fastest one. In general, modified
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Ref Parameter SEC STF LZZ CT M8

I

|xk+1 − xk| 3.3885e-319 1.0233e-186 2.8184e-305 9.3325e-216 2.8949e-136
iter 56 12 7 6 5

ACOC 1.00 2.00 4.00 4.00 8.24
e-time 18.2864 2.7509 2.5310 2.2068 1.4625

II

|xk+1 − xk| 3.9525e-323 1.7378e-258 1.3490e-173 1.7378e-133 1.6239e-74
iter 63 15 7 6 5

ACOC 1.00 2.00 4.00 4.00 7.75
e-time 15.7550 3.0288 2.1762 1.8823 1.4507

III

|xk+1 − xk| 3.6308e-318 1.2023e-233 1.2589e-160 1.2882e-262 1.3317e-260
iter 105 28 7 6 5

ACOC 1.00 2.00 4.00 4.00 8.00
e-time 22.5885 7.0931 2.5951 2.2656 1.6436

Table 1: Numerical Results for Reference Orbit I, II and III

methods are more stable and efficient than the classical one.
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1 Introduction

ETA defines itself as ”(...) a Basque socialist revolutionary organization for national lib-
eration” [1]. One of its core demands is the creation of a Basque State, which would en-
compass the current three Basque Provinces and Navarra, in Spain, and three more French
provinces. According to the Spanish Ministry of Internal Affairs, ETA has committed 829
murderers since 1968 [2].

In June 2002, the ”Law of Political Parties” (LPP) was passed and its goals were
”(...) to guarantee the democratic system and citizen’s essential freedoms, by preventing
some political parties from threatening democracy, justify racism and xenophobia or give
political support to terrorist organizations” [3].

The LPP meant a substantial change in the anti-terrorist policy in Spain. In practical
terms, once Batasuna was outlawed, this party could not present candidates to elections
anymore. Considering Batasuna as the ETA’s political wing, as the Supreme Court had
stated, which meant that ETA was not going to be supported anymore from political
institutions nor funded by public budgets.

The period of time considered for this study is from June 1995 to the passing of the LPP
(June 2002). We consider this period because, in our opinion, the anti-terrorist policies
were reasonably homogeneous.

∗Corresponding author, e-mails: mpeco.iugm@gmail.com, francisco.santonja@uv.es, actara-
zona@asic.upv.es, rjvillan@imm.upv.es, jvillanueva@pdi.ucm.es
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This paper is organized as follows. In Section 2, data from Euskobarometro about the
attitude of the Basque Country population towards ETA are retrieved and processed [4,
Table 20]. Section 3 is devoted to build a model describing the attitude dynamics towards
ETA in the Basque Country. Model parameters are estimated in Section 4 by fitting the
model with the Euskobarometro data, predictions for the subsequent years are given and
some conclusions are drawn.

2 Data

We have retrieved data from the Euskobarometro of November 2010 on the attitude of
the Basque Country population towards ETA [4, Table 20]. The eight types of attitudes
towards ETA that appear in the Euskobarometro are: Total support; Justification with
criticism; Goals yes / Means no; Before yes / Not now; Indifferent; ETA scares; Total
rejection; No answer. In order to simplify the model (the number of subpopulations) we
group the eight attitudes in only three:

1. Support: people who have an attitude of support towards ETA. We consider the
people with attitudes of ”Total support” and ”Justification with criticism” make up
of this group.

2. Rejection: people who have an attitude of rejection against ETA. In this group we
include the people with attitudes ”Goals yes / Means no”, ”Before yes / Not now”,
”ETA scares” and ”Total rejection”. It could be dubious to include in this group
the attitude ”Goals yes / Means no”, however, the fact is that there are parties
and associations in the Basque Country with similar goals as ETA and they have a
rejection attitude towards ETA because its violent means.

3. Abstention: people who have no opinion or have an indifferent attitude towards ETA,
that is, the ”Indifferent” and the ”No answer” groups.

Data grouped in these three groups appear in Table 1 from June 1995 to June 2002,
before the passing of the LPP.

