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11. E. Defez, M. M. Tung, J. J. Ibáñez, J. Sastre, Numerical solutions of matrix differential
models in engineering using higher-order matrix splines . . . . . . . . . . . . . . . . . . . . . . . . Pag: 82-99
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(*) Instituto de Matemática Multidisciplinar,

Universidad Politécnica de Valencia,
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1 Introduction

Enzymes are proteins that increase the rate of biochemical reactions. These
catalyzers played a fundamental role on the origin of life on Earth and control
all the reactions in living organisms.

The Michaelis-Menten equation has proven to be a simple yet power-
ful approach to describe enzyme processes. Its power resides in the time-
independent hyperbolic relation of the initial velocity with initial substrate
concentration that leads to a linear double reciprocal, from which the reac-
tion parameters, namely the rate constant Km and maximum velocity Vm

can be determined.

∗e-mail: acedo@imm.upv.es
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Evoking the pseudo-steady state approximation, the Michaelis-Menten
equation reduces to a single first-order nonlinear ordinary differential equa-
tion which describes the rate of depletion of the substrate of interest [20].
While this equation can be readily integrated, the resulting expression is im-
plicit in the substrate concentration. Thus, it is common to compute the sub-
strate concentration is by root-solving techniques such as the bisection and
Newton-Raphson methods [12]. Alternatively, substrate concentration can be
estimated by numerically integrating the differential form of the Michaelis-
Menten equation as shown in several studies [13, 14]. In [11] a comparison
of the estimation of enzyme kinetic parameters by nonlinear fitting reaction
curve to different integrated MichaelisMenten rate equations was developed.

Here we are interested in improving the aforementioned methods to com-
pute the substrate concentration in the Michaelis-Menten equation. Alge-
braic solutions provides a simpler alternative to numerical approaches such
as differential equation evaluation and root-solving techniques that are cur-
rently used [20]. An explicit closed-form solution to the Michaelis-Menten
equation has been proposed only recently [8]. This solution is based on the
Lambert W function [10]. Having an accurate closed-form solution to the
Michaelis-Menten equation opens up the possibility of examining the utility
of other non-conventional solution techniques to solve the Michaelis-Menten
equation.

In order to improve the computation of the substrate concentration in
the Michaelis-Menten equation we rely on DTM and a global modal series.
The DTM is a semi-analytical numerical technique depending on Taylor
series that has been applied in various fields of mathematics. This technique
derives from the differential equation system with initial conditions a system
of recurrence equations that finally leads to a system of algebraic equations
whose solutions are the coefficients of a power series solution. In order to
obtain a global accurate solution we divide the time domain into several
equally spaced subintervals. In this way, the differential equation can then be
solved in each subdomain to obtain a piecewise finite series solution [5, 2, 1].

Here the DTM is compared numerically with multistage Adomian de-
composition, Runge-Kutta methods and the global modal series. The clas-
sical Adomian method has been used in the past to obtain solutions to the
Michaelis-Menten ordinary differential equation [15, 16, 17]. In [20] the Ado-
mian decomposition with domain split has been applied successfully to the
Michaelis-Menten ordinary differential equation.

It is important to remark that numerical comparisons are made regarding
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two issues: accuracy and computation time. Computation time is important
since in several cases the kinetic parameters are estimated by minimizing the
residual sum of squares error between experimental and calculated substrate
concentration data [11, 12, 20, 19]. Thus a faster computation time will
improve overall estimating procedure time [20]. It is important to remark
that an analytic forms are obtained with the DTM , Adomian and modal
series methods. However with Runge-Kutta methods and nonlinear solvers
only discrete solutions are obtained.

2 The DTM method applied to the Michaelis-

Menten equation.

In this section, the differential transformation technique is applied to solve
the Michaelis-Menten ordinary differential equation. The Michaelis-Menten
equation (1) considered here describes the rate of depletion of the substrate
of interest.

ṡ(t) = −
Vms(t)

Km + s(t)
, (1)

where s(t) is the substrate concentration, and Vm and Km are the limiting
rate and Michaelis constant, respectively In the next Section numerical sim-
ulations are performed with Vm = 1, Km = 1 and initial condition s0 = 10.
However, in some simulations these values are modified but are clearly men-
tioned. From the properties of DTM ([1]), the corresponding spectrum for
the system (1) can be determined as one recurrence system given by,

S(k + 1) = −
VmHiZ(k)

k + 1
, (2)

where Z(k) is the spectrum of z(t) = − s(t)
Km+s(t)

, given by

Z(k) =

S(k) +
k−1
∑

l=0

Z(l)

(

Kmδ(k − l) + S(k − l)

)

Kmδ(0) + S(0)
, k ≥ 1 ,Z(0) =

S(0)

Kmδ(0) + S(0)
, (3)

where the initial condition is S(0) = s(0). Thus, from a process of inverse
differential transformation, it can be obtained the solutions on each sub-
domain taking n + 1 terms for the power series like equation, i.e.,

si(t) =
n

∑

k=0

(

t

Hi

)k

S(k), 0 ≤ t ≤ Hi, (4)
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provided that the solution holds with:

s(t) =
n

∑

i=0

si(t). (5)

3 Solution of Michaelis-Menten equation by

modal series

Here we obtain a global analytical solution by the modal series which avoid
the split of time domain in subintervals and produces accurate solutions.
This method is based on the following modal expansion series:

s(t) =
∞
∑

k=0

Ake
−kωt, ω > 0, (6)

where the frequencies and the coefficients Ak, k = 1, 2... are determined by
a recurrence relation in terms of A1 and the parameters of the model, to
see more details of this method we refer to [3]. Indeed, the equation can be
rewritten in the following form

Kmṡ(t) + s(t)ṡ(t) = −Vms(t). (7)

Now, from (6) it follows that

ṡ(t) = −
∞
∑

k=1

kωAke
−kωt = −

∞
∑

k=0

kωAke
−kωt, (8)

and using the Cauchy product we obtain

s(t)ṡ(t) = −
∞
∑

k=0

e−kωt

( k
∑

j=0

ωjAjAn−j

)

. (9)

Inserting (6), (8) and (9) into (7) one gets that

∞
∑

k=0

(

−KmkωAk −
k

∑

j=0

jωAjAn−j + VmAk

)

e−kωt = 0. (10)

Thus, one gets that

−KmkωAk −
k

∑

j=0

jωAjAk−j + VmAk = 0, for k = 0, 1, ..., (11)
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where we have taken into account that e−kωt (k = 0, 1, ...) are a linearly
independent base of exponential functions. It is clear that A0 = 0, and if we
assume that A1 6= 0, then we have that

−KmωA1 − ωA1A0 + VmA1 = 0, (12)

i.e., ω = Vm/Km. Therefore, we can establish a recurrence formula for Ak as
follows

Ak =

w
k−1
∑

j=1
jAjAk−j

Vm − kωKm

, for k ≥ 2, (13)

where A1 6= 0 is choose suitably. The initial condition is related with the
Aks by

s(0) =
∞
∑

k=1

Ak. (14)

Theorem 3.1 If Bk = |Ak| is a monotone decreasing sequence, then the

series
∞
∑

k=1
(−1)kBk converges absolutely, and furthermore

∞
∑

k=1
Bk < Km.

Proof. If k is even, we have that

Bk+1 =
k + 1

k

1

Km

{

B1Bk + B2Bk−1 + · · ·+ Bk−1

2

Bk+3

2

+ B2
k+1

2

}

. (15)

Since Bk < Bk−1 < Bk−2 < · · ·, then Bk+1 is lower bounded as follows

Bk+1 >
k + 1

k

1

Km

k+1

2
∑

j=1

Bj . (16)

Suppose that
∞
∑

k=1
Bk > Km, then there exists N such that

N+1

2
∑

k=1
Bk > Km + ε,

where ε > 0. Therefore,

BN+1

BN

>
N + 1

N

Km + ε

Km

> 1. (17)

This contradicts the hypothesis of the statement. Thus, is
∞
∑

k=1
Bk < Km
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4 Concluding remarks

In this talk we discuss a piecewise finite series approximate solutions of the
Michaelis-Menten ordinary differential equation using the differential trans-
formation method DTM , and Series modal method has been obtained. The
Michaelis-Menten equation considered here describes the rate of depletion
of the substrate of interest. The time domain has been splitted in subin-
tervals and the approximating solutions are obtained in a sequence of time
intervals in order to obtain accurate solutions. However, the accuracy can
be increased easily by means of additional new terms. The DTM develops
from the differential equation with initial condition a recurrence equation
that finally leads to the solution of an algebraic equation as coefficients of a
power series solution. Here we compare the effectiveness of DTM with mul-
tistage Adomian and Runge-Kutta methods. The DTM solutions shown an
excellent agreement with those obtained by the Runge-Kutta methods and
with the analytical solution.

In addition, we obtain a global analytical solution by a modal series ex-
pansion which avoid the split of time domain in subintervals and produces
accurate solutions. However, this method is restricted to certain initial condi-
tions. Future works include the investigation of the feasibility of the extension
of the modal series expansion method to any initial condition.

The numerical results show that the DTM is accurate, easy to apply and
the obtained approximate solutions preserves the positivity property of the
Michaelis-Menten ordinary differential equation. Furthermore, high accuracy
can be obtained without using large computation. Moreover, the DTM does
not compute the derivatives or integrals symbolically and this give advantages
over other methods such Taylor, power series or Adomian method. Finally,
the analytic form of the DTM solution and its relatively high accuracy make
this an competitive approach to solve the Michaelis-Menten equation and can
be used for estimating the parameters Vm and Km through minimizing the
residual sum of squares error between experimental and calculated substrate
concentration data.
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Universidad Politécnica de Valencia,
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1 Introduction

Human papillomaviruses (HPV) encompass more than 100 types of viruses
that infects cutaneous, genital and respiratory epithelia of humans worldwide.
They are the direct cause of clinically important diseases such as cervical
carcinoma associated with the oncoviruses HPV16 and 18. In the last years
about 500000 new cases were diagnosed anually and 200000 womend died as
a consequence of the progression of cervical dysplasias to invasive carcinomas
[1].