3 Model building

Bearing in mind Table 1, we distinguish three main different attitudes towards ETA and
divide the population of the Basque Country into the following three subpopulations (time
t in years):

• A1(t), the percentage of people in the Basque Country which have an attitude of
support towards ETA at time instant t,

• A2(t) is the percentage of people which have an attitude of rejection towards ETA
at time t,
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Survey date Support (%) Rejection (%) Abstention (%)
Jun 1995 7 85 8
Dec 1995 5 87 8
Dec 1996 6 87 7
Dec 1997 6 86 8
Dec 1998 5 85 10
Jun 1999 11 76 13
Junc 2000 8 87 5
Dec 2000 7 87 6
Jun 2001 3 90 7
Dec 2001 4 88 8
Jun 2002 2 96 2

Table 1: Percentage of people in the Basque Country with respect to their attitude towards
ETA from Jun 1995 to Jun 2002, when the LPP was passed.

• A3(t) corresponds to the percentage of population in the Basque Country whose
attitude towards ETA is not defined, abstain or simply they do not want to say their
opinion, at time t.

A1(t), A2(t) and A3(t) are the variables of the mathematical model. The assumptions
used to build the equations of the model are:

• A subpopulation Ai, whose people share a particular attitude towards a phenomenon,
can influence the people’s attitude of another subpopulation, Aj, towards the same
phenomenon. This influence can be provoked either by direct contact, i.e., when
people from Ai and Aj interact, or by indirect contact, i.e., through the interaction
of a person in Ai with his environment.

• Regarding this latter way, in this context, it is assumed that the environment of
a person in Aj is made up of the flows and channels of information able to reach
his sensorial system. Note that reaching sensorial system does not imply necessarily
reaching perception. Thus, alteration in that environment can provoke either changes
in the attitude of that person in Aj or not. Environment alteration can be provoked,
in its turn, by the behaviour of people from the other subpopulations among other
factors, attitude being itself considered as a part of that behaviour.

• It is assumed that all people could access to all relevant information channels and
flows, i.e., there is in principle a homogeneous environment affecting people of all the
subpopulations. However, the interaction of a person with the environment varies on
an individual basis, depending on both situational and non-situational factors. The
individual initial attitude itself towards the subject of influence, for instance, is a
non-situational factor which modulates environment influence, acting on that initial
attitude either as an enabler or as a shield.
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• It is not the goal of this work to clarify those factors of variation, but only to show the
eventual changes in attitudes of the object populations and, if possible, to attribute
those changes to the influence of other subpopulations, either directly or indirectly.
However, a diffuse idea as to the involved processes, environment effectiveness differ-
ences etc., as a whole can be obtained from the model. The non-linear term βijAiAj

being the one that models these influences, it is the parameter βij that, in some way,
measures that environment effectiveness and includes the rest of the above mentioned
factors.

Then, the system of differential equations that models the evolution of attitudes towards
ETA in Basque Country over time is given by

A′
1(t) = (β21 − β12)A2(t)A1(t) + (β31 − β13)A3(t)A1(t), (1)

A′
2(t) = (β12 − β21)A2(t)A1(t) + (β32 − β23)A3(t)A2(t), (2)

A′
3(t) = (β13 − β31)A3(t)A1(t) + (β23 − β32)A3(t)A2(t). (3)

The above system of differential equations can be represented by the diagram of Figure
1.
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Figure 1: Graph depicting the model (1)-(3). Circles are the subpopulations and arrows
represent the flow of people who change their attitude towards ETA over time.

4 Estimation of model parameters

The model has six unknown parameters βij, i, j = 1, 2, 3, i 6= j and we should estimate
them taking into account that the model has to be as close as possible of data in Table 1.
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Parameter Value Parameter Value
β12 0.0815425 β21 0.0627668
β13 0.000421055 β31 0.182483
β23 0.0317568 β32 0.0216873

Table 2: Estimated model parameters.

To do that, we designed an algorithm in Mathematica [5] in order to compute the
parameters which best fit the model with data of Table 1 in the least square sense. The
values of these parameters appear in Table 2.

We can see the goodness of fitting graphically in the Figure 2.
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Figure 2: Graph representing the fitting. The lines are the corresponding model functions
and the points are data from Table 1.