Other genotypes of HPV are also clinically relevant. In particular, HPV6
and 11 are related with genital warts. Although benign, these lesions are
the most common sexually transmitted disease in the world. As much as
1 million new cases are reported each year and the burden of treatment is

∗e-mail: acedo@imm.upv.es
†e-mail: jomofer@imm.upv.es
‡e-mail:rjvillan@imm.upv.es

9



Modelling for Medicine, Business and Engineering 2009 10

increased by the tendency of these warts to recur after initial clearance The
economic burden of the treatment of these genital warts was estimated to
exceed $ 3.8 billion only in the U.S. for 1997 [2].

Taken into account the magnitude of this pandemic a lot of research effort
on the development of vaccines for the most dangerous of HPV genotypes was
carried out since the 80’s of past century. This research was crowned with
success in 1993 when a research group at the US National Cancer Institute
developed non-infectious virus-like particles with the same structure that
VPH16 [3]. These particles contains the capsid protein L1 of the virus but not
the viral DNA. Consequently, they trigger an antibody response that protects
the individual against future infections by the real virus. As it is well-known,
these advances in the laboratory finally have led to the development of a
quadrivalent vaccine for types VPH6, 11, 16 and 18 named Gardasil or Silgard
(Merck & Co.). This vaccine is a prophylactic measure to prevent initial VPH
infections by the aforementioned genotypes, which are the most important
from the clinical point of view worldwide.

In order to fulfill its preventive role the vaccine must be administered to
adolescent girls before becoming sexually active. On the other hand, if a
person is already infected by one of the virus types VPH6, 11, 16 or 18 the
vaccine could still be effective against future infections by the rest of types.
In the Autonomous Community of Valencia, Spain the vaccine is already
been administered to girls aged < 15 years. Similar vaccination strategies
are adopted in many other countries. This way Health Services predict an
important reduction in the number of cases of cervical cancer, and its pre-
cursor, cervical dysplasia in the next few years. Moreover, fewer cases also
means less resources devoted to cervical biopsies, to treat children infected
by their mothers, and also to treat cases of genital warts and precancerous
lesions both in men and women because of the herd immunity effect.

Vaccination strategies of this kind has been studied by Elbasha et al.
[6, 7, 8] by means of a compartmental model with 17 age groups for each
sex. This model focus mainly on the development of cervical intraepithelial
neoplasia (CIN) and its progression from CIN1 to CIN3. According to these
authors vaccination must be implemented for adolescent girls aged between
12 and 14 years. Elbasha et al. also found some evidence that the vaccination
of boys could also be cost-effective [6]. By vaccinating girls alone a reduction
of 83% in the incidence of genital warts is expected but this reduction is
increased to 97 % if boys are also vaccinated.

In a recent work by Fairley et al. [9] a decrease on the number of infected
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persons and the number of persons with genital warts is already reported for
Australia after one year of vaccinations of young girls. The most interesting
fact unveiled by this statistical study is a clear diminishment also in the num-
ber of infections and symptoms of the disease also in boys (not vaccinated)
as a consequence of herd immunity. These results are even more optimistic
than the predictions of continuous models.

In this paper we propose an age-structured SIR model for the transmission
of VPH 6 and VPH 11 viruses in the Autonomous Community of Valencis
(Spain). We will fit these model by using data for the prevalence of VPH in
Spain as given by Langeron et al. [10]. Once this model is fitted, we will
simulate two different vaccination strategies: (i) only 14 year old girls are
vaccinated (before the first relation) as recommended by Elbasha et al. [6].
This is the policy that is currently applied in Valencia, and (ii) both girls
and boys are vaccinated at the age of 14 years. We conclude that the first
policy is more suitable from the point of view of cost-effectiveness because
the public health benefit obtained by vaccinating boys is marginal.

2 Mathematical model

The Spanish region of Valencia [4] is located in eastern Mediterranean Spain,
with an extension of 23, 255 km2 and a population of 5, 029, 601 million in-
habitants (2008), composed by three provinces, Castellón (north), Alicante
(south) and Valencia (middle). Vaccination with Gardasil was authorised in
the European Union since September 2006. In 2009 a total of 18606 girls
received the first dose in the Autonomous Community of Valencia, two ad-
ditional booster doses are also administered in a period of six months.

In [10], it is presented Table 2 where incidence of genital warts in women
per age group is shown. Let us assume that the total population is divided
into the age groups determined by Table 2.

We assume that this data are also representative of the situation in Va-
lencia prior to the vaccination. To the best of our knowledge, there is no
prevalence study specific to the region we are considering. Our first objec-
tive is to propose a model that could be fitted to the data in Table 1.

Following [14, Section 6.1, p. 634 - 635], we can introduce an age-
structured SIR model with ten age groups: i = 1 corresponds to population
from 15 to 19 years old, i = 2 to population from 20 to 24 years old, i = 3 to
population from 25 to 29 years old, i = 4 to population from 30 to 34 years
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Age group Incidence genital warts / 100,000
15-19 58
20-24 277
25-29 215
30-34 208
35-39 96
40-44 70
45-49 70
50-54 36
55-74 36
75+ 36

Table 1: Incidence of genital warts in women per age group [10] .

old, i = 5 to population from 35 to 39 years old, i = 6 to population from
40 to 44 years old, i = 7 to population from 45 to 49 years old, i = 8 to
population from 50 to 54 years old, i = 9 to population from 55 to 74 years
old and i = 10 to population older than 75. Moreover, due to the papillo-
mavirus types 6 and 11 are sexual transmitted diseases (STD) and taking
into account that we assume a society mainly heterosexual, each one of the
age groups should be also divided into two groups: one for women and other
for men. Furthermore, for each age group we have also three subpopulations
according to the state of the individuals with respect to the disease:

• Susceptible women, SWi(t), 1 ≤ i ≤ 10 the fraction of those women at
risk of contracting the disease per age group,

• Susceptible men, SMi(t), 1 ≤ i ≤ 10 the fraction of those men at risk
of contracting the disease per age group,

• Infective women, IWi(t), 1 ≤ i ≤ 10 the fraction of those women
infected and capable to transmit the papillomavirus types 6 or 11 per
age group,

• Infective men, IMi(t), 1 ≤ i ≤ 10 the fraction of those men infected
and capable to transmit the papillomavirus types 6 or 11 per age group,

• Recovered women, RWi(t), 1 ≤ i ≤ 10 the fraction of those women
who are recovered of the disease per age group, and
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• Recovered, RMi(t), 1 ≤ i ≤ 10 the fraction of those men who are
recovered of the disease, per age group.

Then the two-sex age-structured model is defined by the following system
of differential equations

We assume that before 15, boy and girls do not have sexual contacts,
i.e., they enter in the system as susceptibles. Let us assume homogeneous
population mixing, i.e., each man or woman can contact sexually with any
other individual of the other sex [13]. We also assume that the population
of women and men are equal, i.e., the same number of individuals per age
group.

Under the above assumptions, a transmission dynamics of HPV 6/11
model for Valencian population is given by the following nonlinear system of
60 ordinary differential equations:

SW ′

i
(t) = µi/2 + ci−1SWi−1(t) − (ci + di)SWi(t) −

10∑

k=1

βikSWi(t)IMk(t), (1)

IW ′

i
(t) = ci−1IWi−1(t) − (ci + di)IWi(t) +

10∑

k=1

βikSWi(t)IMk(t) − γiIWi(t), (2)

RW ′

i
(t) = ci−1RWi−1(t) − (ci + di)RWi(t) + γiIWi(t), (3)

SWi(0) = SW 0

i
, IWi(0) = IW 0

i
, RWi(0) = RW 0

i
, (4)

SM ′

i
(t) = µi/2 + ci−1SMi−1(t) − (ci + di)SMi(t) −

10∑

k=1

βkiSMi(t)IWk(t), (5)

IM ′

i
(t) = ci−1IMi−1(t) − (ci + di)IMi(t) +

10∑

k=1

βkiSMi(t)IWk(t) − γiIMi(t), (6)

RM ′

i
(t) = ci−1RMi−1(t) − (ci + di)RMi(t) + γiIMi(t), (7)

SMi(0) = SM0

i
, IMi(0) = IM0

i
, RMi(0) = RM0

i
, (8)

i = 1, 2, 3, · · · , 10. (9)

where
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• µi = 0 for i = 2, . . . , 10 and µ1 = µ = 0.00985894 is the birth rate in
the Spanish region of Valencia [15]. We assume that the birth rate is
the same for women and men,

• di for i = 1, . . . , 10, are the death rate per each age group in the Spanish
region of Valencia, that is, d1 = 0.000317077, d2 = 0.000427157, d3 =
0.000478085, d4 = 0.00056897, d5 = 0.000890828, d6 = 0.00142877,
d7 = 0.00220999, d8 = 0.0033346, d9 = 0.0106009, d10 = 0.0802736
[15],

• ci for i = 1, . . . , 10, are the growth rates, with c0 = c10 = 0 (nobody is
in the system before 15 and nobody grows after his/her death),

• βki for i, j = 1, . . . , 10, are the transmission rate of the disease due to
sexual contacts between a susceptible woman (man) of age group k and
an infected man (woman) of age group i. We are assuming that the
transmission rate for a sexual contact βki is the same with independence
of which of both is the infected, woman or man.

• γi for i = 1, . . . , 10, are the recovering rate per age group and they are
supposed to be independent on the sex.

In each age group type-epidemiological model underlies a demographic
model that allows to determine, under some assumptions, the unknown
growth rates. Assuming that we are in the Spanish region of Valenica in
a situation of constant population where each of the ten age groups has
constant population, following [14] we have the demographic model

N ′

i
(t) = µi + ci−1Ni−1(t) + (−ci − di)Ni(t), 1 ≤ i ≤ 10. (10)

where Ni(t), i = 1, . . . , 10, is the fraction of the total population corre-
sponding to age group i for both together, women and men and µi, di, ci

have been defined in the above section.
Thus, as we assume that N ′

i
(t) = 0 for all 1 ≤ i ≤ 10, then the growth

rates can be computed from (10) and we obtain that c1 = 0.159269, c2 =
0.132305, c3 = 0.0991838, c4 = 0.0877746, c5 = 0.0914135, c6 = 0.0970967,
c7 = 0.105703, c8 = 0.119228, c9 = 0.0336361. Moreover the percentage of
population per age group are N1(t) = 0.061778, N2(t) = 0.0741296, N3(t) =
0.0984097, N4(t) = 0.110485, N5(t) = 0.105063, N6(t) = 0.0974792, N7(t) =
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0.0877088, N8(t) = 0.0756438, N9(t) = 0.203875, N10(t) = 0.0854274. This
data is a necessary requisite to set up the initial conditions of the model.

In Figure 1 and Figure 2 we present two simulations: the vaccination of
the 80% of 15-years-old girls and the vaccination of the 80% of 15-years-old
girls and boys.

3 Concluding remarks

In this paper we have studied the possible benefits that could be obtained by
vaccinating also boys with the standard VPH vaccine. This is an important
Public Health issue because oncoviruses VPH 16 and 18 are the direct cause
of half a million cases of cervical cancer all around the world. In the case of
men, VPH 6 and 11 also cause genital warts that require treatment to recede
and imply also an important cost to Health Services. For this reason, the
U.S. Food and Drug Administration approved very recently the indication of
Gardasil to prevent genital warts in men and boys.
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Figure 1: Simulations of vaccination strategies. On the left, we suppose the
vaccination of the 80% of 15-years-old girls. The upper line corresponds to
the total percentage of infected men. The middle line, to the total percentage
of infected women. The lower-dashed line, to the total percentage of infected
women with warts. It can be seen that the reduction of infected men is due
to the herd immunity produced by the girls vaccination.
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Figure 2: The same as figure 1 but for the vaccination the 80% of 15-years-
old girls and boys. In this case the reduction of infected men is going some
time faster.
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1.- Introduction: 

 
 
One of the main objetives of the policy in most countries is to improve their health 
system both in terms of quality services and efficiency, and the extent to which its 
resources are put to good use. 
The fundamental reason to promote research into the efficiency of publicly financed 
hospitals in the Valencian Community is the necessity to establish the bases for the best 
distribution and use of healthcare resources (optimum planning), and to detect the set of 
problems of various kinds which affect their efficiency and capacity to offer top-quality 
services to the population . 
The fact that several healthcare managing models exist in the same AC calls for 
conducting comparative studies regarding operative efficiency within hospitals. The 
idea is to optimise the available resources and, at the same time, to guarantee a quality 
homogeneous health and welfare system for all its citizens. In other words, stimulating 
and diffusing comparisons and benchmarking based on the works done with already 
existing data are initiatives that must be taken into account for the system to work well 
and with the willingness to promote new information transparency. 
 

 
2.- Data sources and Methodology: 

 

 

In order to fulfil the main objective of this article, a comparative study was conducted at 
22 hospitals in the Valencian Community. In particular, the study into hospital 
efficiency was conducted in three main hospital units: general surgery, ophthalmology 
and traumatology-orthopaedic surgery. These three hospital units were selected in terms 
of longest waiting lists. 
It is noteworthy that the hospitals studied included both public hospitals and those run 
by the Administrative Allowance System. All the data has been provided by the 
Regional Ministry of Health for 2005. 
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2.1. Definition of Inputs and Outputs 
The Output variables considered were as follows: 
- Income: (income x case-mix) Number of admissions weighted by the case-mix to 
consider the complexity of the cases. 
- Consultations: (first consultations). 
- Successive consultations. 
- Surgical interventions: number of surgical interventions. 
 
The Input variables used were the following: 
- Number of doctors  
-Number of beds. 
 
2.2. Data Envelopment Analysis 
 

The DEA Model (Data Envelopment Analysis) was the first methodology used to 
analyse the efficiency of the services considered.  
The main objective of the DEA Model is to find a limit for efficiency formed by those 
combinations of resources which optimise the amount of products made by minimising 
production costs. Then with this limit, it assesses the relative efficiency of the 
combinations of resources that do not belong to it. 
The model evaluates the efficiency solving this problem: 
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Where: 
ys0 = quantity of output s per DMU. 
us = weight regarding output s. 
xs0 = quantity of  input m per DMU. 
vm = weight regarding input m. 
 

 
3. Efficiency indicators and discriminate analysis 

 

As an alternative methodology to DEA, a simpler and more operative measure, by 
means of indicators, is proposed which may prove more useful for the hospital 
management domain. 
These indicators offer two basic advantages for an efficiency analysis done by the DEA 
Model: 
 

- Firstly, it’s simple methodology converts them into an efficiency measurement 
instrument that any hospital director may use. 



Modelling for Medicine, Business and Engineering 2009_______________________22 
 

                                                                 

- Secondly, fewer variables are needed to calculate the indicators than to estimate 
the DEA Model. So, when faced with a situation where data are scarce, it may 
also prove more advantageous to estimate the efficiency of the service with 
indicators. 
 

The indicators proposed are: 
 
Indicator I1: Incomes /doctors. 
Indicator I2: Interventions /doctors. 
 
To verify whether these indicators correctly classify services as efficient or inefficient, 
their efficacy has been checked by a discriminate analysis. A discriminate analysis is a 
statistical technique which allows an activity to be assigned to a group defined a priori 
(a dependent variable) in terms of a series of the group’s characteristics.  
Where (1) is the expression of a discriminate Ds function. 
 
Ds = Bs1 X1+……+Bsp Xp + Bs0         (1) 
 
The percentage of correctly classified cases will be an effectiveness index of the 
discriminate functions. If these functions were effective with regards to the sample 
observed, it is expected that they would also be effective when classifying individuals 
for whom the group they belong to is unknown. 
Therefore with this particular study, the belonging group will be the score obtained with 
the DEA Model, that is, 0 if the hospital unit is inefficient and 1 if it is efficient. 
Otherwise, the classifying variables will be the previously calculated indicators. 
 
4. Results: 

 

Applying the DEA Model to the data we obtained the following results: 
Eight efficient units and 14 inefficient units were identified for the general surgery 
hospital unit, while 9 efficient and 12 inefficient units were found for ophthalmology. 
Finally, only 6 efficient but 16 inefficient units were identified for traumatology-
orthopaedic surgery. 
 
What clearly comes across from these results is that if a hospital runs one of the studied 
services efficiently, this does not necessarily mean that the rest of its services are also 
run efficiently.  
Table 1 presents the results of the calculation of the indicators proposed which involves 
approach a simple to measure efficiency, where: 
 
Indicator I1: Incomes/doctors 
Indicator I2: Interventions/doctors 
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Table 1: Calculating the indicators. 
 

General Surgery I1 and I2 

 
 

Ophthalmology I1 and I2 

 
 

Traumatology –Orthopaedic Surgery I1 and I2 

 
 
 
We can see in Table 1 how the services with the highest scores for the indicators are 
classified as efficient as they will be the services which are capable of producing more 
outputs with less resources or inputs. 
Then if we take the score obtained in the DEA analysis as the dependent variable, and 
indicators I1 and I2 as the classifying variables, the discriminate analysis can be done to 
identify the exact percentage that these indicators are able to correctly classify the 
different hospital units as either efficient or inefficient.  
This analysis will verify whether the considered indicators are capable of classifying the 
different hospital units into the corresponding group, and which of these two indicators 
contributes to this classification to a greater extent.  
Therefore, 3 discriminating functions have been obtained (2, 3 and 4), one for each 
hospital service under study.  
 
General surgery service: 
 
The results of the discriminant analysis are: 
 
 

Y = -5.919 + 0.024 I1 + 0.007 I2 (2) 

 
 

Contraste de 
las 
funciones 

Lambda 
de Wilks 

Chi-
cuadrado gl Sig. 

1 ,686 7,158 2 ,028 



Modelling for Medicine, Business and Engineering 2009_______________________24 
 

                                                                 

 
 

 
 
 

  I1 I2 
I1 Cor. Pearson 1 ,534 

  Sig. (bilateral)   ,010 
  N 22 22 

I2 Cor. Pearson ,534 1 
  Sig. (bilateral) ,010   
  N 22 22 

score Cor. Pearson ,516 ,625 
  Sig. (bilateral) ,014 ,002 
  N 22 22 

 
 
 
For General Surgery, a discriminate function was obtained which is capable of 
classifying 86.4% of the hospital units correctly by using the previously calculated 
indicators as classifying variables. 
 
Ophthalmology service: 
 
The results of the discriminant analysis are: 
 
 

Y = -3.657 + 0.090 I1 + 0.010 I2 (3) 

 

 

Contraste de 
las 
funciones 

Lambda 
de Wilks 

Chi-
cuadrado gl Sig. 