Solving the model with the parameters of Table 2, it can be predicted what would have
happened if the LPP was not passed by the Spanish Parliament. In Figure 3, we can see
the model predictions (line) for every subpopulation from June 2002 until June 2005 and
data from Euskobarometro (points) in the same time interval. It can be observed some
differences between the model prediction and the data. It may lead to say that LPP had
some effect on the attitude of the Basque Country population towards ETA.
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Figure 3: Graph of model prediction from June 2002 until June 2005 (line) with data from
Euskobarometro. We can observe the differences between the model prediction and the
data indicating that LPP had some effect on the attitude of the Basque Country population
towards ETA.
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1. Introduction 

 

The Spanish National Health System is financed by taxes and decentralized into 17 

regions. The services provision integrates hospital and primary health care in health 

districts. One of these regions is the Valencian Community. Here there are 24 health 

districts connected by a single integrated EHR. The patients are identified by a Health 

Card which is the nexus where the health information system connects. 

 

Each health district receives an annual per capita quantity to attend to its assigned 

population, The flow of incoming patients from other health districts and outgoing to 

others generates an inter-centre turnover to establish the corresponding economic 

compensation [1]. In this context, systems capable of explaining utilization, costs and 

achievements as a function of morbidity have been developing. 

 

In 2010, 110 million prescriptions were invoiced by the Valencian public health system. 

Regarding the pharmaceutical information, 97% of population is included in the EHR 

and 100% of prescriptions are electronic. 

 

In addition, prescription drugs have become a major and growing component of health 

care - specifically pharmaceutical expenditure represents around 27% of public health 

spending in the Valencian region. However, studies aimed at understanding population 

patterns of drug consumption, cost and morbidity are uncommon.  

 

Due to the fact that patient complexity is a major determinant of expenditure, 

methodologies aimed at allocating an average pharmaceutical expenditure to each health 

status are very useful in order to control and rationalise pharmaceutical expenditures, 

and the need to explain variations in the use and expenditures in medicines is increased. 

 

Information systems must be capable of integrating data about services provided and 

given information about population served, but above all these systems must be capable 

of identifying health problems and those persons who need special attention because of 

their health status.  

 

In recent years several models have been developed aimed at adjusting health risk and 

patient management. First we found the model based on chronic conditions 

classifications from the ATC-code of medicines [2-5]. Second, the Rx models also 

based on prescriptions [6]. Then we have the case mix models based on diagnoses 

Clinical Risk Groups (CRGs) [7], Adjusted Clinical Groups [8] and Diagnostic Cost 



 Modelling  for Engineering & Human Behaviour 2011 

321 

 

Groups, DCG. Finally the mixed models combining both, Diagnostic Cost Groups, 

DCG/Rx [9] and Adjusted Clinical Groups ACG/Rx [8, 10], have proven their efficacy.  

 

In general, systems which measured the different cases according to the diagnostic, try 

to cluster the cases depending on their homogeneous level of resource consumption and 

at the same time have clinical significance. 

 

Clinical Risk Groups (CRGs) is a relatively new system that classifies individuals into 

mutually exclusive categories and, using enrolment data, claims or other encounter level 

data and assigns each person to a severity level if s/he has a chronic health condition. 

 

This system is used in order to classify patients in mutually exclusive categories based 

on the information of all contacts realized in any service of health care. All groups can 

be classified into 9 statuses from healthy to catastrophic condition. Inside these main 

groups various severity levels can be found. There are four grouping possibilities from 

1076 groups to 38. CRG system can be used to understand use and consumption 

patterns of health services and for developing applications for risk and price adjusting 

[11].  

 

In this paper we design a multivariate model in order to explain pharmaceutical 

expenditure in primary health care, comparing one system based on CRG with another 

based on chronic condition classification. 

 

 

2. Data and Methods 

 

 

2.1. Data 

 

We used information from a population of 265,740. The period of analysis was 1 year.  

The variables considered were: annual pharmaceutical expenditure by patient, age, 

pharmaceutical co-payment status (0 for without co-payment and 1 for a co-payment of 

40%), 18 groups of ATC-code as proxy of 18 chronic conditions; 9 Status of ACRG_3 

Groups. In Spain there is only co-payment for medicines. There are two categories of 

co-payment - pharmacy gratuity for pensioners and population without resources, and 

co-payment of 40% of the price for the remaining  

 

The information was obtained from Health Electronic Record (EHR) [12] recently 

established  in the Valencian Community. 

 

2.4. Mathematical models 

 

Two models were developed to explain pharmaceutical expenditure in primary health 

care. The dependent variable was always the Neperian log of annual pharmaceutical 

expenditure by patient. The logarithm of the pharmaceutical expenditure is estimated as 

a better approach to its normal distribution of the variable, due the asymmetric 

probabilistic function of this variable.  
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As independent variables for the first model we take the following dummy variables: X1 

sex (0 man,1 woman); X2 pharmaceutical co-payment status (1 free; 0 with co-

payment); X3 to X11 variables for groups from 1 to 8 or more chronic conditions:  

 

Y = α + X1 . β1 + X2 . β2 + X3 . β3 +……..+ X11 . β11              (1) 

 

 

In the second model we also include sex (X1) and pharmaceutical co-payment status 

(X2) and from X3 to X10 8 dummy variables for ACRG_ groups: 

 

Y = α + X1 . β1 + X2 . β2 + X3 . β3 +……+ X10 . β10         (2) 

 

The models were estimated by means of ordinary least squares (OLS). The goodness of 

fit is determined through the corrected R
2
 and the Snedecor F, and for each of 

coefficients t Student values are obtained to determine the level of significance. 

 

The linear regression model allows us to explain the neperian log of pharmaceutical 

expenditure (dependent variable Y) in function of each considered independent variable 

(Xi). The mathematical expression is: 

 

 

Pharmaceutical expenditure = e(∝+β1.x1+……..+βn.Xn)        (3) 

 

 

3. Results 

 

Two logarithm regression models were obtained (Table 1). Statistical significance 

checked by an F-test and T Student was over 99% for all of them. The first model 

achieved the highest level of explanation, 55%. The second model only reaches 52%. 

 

Small but significant differences by gender are appreciated. Men received less 

prescriptions then women. This appeared as negative coefficient sign. The co-payment 

status does not appear in the model because it is highly correlated with age. 

 

This second model gives a lower coefficient than we would expect for groups 8-9, given 

that this CRG should have the highest coefficient. 

 

We interpret this as a liability of the model in explaining the pharmaceutical 

expenditure in primary care in all cases. These groups include malignancies and 

catastrophic diseases and these patients are treated in hospitals.  
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Table 1. Regression models 

 
Variables MODEL 1 Average cost Average cost MODEL 2 Average cost Average cost 

Model 1.a Model 1.b Model 2.a Model 2.b 

(€) (€) (€) (€) 

Constant 
1.009 

    1.363     

Sex 
0.234 

    0.172     

Co-payment 0% 
1.37 

    1.651     

Without chronic 
condition   

13.64 3.47       

1 chronic condition 
1.304 

50.25 12.77       

2 chronic conditions 
2.24 

128.12 32.56       

3 chronic conditions 
2.969 

265.60 67.49       

4 chronic conditions 
3.55 

474.85 120.66       

6 chronic conditions 
3.939 

700.64 178.04       

7 chronic conditions 
4.22 

927.97 235.80       

8 chronic conditions 
4.432 

1147.11 291.49       

More than 8 chronic 
conditions  4.692 

1487.72 378.04       

ACRG 1 
  

      24.19 4.64 

ACRG 2       
1.091 

72.02 13.82 

ACRG 3       
1.496 

107.99 20.72 

ACRG 4       
2.325 

247.40 47.47 

ACRG 5       
2.645 

340.70 65.37 

ACRG 6       
3.572 

860.92 165.17 

ACRG 7       
4.189 

1595.59 306.13 

ACRG 8       
3.089 

531.13 101.90 

ACRG 9       
3.108 

541.31 103.86 

R
2
 0.559     0.527     

a Women with free pharmacy; b Women with pharmacy co-payment 

 

 

 

4. Discussion 

 

Both models used differed in the clinical meaning and grouping methodology. 

  

The first model is obtained grouping the number of chronic conditions from 1 to 8 or 

more from data provided by the electronic prescription system. The main advantage is 

the reliability of data but the clinical significance is poor. 
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The CRG model is more useful from the clinical point of view, but obtaining the 

information for grouping is complicated. This system is designed for adjusting the total 

health spending. Thus, it is appropriate to include the hospital pharmaceutical cost in the 

model. 

 

The two models achieved similar and valid levels of explanation in the context of other 

systems.  

 

However CRG has a high clinical utility, thus making further research to determine the 

predictive power of this model at local level seem logical and necessary.  
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