1 ,707 6,230 2 ,044 
 

   score I1 I2 
score Cor. Pearson 1 ,123 ,558 

Sig. (bilateral)   ,594 ,009 
N 21 21 21 

I1 Cor. Pearson ,123 1 -,286 
Sig. (bilateral) ,594   ,208 
N 21 21 21 

I2 Cor. Pearson ,558 -,286 1 
Sig. (bilateral) ,009 ,208   
N 21 21 21 
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With the Ophthalmology Service, the discriminate function was capable of classifying 
76.2% of the different hospital units correctly as efficient and inefficient.  
 
Traumatology-Orthopaedic Surgery service: 
 
The results of the discriminant analysis: 
 

Y = -3.129 + 0.015 I1 + 0.005 I2 (4) 

 
 

Contraste de 
las 
funciones 

Lambda 
de Wilks 

Chi-
cuadrado gl Sig. 

1 ,666 7,734 2 ,021 
 

   score I1 I2 
score Cor. Pearson 1 ,557 ,701 

Sig. (bilateral)   ,007 ,000 
N 22 22 22 

I1 Cor. Pearson ,557 1 ,838 
Sig. (bilateral) ,007   ,000 
N 22 22 22 

I2 Cor. Pearson ,701 ,838 1 
Sig. (bilateral) ,000 ,000   
N 22 22 22 

 

 

 
Finally, the discriminate function of the traumatology-orthopaedic surgery service 
correctly classified 81.8% of the different hospital units as efficient or inefficient. 
The correction percentages, with which the discriminate functions classify the hospital 
units, are considered high enough to accept the indicators as suitable classifying 
variables. 
 
 
5. Conclusions: 

 

The fundamental objective of this research work is to offer simple tools to measure 
efficiency in hospitals in the Valencian Community. This type of efficiency analysis 
becomes particularly relevant if we apply it in the context of the Valencian Community 
because both the DEA Model and the construction of efficiency indicators are still 
highly novel and relevant operative performance analysis methods for hospitals as 
efficiency is still a unsolved problem in Valencian hospitals and one that has been 
poorly dealt with. 
Several conclusions have been obtained from the different analyses done to approach 
the measure of efficiency. 
Firstly, the efficiency analysis using the DEA Model is considered more useful when 
studying the efficiency of each service separately instead of studying the overall 
efficiency of a given hospital. However, the DEA Model may present hospital directors 
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with practical difficulties. For this reason, the design of two easily constructed, user-
friendly indicators has been proposed as an operative tool to measure efficiency in 
various hospital services; their effectiveness was verified by means of a discriminant 
analysis. This analysis offers a discriminate function for each service under study 
whereby high percentages of correct classifications of hospital units as efficient and 
inefficient were obtained by simply using the aforementioned indicators as classifying 
variables. 
Therefore, we may conclude that the indicators here proposed are indeed an alternative 
measure of efficiency to the DEA Model. 
With these results, healthcare administrations are recommended to provide hospitals 
with the mean and standard deviation of the efficiency indicators to serve as self-
assessment guidelines for each hospital’s activity. 
Additionally, hospitals may also be provided with the previously calculated discriminate 
functions so that each hospital service could accurately calculate if it is indeed efficient 
or inefficient. 
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Mean square power series solutions of randomHermite di�erential equations ∗G. Calbo, J.-C. Cortés†, L. JódarInstituto Universitario de Matemática MultidisciplinarUniversidad Politécnica de ValenciaEdi�cio 8G, 2a, P.O. Box 22012, Valencia, Spain{gcalbo, jccortes, ljodar}@imm.upv.esDecember 10, 2009Complexity, uncertainty and ignorance are present in most of real problems,not only due to natural phenomena, such as earthquakes, but also to human be-havior such as greed or panic behavior of investors in �nancial markets. Thesefacts motivate an increasing interest in the consideration of randomness in themathematical models. Individual behavior may be erratic, but aggregate behav-ior is often predictable. Di�erential equations are powerful tools for representingreality up to certain point. The quanti�cation of uncertainty requires a modelspecifying the mechanism by which randomness is generated. Random di�eren-tial equations have been used in the last few decades to deal with errors anduncertainty. For example, see [1] for the general randomness case and [2, 3] forthe case of white noise uncertainty. Theoretical approaches of random di�erentialequations probably started with [1, 4]. However, thinking of applications, it iscrucial not only to guarantee existence and uniqueness of the solution but alsoto be enable to compute approximations of the probability density function orthe main statistical properties of the solution process such as mean and variancefunctions. Recent papers in this address are [5, 6].In this talk, we develop a power series method to construct mean square con-vergent series solutions of random Hermite di�erential equation
Ẍ(t) − 2tẊ(t) + AX(t) = 0, −∞ < t < +∞, (0.1)where the coe�cient A is a random variable satisfying certain conditions tobe speci�ed later. An important di�culty to be overcame is the lack of sub-
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Modelling for Medicine, Business and Engineering 2009 29multiplicativity of the mean square norm and the necessity of bounding productsof random variables. Particularly interesting is the case where A is a discrete ran-dom variable taking even integer values with certain probabilities. In such case,it appears mean square series solutions of problem (0.1), called random Hermitepolynomial.The main concepts, de�nitions and results that will be referred throughout thistalk may be found in [7, chap.4], [8, part IV], [9, chap.1-3]. Let (Ω,F , P ) be aprobability space, we will consider the set L2 which elements are second orderreal random variables (2-r.v.'s), i.e., X : Ω → R such that E[X2] < +∞, whereE[·] denotes the expectation operator. The set L2 endowed with the so-called2-norm
‖X‖ =

(E [X2
])1/2

, (0.2)has a Banach space structure. We say that a sequence of 2-r.v.'s {Xn : n ≥ 0} ismean square (m.s.) convergent to X ∈ L2 if
lim

n→∞
‖Xn − X‖ = lim

n→∞

(E [(Xn − X)2
])1/2

= 0.For the coe�cient A appearing into the random di�erential equation (0.1) we willassume that there exists a nonnegative number p such that
∥

∥An+1
∥

∥ = O (np) ‖An‖ . (0.3)By considering O (·) de�nition (see, [10, p.335]), condition (0.3) entails that thereis a constant M > 0 and a positive integer n0 such that
‖An‖ ≤ C Mn−1 ((n − 1)!)p

, p ≥ 0 , ∀n > n0 , (0.4)where C and M are positive constants. Note that by considering the 2-normexpression given by (0.2), this condition can be written as followsE [A2n
]

≤ D M2(n−1) ((n − 1)!)2p
, p ≥ 0 , ∀n > n0 , (0.5)where D > 0. The set of this type of r.v.'s is not empty. In fact, several relevantfamilies of r.v.'s used extensively in probability, such that, uniform, exponential,beta, gamma or gaussian, belong to this class. For instance,Example 0.1 Let A be a beta r.v. of parameters α > 0 and β > 0, i.e., A ∼Be(α; β). It is well-known that its statistical moments with respect to the originare given byE [Am] =

α(α + 1) · · · (α + m − 1)

(α + β)(α + β + 1) · · · (α + β + m − 1)
, m = 1, 2, . . . ,
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‖Am+1‖

‖Am‖
=

(E [A2m+2]E [A2m]

)1/2

=

√

(α + 2m)(α + 2m + 1)

(α + β + 2m)(α + β + 2m + 1)
= O (1) ,that is, r.v. A ∼ Be(α; β) satis�es condition (0.3) for p = 0. Since uniformr.v.'s on interval [0, 1] are beta r.v.'s with parameters α = 1 = β, then these basicbut important type of r.v.'s are also included in this case. As a consequence, auniform r.v. de�ned on an arbitrary interval, say [a, b], belongs to this class too.Example 0.2 Let A be a gamma r.v. of parameters r > 0 and a > 0, i.e.,

A ∼ Ga(r; a). In this case its statistical moments with respect to the origin aregiven by E [Am] =
r(r + 1) · · · (r + m − 1)

am
, m = 1, 2, . . . ,then

‖Am+1‖

‖Am‖
=

√

(r + 2m)(r + 2m + 1)

a2
= O (m) ,that is, A ∼ Ga(r; a) satis�es condition (0.3) for p = 1. Note that exponen-tial r.v.'s of parameter λ > 0 are also included in this case because they can beconsidered as gamma r.v.'s of parameters r = 1 and a = λ.Next we extent from the deterministic framework to the random one the conceptof fundamental set of solutions. Let A1 and A2 be r.v.'s, and let X1(t) and X2(t)be two solutions of the second-order random di�erential equation

Ẍ(t) + A1Ẋ(t) + A2X(t) = 0, −∞ < t < +∞. (0.6)We say that {X1(t), X2(t)} is a fundamental set of solution processes of (0.6) in
−∞ < t < +∞, if any solution X(t) of (0.6) admits a unique representation ofthe form

X(t) = C1X1(t) + C2X2(t), t ∈ (−∞, +∞) , (0.7)where C1 and C2 are r.v.'s uniquely determined by X(t). Su�cient conditionsfor a pair of solutions S = {X1(t), X2(t)} of (0.6) de�nes a fundamental set in
−∞ < t < +∞ in terms of the so-called wronskian determinant process of S,
WS(t) = X1(t)Ẋ2(t) − X2(t)Ẋ1(t) are given bythere exists t0 ∈ (−∞, +∞) such that WS(t0) 6= 0.In this talk, we are interested in determining solutions of di�erential equation(0.1) by means random power series which under certain conditions become ran-dom polynomials. Given a collection of r.v.'s {Xk : k ≥ 0} and t ∈ T , ∑

k≥0

Xkt
kis called a random power series. If P [Xk = 0] = 1 for all k > m, that is,
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P [{ω ∈ Ω : Xk(ω) = 0, ∀k > m}] = 1, then m

∑

k=0

Xkt
k is said to be a randompolynomial in t of degree m.An important fact is that the 2-norm ‖·‖ given by (0.2) does not providea Banach algebra structure to L2, i.e., it is not submultiplicative because theproperty ‖XY ‖ ≤ ‖X‖ ‖Y ‖ does not hold. In fact, let Z be a non-constantpositive 2-r.v. and let us take X = Y = Z1/2, then

‖XY ‖2 − ‖X‖2 ‖Y ‖2 = E[Z2] − (E[Z])2 = Var[Z] > 0.Therefore ‖XY ‖ > ‖X‖‖Y ‖. This situation di�cult the next target. Indeed,once a random power series solution of (0.1) has been constructed the justi�cationof its mean square convergence is required. The general term of such a series isgiven by means the product of certain r.v.'s. In order to establish the absolutem.s. convergence of thaat series, we will require to bound the 2-norm of a productof r.v.'s in terms of the 2-norm of each factor. Next result provide some results toovercome this di�culty and it constitutes a generalization of Schwarz inequality.Proposition 0.3 Let {Xi}
n
i=1, n ≥ 2 be r.v.'s such that E [(Xi)

2n
]

< +∞, i =

1, 2, . . . , n, thenE[∣∣∣
∣

∣

n
∏

i=1

Xi

∣

∣

∣

∣

∣

]

≤

(

n
∏

i=1

E [(Xi)
2n−1

]

)1/2n−1

, n ≥ 2. (0.8)Inequality (0.8) can be expressed in terms of the 2-norm as follows by assumingthat E [(Yi)
2n+1

]

< +∞, i = 1, 2, . . . , n:
∥

∥

∥

∥

∥

n
∏

i=1

Yi

∥

∥

∥

∥

∥

≤

n
∏

i=1

∥

∥

∥
(Yi)

2n−1
∥

∥

∥

1/2n−1

, E [(Yi)
2n+1

]

< +∞, i = 1, . . . , n. (0.9)In advance, let us seek a formal solution process of problem (0.1) of the form
X(t) =

∑

n≥0

Xntn =
∑

n≥1

Xnt
n, (0.10)where coe�cients Xn are 2-r.v.'s. By applying a Frobenius method one gets

X(t) = X0X1(t) + X1X2(t), (0.11)where
X1(t) =

(

1 +
∑

k≥0

t2k+2

(2k + 2)!

k
∏

j=0

(4j − A)

)

,

X2(t) =

(

t +
∑

k≥0

t2k+3

(2k + 3)!

k
∏

j=0

(4j + 2 − A)

)

.

(0.12)



Modelling for Medicine, Business and Engineering 2009 32Next work is addressed to establish the m.s. convergence of the two randomseries given by (0.12), and since (L2, ‖·‖) is a Banach space, that is equivalent toprove that both series are absolutely convergent in the 2-norm. Thus, for each
t ∈ (−∞, +∞), we consider the numerical series associated to the �rst series in(0.12) given by

∑

k≥0

|t|2k+2

(2k + 2)!

∥

∥

∥

∥

∥

k
∏

j=0

(4j − A)

∥

∥

∥

∥

∥

, (0.13)and note that by hypothesis E [|A|n] < +∞, ∀n ≥ 0, then applying (0.9) one gets
∥

∥

∥

∥

∥

k
∏

j=0

(4j − A)

∥

∥

∥

∥

∥

≤
k
∏

j=0

∥

∥

∥
(4j − A)2k

∥

∥

∥

1

2k

. (0.14)We can bound each factor of the above right-hand side for each j = 0, 1, . . . , k asfollows
∥

∥

∥
(4j − A)2k

∥

∥

∥

1

2k

=
(E [|4j − A|2

k+1
])

1

2k+1

≤
(

22k+1−1
(

(4j)2k+1

+ E [|A|2
k+1
]))

1

2k+1

.

(0.15)On the other hand, since we are assuming that r.v. A satis�es condition (0.4)(and therefore (0.5)), one getsE [|A|2
k+1
]

= E [|A|2×2k
]

≤ D M2(2k−1)
(

(2k − 1)!
)2p

, p ≥ 0, ∀k ≥ k0,with D and M are positive constants, that isE [|A|2
k+1
]

= E [|A|2×2k
]

≤ L M2k+1 (

(2k − 1)!
)2p

, p ≥ 0, ∀k ≥ k0, (0.16)where L > 0. As we are interested in establishing the convergence of series(0.13), in the following we can assume without loss of generality that k0 = 0.Thus considering (0.16) into (0.15) one gets for each j = 0, 1, . . . , k

∥

∥

∥
(4j − A)2k

∥

∥

∥

1

2k

≤
(

22k+1−1
(

(4j)2k+1

+ L M2k+1 (

(2k − 1)!
)2p
))

1

2k+1

≤
(

22k+1−1
(

(4k)2k+1

+ L M2k+1 (

(2k − 1)!
)2p
))

1

2k+1

.(0.17)Now we bound each factor appearing in the right-hand side of (0.14) by means(0.17). In this way the positive numerical series (0.13) is majorized by the series
∑

k≥0

(

22k+1−1
(

(4k)2k+1

+ L M2k+1
(

(2k − 1)!
)2p
))

k+1

2k+1

(2k + 2)!
|t|2k+2

. (0.18)



Modelling for Medicine, Business and Engineering 2009 33By using standard techniques it can be established that numerical series given by(0.13) is convergent, thus the �rst random series of (0.12) is m.s. convergent. Fol-lowing an analogous procedure, it is easy to establish the m.s. convergence of thesecond series in (0.12). Then both solution series X1(t) and X2(t) given by (0.12)are m.s. uniformly convergent, therefore the formal di�erentiation considered inthe application of Frobenius method is justi�ed. On the other hand, taking t0 = 0and considering that X1(0) = 1, Ẋ1(0) = 0, X2(0) = 0 and Ẋ2(0) = 1, one getsthat WS(0) = 1 6= 0, then the solution of random di�erential equation (0.1) withrandom initial conditions X(0) = Y0 and Ẋ(0) = Y1 is given by
X(t) = Y0X1(t) + Y1X2(t), t ∈ (−∞, +∞) , (0.19)where X1(t) and X2(t) are de�ned in (0.12). Summarizing the following resulthas been establishedTheorem 0.4 The random di�erential equation (0.1) with initial conditions X(0) =

Y0 and Ẋ(0) = Y1, where A is a continuous r.v. satisfying condition (0.3), admitsas random power series solution of the form (0.19) where X1(t) and X2(t) aregiven by (0.12). Moreover the solution is m.s. convergent for each t ∈ (−∞, +∞).The case where A is a discrete r.v. deserves a special treatment because, ingeneral, condition (0.5) is di�cult to check due to the lack of explicit expressionsfor the moments of relevant discrete r.v.'s. In order to illustrate how we canhandle this situation, let us assume that r.v. A follows a binomial distribution,i.e., A ∼ Bi(n; p), then A takes its values on the �nite set A = 0, 1, 2, . . . , n, fora �xed positive integer n and p ∈ (0, 1). Then,E [|A|2
k+1
]

=

n
∑

a=0

a2k+1

pA(a) ≤ (n + 1)n2k+1

n
∑

a=0

pA(a) = (n + 1)n2k+1

.Now we proceed in the same way as in the previous exposition: we bound eachfactor appearing in the right-hand side of (0.14) and one obtains that the positivenumerical series (0.13) is majorized by
∑

k≥0

(

22k+1−1
(

(4k)2k+1

+ (n + 1)n2k+1

))
k+1

2k+1

(2k + 2)!
|t|2k+2

, (0.20)which is convergent. An analogous treatment can be made for the case that A isa Poisson r.v., and the following result can be established:Corollary 0.5 The theorem 0.4 holds true if A is a discrete r.v. belonging tosome of the following classes of r.v.'s having �nite moments:
• A is a discrete r.v. taking a �nite number of values.
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• A is a Poisson r.v.From (0.12), one deduces that if there exists n ≥ 0 such that P [A = 2n] = 1,then (0.1) has a random polynomial solution: if there exists k ≥ 0 such that

P [A = 4k] = 1 (or P [A = 4k + 2] = 1), then X1(t) (or X2(t)) given by (0.12)generates a (random) polynomial solution of degree 2k (or 2k+1). These random(degenerate) solutions can be interpreted as corresponding Hermite polynomialsthat one presents in the deterministic framework. However in the random scenariothere are richer situations that deserves to be considered. Indeed, in the case that
A is a continuous r.v., like beta, gamma or gaussian r.v.'s, since P [A = 2n] = 0for every integer n ≥ 0, then with probability 1 one can conclude that there arenot random polynomial solutions of (0.1). Whereas if A is a discrete r.v. that onlytakes di�erent even values (not concentrated in just one even value), then therewill exist with probability 1, random polynomial solutions. This case generalizesthe concept of Hermite polynomial solution from the deterministic framework.For the case that A is a discrete r.v. whose values lie in a set containing evennumbers (like binomial or Poisson r.v.'s), the random di�erential equation doesnot have random polynomial solutions but it admits some sample representationswhich are (deterministic) polynomials. Then, considering the solution stochasticprocess as a family of trajectories, we can assign the probability ppol of the randompower series given by (0.19) and (0.12) has random polynomial sample solutions.Note that this series becomes a random polynomial if and only if ppol = 1. Forinstance, if A is a Poisson r.v., i.e., A ∼ Po(λ), then the probability of havingrandom polynomial solutions is given by

ppol = P [A = 2n] = exp(−λ)
∑

n≥0

λ2n

(2n)!
= exp(−λ) cosh(λ).Table 1 shows these probabilities for di�erent values of the parameter λ > 0. Oneobserves that these values decrease from 1 to 0.5 as λ increases from 0 to +∞.The above considerations motivate the following result:

λ 0.01 0.1 0.5 1 2 5 10000
ppol 0.990099 0.909365 0.683940 0.567668 0.509158 0.500023 0.5Table 1: Probabilities of generating random polynomial (sample) solutions when

A is a Poisson r.v. of parameter λ > 0Corollary 0.6 Let us consider the random di�erential equation (0.1) with initialconditions X(0) = Y0 and Ẋ(0) = Y1, where the (discrete) r.v. A takes only a�nite number of even integer values, that is, P [A = 2mj ] = pj > 0, 1 ≤ j ≤ nwith n
∑

j=1

pj = 1. Then this i.v.p. has a random polynomial solution Hmn
(t) of thedegree mn.



Modelling for Medicine, Business and Engineering 2009 35Since r.v. A can only take a �nite number of values, then for obtaining randompolynomial solutions, we do not not require the assumption E [|A|n] < +∞ foreach n = 1, 2, . . . because it is satis�ed.De�nition 0.7 Let mn be a positive integer. The mn-th random Hermite polyno-mial or the random Hermite polynomial of degree mn, is the random m.s. solutionof problem (0.1) with initial conditions X(0) = Y0 and Ẋ(0) = Y1, being A thediscrete r.v. taking the �nite number of even integer values 2mj, with probabilities
P [A = 2mj] = pj > 0, 1 ≤ j ≤ n with n

∑

j=1

pj = 1.Under conditions of corollary 0.6 a random Hermite polynomial solution can beinterpreted as a collection of deterministic Hermite polynomials, which, for each
j : 1 ≤ j ≤ n, has a probability pj of sampling. The degree mn of the ran-dom Hermite polynomial Hmn(t) is the greatest of all degrees corresponding toeach (deterministic) Hermite polynomials, but it is not necessary that its sampleassociated probability pn be also greater than pj for all j : 1 ≤ j ≤ n. Thesituation where A is the discrete r.v. taking all the even integer values with
P [A = 2j] = 2−(j+1), j = 0, 1, 2, . . ., then for each j one obtains a sample poly-nomial solution, but since j lies in the positive integer numbers, the degree of therandom polynomial solution cannot be de�ned according with de�nition 0.7. We�nish this talk by computing of the main statistical functions of the m.s. solutionof (0.1) given by (0.11)-(0.12) such that mean and variance in terms of the data.For this goal, we will consider a truncation of order N of the solution:

XN(t) = X0

(

1 +

N
∑

k=0

t2k+2

(2k + 2)!

k
∏

j=0

(4j − A)

)

+ X1

(

t +

N
∑

k=0

t2k+3

(2k + 3)!

k
∏

j=0

(4j + 2 − A)

)

.

(0.21)In the sequel, we will assume that r.v. A is independent of X(0) = Y0 and
Ẋ(0) = Y1. Therefore one gets

µXN
(t) = E [Y0]

(

1 +
N
∑

k=0

t2k+2

(2k + 2)!
E[ k
∏

j=0

(4j − A)

])

+ E [Y1]

(

t +
N
∑

k=0

t2k+3

(2k + 3)!
E[ k
∏

j=0

(4j + 2 − A)

])

.

(0.22)On the other hand, it is easy to check thatE [(XN(t))2] =
N
∑

n=0

E [(Xn)2]
t2n + 2

N
∑

n=1

n−1
∑

m=0

E [Xn Xm] tn+m.
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∏

i=u

f(i) = 1 if v < u the terms involved in thetwo above sums can be computed as follows:
E [XnXm]=

1

n! m!















































E [(Y0)
2]E [P1

(

n − 2

2

)

P1

(

m − 2

2

)] if n=0, 2, 4, . . . ,
m=0, 2, 4, . . . ,E [Y0Y1]E [P1

(

n − 2

2

)

P2

(

m − 3

2

)] if n=0, 2, 4, . . . ,
m=1, 3, 5, . . . ,E [Y0Y1]E [P2

(

m − 3

2

)

P1

(

n − 2

2

)] if n=1, 3, 5, . . . ,
m=0, 2, 4, . . . ,E [(Y1)

2]E [P2

(

n − 3

2

)

P2

(

m − 3

2

)] if n=1, 3, 5, . . . ,
m=1, 3, 5, . . . ,(0.23)where we have denoted

P1(k) =

k
∏

j=0

(4j − A), P2(k) =

k
∏

j=0
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1 Introduction

Process models are applied for design different control problems. In particu-
lar, modelling the tourism sector is useful since governments are interested,
for example, in the level tourist expenditures at a country, hotels in tourism
areas with higher demand and airlines in routes in greatest demand. The
obtained information of the model could be used to analyze the level of eco-
nomic activity, rental cars unused, etc., and the interconnection of the various
services involved in the sector. Very often the equation of the model involves
unknown parameters that must be estimated from experimental data. This
problem is known as the identifiability problem. This consists on investigate
whether unknown parameters in a given model structure can be uniquely re-
covered from experimental data. The identifiability framework helps us test
the unique relationship between parameters sets and model response. It is
possible to distinguish between the following types of identifiability: global
identifiability (a model is global identifiable if and only if there is an unique
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input-output behavior for every parameter set) and local identifiability (a
model is local identifiable if the identifiability analysis problem yields multi-
ple solutions). A formal definition is given in [1].

This paper addresses the structural parameter identifiability problem for
singular dynamic system. We analyze this problem in the global identifiabil-
ity sense. To facility the study of the model of a real dynamical process on the
impact produced by changes of tourist’s income on the demand for tourism
services we need a Leontief model (see for instance [2] and [3]). The dynamic
model is described by n tourism services interconnected among themselves
such that the i−th tourism service depends on itself and the next (i+1)−th
service. In this case, the technological coefficient matrix has a bidiagonal
structure. This matrix is denoted by P (p). By the nature of this matrix

0 ≤ p
p
ij ≤ 1, and

n
∑

i=1

p
p
ij ≤ 1. Must be take into account that the demand

only affects on the n-th tourism service. Then, the demand coefficient matrix
D(p) is such that has one column multiple of the n-th canonical vector. The
(i, j)-entry of the capital matrix C(p) represents the amounts of capital of
the i−th good necessary for the production of one unit of the j−th tourism
service. The singularity of this matrix arises because no output from one
sector is used in the production of some products. Note that these matrices
are nonnegative matrices and the Capital matrix can be or not be singular.

Let the dynamic model be represented by this generalized system:

C(p)x (k + 1) = (I − P (p) + C(p)) x (k) + D(p)u (k) (1)

where x(k) is the production level vector of the tourism services and u(k) is
the demand level vector. The coefficient matrices represent the different fac-
tors involved in the economic process. These matrices have a fixed structure
with the parameter vector p belongs to a subset P ⊆ R

r. These param-
eters suggest the relation among variables of the economic process. If the
capital matrix C(p) is invertible, then we have a standard system S(p) =
(A(p), B(p)) where A(p) = I +C−1(p)(I −P (p)) and B(p) = C−1(p)D(p).
This system belongs to a kind of structured systems. The identifiability of
the parameters of this system is concerned with the determination of them
from the external behavior of the system. This input-output behavior of
S(p) is given by the Markov parameters V (j,p) = Aj(p)B(p), j ≥ 0.

A number of methods have been proposed in the literature to test identi-
fiability of linear parametric systems. Although some methods for structural
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identifiability analysis seems appealing, some of them are limited by the abil-
ity to solve an algebraic equation set with solutions is in general no feasible.
In this work the Markov parameters are used because they are useful to con-
struct an algorithm to test if the parameters can be determinated. The aim of
this work is analyze the identifiability problem of the structured system (1),
which it models the dynamic process that represents the tourism services.

2 Structured standard system

Consider a structured standard system S(p) = (A(p), B(p)) given by

A(p) =

{

pa
ij i = 1, . . . n − 1, j = i, i + 1 and i = n, j = n

0 i = 1, . . . n − 1, j 6= i, i + 1 and i = n, j 6= n

and B(p) is such that has almost one monomial column of kind b(p) =
(0 0 · · · 0 pb

n)T with all parameters not equal to zero. We denote this
set of parameter vectors p by P. In this case, by the structure of these
matrices and by a technical process we can prove that the Markov parameters,

v(k) =
(

v
(k)
i (p)

)

i=1,...,n
, k = 0, . . . , n, under the condition v

(k−1)
n+1 (p) = 0,

satisfy the following relations,

v
(0)
n (p) = pb

n v
(k)
i (p) = 0, i = 1, . . . , n − k − 1,

v
(k)
i (p) =

1
∑

j=0

pa
i,i+jv

(k−1)
i+j (p), i = n − k, . . . , n.

Hence, the structured system S(p) is globally identifiable.

3 Testing the global identifiability of a struc-

tured economic model

Since the Leontief economic model described in the first section is a gener-
alized system, solve the identification problem in this case is not easily de-
termined in general. For that, now consider the economic model (1) showed
in the introduction with a particular structure. Suppose that the i−th good
produce the i−th tourism service. Then the Capital matrix is a non-singular
diagonal matrix, that is C = diag(c1, c2, . . . , cn). The Technological matrix
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represents the amount of material required per unit of service. In this case,
we consider that the Technological matrix P (p) = (pp

ij) satisfies that for each
i = 1, . . . , n the entries p

p
ii and p

p
ii+1 are positive and the entries p

p
ij are zero

for j 6= i, i+1, that is P (p) is a bidiagonal matrix. Finally a Demand matrix
D(p), that represents the demand of end consumers (customers), is a mono-
mial column. Note that, the parameter vector p, comprising the unknown
parameters, is given by p = pb

n, pa
i,i+j, j = 0, 1, i = n − k, . . . , n.

In this section parameter estimation is performed using the standard sys-
tem associated to the Leontief model. By the structure of this standard
model S(p), we can check that this system is globally identifiable. It is seen
that there is good correspondence between the matrices of the system S(p)
and the initial parameters of the vector p. The analysis remains valid for
the parameter vector and the initial Leontief model is structurally globally
identifiable. Since it is known the response of the economic process, that
is, it is known the collection of matrices {V (k), k = 0, . . . , n}, the results
obtained permit to build up an algorithm for identification problem. That
is, a condition for testing the identifiability for the discrete-time generalized
system is formulated as follows.

Algorithm

In this subsection we give an algorithm to solve the identifiability problem.
The algorithm is composed in two phases where each phase encompasses sev-
eral steps. The first phase concerns the construction the Markov parameters
of the associated standard system. The second phase investigates the param-
eter identification of the economical model. Step 1 of the algorithm concerns
model formulation of the system. Step 2, 3 and 4 concerns determination of
Markov parameters using the relationship analyzed above. In the step 5 the
algorithm obtain the parameters of the structured standard system. Finally,
steps 6 and 7 give the formulation of the structured economic system and
the values of the initial parameters. The steps are detailed in the following.

Step 1. Introduce the size of the state vector: n and the capital matrix
C. Introduce the matrices {V (k), k = 0, . . . , n} that determine the known
external behavior of the process. And introduce the position of the monomial
column of matrix V (0): j .

For k = 0, . . . , n
Step 2. Choose and denote the j-th column of V (k) as v(k). Put

v
(k−1)
n+1 = 0.
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Step 3. Construct the following system: v
(0)
n = pb

n, v
(k)
i =

1
∑

j=0

pa
i,i+jv

(k−1)
i+j ,

i = n − k, . . . , n.

Step 4. Solving the above system, we obtain the parameters pb
n and

pa
i,i+j, j = 0, 1, and i = n − k, . . . , n.

Step 5. Using parameters obtained in Step 4 we construct the matrices
of the associated standard Leontief model S(p) = (A(p), B(p)) and from
them we obtain pd

n and p
p
i,i+j, j = 0, 1, and i = 1, . . . , n.

With this process we have determinate all parameters of the system.
Step 6. Finally, construct the matrices of the system (1).

4 Conclusions

This paper considers the identifiability of Leontief dynamic model. Conve-
nient representation of the associated system is sought in order to determine
identifiability of the original model. The problem has been addressed by
proving that the model is globally identifiable. The procedure that has been
introduced relates to a more constructive means for the calculations of iden-
tifiable parameter. The first result shows that a standard structured system
associated to the Leontief economic model is globally identifiable. In this
case, it would appear that the Markov parameters plays an important role
in the identification problem. The second result shows that, the origin eco-
nomic model is also globally identifiable. Finally, an algorithm is performed
to test the identifiability problem and for obtaining the unknown parameters
in a economic process.
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1 Introduction

In this paper we study the realization problem in polynomial transfer ma-
trices, and consider some applications on electrical circuits. More properly,
on the state variable models of the corresponding regular singular systems
for circuits [1], so that, by applying Kirchoff’s laws, systems with matrices
of big size and quite sparce are obtained. But of course some of the corre-
sponding equations of this system will be redundant. The problem is that the
determination of a minimal set of equations, and thus a minimum number of
variables, is not computationally trivial. We introduce an efficient and stable
computational algorithm to obtain this minimal realization.
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2 Definitions and Preliminary results

Consider the continuous time-invariant singular system

{

Ē ˙̄x(t) = Āx̄(t) + B̄ū(t)

ȳ(t) = C̄x̄(t)
(1)

where ˙̄x(t) = dx̄(t)
dt

, t is the time, x̄(t) ∈ Rn is the vector of internal variables,
ū(t) ∈ Rp is the vector of control inputs and ȳ(t) ∈ Rm is the vector of
outputs. If Ē is a singular matrix the system is called singular.

Given a rational matrix G(s) ∈ R
m×p[s], matrices Ē, Ā ∈ R

n×n, B̄ ∈

Rn×p and C̄ ∈ Rm×n such that G(s) = C̄
[

sĒ − Ā
]

−1
B̄ are called a real-

ization of G(s). It is denoted by (Ē, Ā, B̄, C̄). The size of Ā is called the
dimension of the realization. The realization is minimal if it has minimum
dimension.

If this system satisfies the regularity condition, i.e. there exists an scalar
λ ∈ C such that det[λĒ − Ā] 6= 0 then it is equivalent to the canonical
forward-backward form (see [4]) where E = diag(In1

, N), A = diag(A1, In2
),

n1 + n2 = n, with n1 the degree of polynomial det[sE − A], A1 ∈ R
n1×n1

and N ∈ Rn2×n2 a nilpotent matrix of index t, B =

[

B1

B2

]

with B1 ∈ Rn1×p

and B2 ∈ Rn2×p, and C = [C1 C2] with C1 ∈ Rm×n1 and C2 ∈ Rm×n2 .

Lemma 1 [5, Lemma 4.2] The transfer matrix of a canonical forward-backward
system is G(s) = G1(s) + G2(s) where G1(s) = C1[sIn1

− A1]
−1B1 is the

strictly proper transfer matrix of a standard (forward) subsystem and G2(s) =
C2(sN − In2

)−1B2 is the polynomial transfer matrix of a complete singular
(backward) subsystem.

Consequently, we deduce that the realization problem in regular singular
systems can be dealt as two realization subproblems, a realization problem in
a standard system and a realization problem of a complete singular system.
The computation of a minimal realization (N, I, B2, C2) of G2(s) is studied
in this paper.
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3 Algorithm to obtain a minimal realization

Consider a polynomial transfer matrix

G(s) = C[sN − I]−1B = −CB − sCNB − . . . − st−1CN t−1B =
= W0 + sW1 + . . . + st−1Wt−1

where t is the nilpotence index of N and Wi ∈ Rm×p, i = 0, 1, . . . , t − 1.
This algorithm is an interesting improvement of the realization algorithm
presented by Silverman and Ho (see [4, pp. 63]).

We can suppose, without loss of generality, that m ≥ p. In other case,
we work with the polynomial transfer matrix GT (s) so that if (N, I, B, C) is
a minimal realization of G(s), then (NT , I, CT , BT ) is a minimal realization
of GT (s).

From now on, for a matrix A ∈ Rn×m, we denote by A(i1 : i2, j1 : j2) the
submatrix of A with rows {i1, i1 + 1, . . . , i2} and columns {j1, j1 + 1, . . . , j2}.
If the submatrix has all rows (resp. columns) of A, then it is denoted by
A(:, j1 : j2) (resp. A(i1 : i2, :)).

Definition 1 A matrix U ∈ Rn×m with rank(U) = n is a basic upper matrix
if it is an upper reduced echelon matrix and the leading 1’s are in the n first
columns.

Definition 2 A block matrix U = [U1 U2 . . . Ut] is a basic upper block
matrix if it is an upper reduced echelon matrix and the leading 1’s in each
block are in the first columns. That is, U has the following structure

U =











Ir1
U (1,1) O U (2,1) · · · O U (t,1)

O O Ir2
U (2,2) · · · O U (t,2)

...
...

...
...

...
...

O O O O · · · Irt
U (t,t)











.

Algorithm 1

Step 1. Define the matrix

W =















−Wt−1 −Wt−2 · · · −W1 −W0

O −Wt−1 · · · −W2 −W1
...

...
...

...
O O · · · −Wt−1 −Wt−2

O O · · · O −Wt−1
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Step 2. Obtain, applying the quasi-Gauss method [3], the following full rank
factorization of matrix W

W = G ∗ U =















G1

G2
...

Gt−1

Gt















[U1 U2 · · · Ut−1 Ut]

where Gi ∈ Rm×n and Ui ∈ Rn×p for i = 1, 2, . . . , t, with n = rank(W ) and
U is a basic upper block matrix.
Step 3. Define

B = U(:, (t − 1)p + 1 : tp), C = G(1 : m, :)

qt−1 = rank(U(:, 1 : p))

qt−i = rank(U(:, 1 : ip)) − rank(U(:, 1 : (i − 1)p)) for i = 2, 3, . . . , t.

N = [On×qt−1
U(:, 1 : qt−2) U(:, p + 1 : p + qt−3) . . .

. . . U(:, (t − 2)p + 1 : (t − 2)p + q0)]

Proposition 1 (N, I, B, C) given by Algorithm 1 is a minimal realization
of the polynomial transfer matrix G(s) = W0 + sW1 + . . . + st−1Wt−1 where
Wi ∈ Rm×p, i = 0, 1, . . . , t − 1.

Remark 1 1. Note that qt−i, i = 1, 2, . . . , t, are directly obtained from
the number of leading 1’s of the corresponding blocks of U . Hence, G

is given from the first n linearly independent columns of W . Observe
that we only need to save the column indices of U with leading 1’s.

2. By construction N is nilpotent, with nilpotent index equal to t.

3. The computational cost of the Algorithm 1 is based on the cost of the
quasi-Gauss method because B, C and N are specific rows and columns
of G and U .

4. The Silverman and Ho algorithm [4, pp. 63] starts with a full rank
factorization L1L2 with L1 ∈ R

tm×n and L2 ∈ R
n×tp, and then com-

putes N = (LT
1 L1)

−1LT
1 M1L

T
2 (L2L

T
2 )−1 with M1 ∈ Rtm×tp. The com-

putational cost of N is more expensive because transpose, inverse and
products of matrices are included.
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Remark 2 If U is not a basic upper block matrix, in order to apply Algo-
rithm 1, it is necessary to permute some rows and columns of U because the
linearly independent columns in each block are not in the first columns.

4 Example

In [1, section 3] some principal applications in terms of electrical circuits, or
more properly, in terms of state variable models for circuits are introduced.
Concretely, the continuous time-invariant singular system of a linear RLC
circuit is given by (1) where Ē = (ēij) ∈ R11×11 is the zero matrix except for
ē22 = ē99 = 1; B̄ = (b̄ij) ∈ R11×2 is the zero matrix except for b̄11 = b̄10,2 = 1;
C̄ = I11 is the identity matrix and

Ā =





































−1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 1 0 0 0 0
0 0 −1 0 0 0 1 1 0 0 0
1 0 0 0 0 0 0 0 0 0 −1
0 1 0 0 0 0 0 0 0 0 −3
0 0 1 0 0 0 0 0 0 0 −1
0 0 0 1 0 0 0 0 0 0 −1
0 0 0 0 1 0 0 0 0 0 −1
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 −1 0
0 0 0 0 0 −1 −3 −1 −1 −1 0





































∈ R
11×11.

The corresponding transfer matrix is:

G(s) = C̄
[

sĒ − Ā
]

−1
B̄ = G1(s) + G2(s) =

=
1

s

[

0 0 0 0 0 1 −1 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0

]T

+

+

[

1 3 1 1 1 6s + 1 −3s − 1 3s + 2 0 0 1
0 0 0 0 0 1 −1 1 0 1 0

]T

.

By [2] a minimal realization (A1, B1, C1) of G1(s) is

A1 = [0] B1 = [1 0] C1 =
[

0 0 0 0 0 1 −1 1 1 0 0
]T

.
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By Algorithm 1, we compute a minimal realization (N, I, B2, C2) of G2(s).
Let

G2(s) = W1s + W0 =

= s

[

0 0 0 0 0 6 −3 3 0 0 0
0 0 0 0 0 0 0 0 0 0 0

]T

+

[

1 3 1 1 1 1 −1 2 0 0 1
0 0 0 0 0 1 −1 1 0 1 0

]T

.

The matrix W =

[

−W1 −W0

O −W1

]

, has the following full rank factorization

W = G ∗ U = [W (:, 1) W (:, 3 : 4)]





1 0 0 0
0 0 1 0
0 0 0 1





where U is a basic upper block matrix. Therefore,

B2 = U(:, 3 : 4) =





0 0
1 0
0 1





C2 = G(1 : 11, :) =





0 0 0 0 0 −6 3 −3 0 0 0
−1 −3 −1 −1 −1 −1 1 −2 0 0 −1

0 0 0 0 0 −1 1 −1 0 −1 0





T

qt−1 = q1 = 1, qt−2 = q0 = 2, then N = [O3×1 U(:, 1 : 2)] =





0 1 0
0 0 0
0 0 0



 .

From (A1, B1, C1) of G1(s) and (N, I, B2, C2) of G2(s), a minimal realization
(E, A, B, C) of G(s) is obtained. Note that we have begun with a space-
state representation of order 11 and we have obtained a minimal realization
of order 4. Therefore, the number of variables of this electrical circuit has
been reduced significantly. Moreover, the computational cost has been of
2567 flops whereas with the Silverman-Ho algorithm has been of 4341 flops.
Flops is a MatLab command that returns the cumulative number of floating
point operations.
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1 Introduction

People with diabetes are at greater risk of dying from heart and kidney
diseases than adults without diabetes. The number of people with diabetes
mellitus type 2 has increased considerably worldwide. Concretely, in Spain,
according to different studies [8], the prevalence of diabetes has increased
to 10-15% of the population. This increase is due to several factors such as
changes in the diagnostic criteria (the fasting blood glucose value has been
changed from 140mg/dl to 126mg/dl,), the age of the population or actually
new cases of diabetes.

Given the significant negative impact of diabetes in very serious diseases,
the control of diabetes prevalence should be considered as part of a com-
prehensive management strategy on the population of a country. It is very
interesting to reconsider the model for undiagnosed diabetes and determine
which measures should be taken to prevent progression of diabetes in different
groups. However, little is known about the impact of optimal control on the
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prevalence of diabetes. It is likely that a model which includes some control
over the factors in the prevalence of diabetes represents an important role
in the design of strategies to mitigate disease progression. This is because
the use of optimal control techniques allows the incorporation of functional
constraints and desired requirements as a starting point for the design of the
process. Recall that, in the optimization problem, the performance of the
system can be improved by adjusting the weighting factors in the functional
according to the country needs.

Recently, several works, including information on the prevalence of dia-
betes have been published [1, 3, 5, 7, 11]. In this paper a dynamic model for
type 2 (commonly undiagnosed) diabetes prevalence is considered taking into
account the number of people diagnosed with diabetes, those not diagnosed
and those who have dead in each year. General risk factors like age, sex and
race that may have influenced in prevalence diabetes are also considered in
the model, but it was not included women who had diabetes only during
pregnancy.

The problem of minimization of a quadratic cost functional along the
trajectories of the controlled system is introduced. Such an optimization
problem is usually known as the linear quadratic control (LQC) problem.
The solution of the LQC problem is closely related to the solution of certain
Riccati matrix equation.

The dynamic model involves a difference-algebraic equation whose co-
efficients are rectangular matrices, so the Moore-Penrose inverse plays an
important role in its solution. Recall that the matrix A† denotes the Moore-
Penrose inverse of the matrix A ∈ R

m×n. When A has full row rank, it
is well-known that the expression of its Moore-Penrose inverse is given by
A† = AT (AAT )−1. A square matrix A is positive definite (semi-definite) if A

is symmetric and xT Ax > 0 (xT Ax ≥ 0) for all x 6= 0.

2 Mathematical description and preliminar-

ies

Several authors have modelled the diabetes prevalence by using a singular
control system [2, 3, 4, 6]. In this work we use a similar model to the consid-
ered in [3] but with controls. Then, the control process is described by the
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system (E, A, B) formed by the equation

Ex(k + 1) = Ax(k) + Bu(k) (1)

where the coefficient matrices are given by

E =
[

I −I −I
]
∈ R

n×3n, A =
[

MT O O
]
∈ R

n×3n, B ∈ R
n×l,

the state vector is x(k) =
[

p(k) b(k) pm(k)
]
∈ R

3n, with n = 2(m + 1),
and the control vector u(k) ∈ R

l. Here

M =

[
O diag(Mi)

m−1
i=0

O Mm

]
, with Mi =

(
αi βi

0 γi

)
, and

• The population vector p(k) ∈ R
2(m+1) contains the number of people

which are non-diabetic pnd

i
(k) or diabetic pd

i
(k) at age i in the year k,

that is p(k) =
[

pnd

i
(k) pd

i
(k)

]m

i=0
. The age is considered from 0 to m,

where m is sufficiently large for neglecting people of age greater than
m.

• The population migration vector pm(k) ∈ R
2(m+1) is a row containing

the net migrations for year k with the same structure of vector p(k).

• The birth vector is denoted by b(k) =
[

b1(k) 0 . . . 0
]
∈ R

2(m+1)

with b1(k) ∈ R
2 representing the number of non-diabetic births and

diabetic births for year k.

• αi, βi, and γi are the probabilities of being non-diabetic at age i + 1
given non-diabetic at age i, of being diabetic at age i + 1 given non-
diabetic at age i, of being diabetic at age i + 1 given diabetic at age i,
respectively.

By the structure of the coefficient matrices, rank(E −A) = rank(E) = n,
and then the Moore-Penrose inverse of E − A is given by (E − A)† = (E −
A)T ((E − A)(E − A)T )−1.

From this, we can define the n × n matrices Ê = E(E − A)† and Â =
A(E − A)†, which satisfy Â = Ê − I and consequently they commute [3].
Moreover, the projector P = (E−A)†(E−A) has index 1 and so R

3n can be
decomposed into direct sum of Im(P ) and Ker(P ) = Im(I − P ). From this,
system (1) can be written as

EPx(k + 1) = APx(k) + Bu(k) − E(I − P )x(k + 1) + A(I − P )x(k).
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Using the matrices Ê, Â, and P we obtain the associated standard system

x̂(k + 1) = Ê−1Âx̂(k) + Ê−1v(k),

given that the matrix Ê is regular and taking x̂(k) = (E − A)x(k) and
v(k) = Bu(k)−E(I −P )x(k + 1) + A(I −P )x(k). This system has solution
for any initial vector x̂(0) = x̂0 and it is given by

x̂(k) = (Ê−1Â)kx̂0 +

k−1∑

i=0

(Ê−1Â)k−i−1Ê−1
(
Bu(i) + g(i)

)
, (2)

where g(i) = −E(I − P )h(i + 1) + A(I − P )h(i), being h(i) an arbitrary
vector for each i = {0, . . . , k − 1}. Then, since x(k) ∈ Ker(I − P ), we get
x(k) = (E − A)†x̂(k).

3 Linear Quadratic Control Problem

Optimal control allows the incorporation of functional constraints and re-
quirements as a starting point for the design process. In this section, the
following linear quadratic control problem, which models a diabetes preva-
lence problem, is presented for the control system (1),

LQC problem 1. Determining a control law u(k) = −Fx(k)
to minimize the cost functional given as follows:

J(u) =

∞∑

k=0

(xT (k)Qx(k) + uT (k)Ru(k))

where

Q =




Q1 −Q1 −Q1

−Q1 Q2 Q1

−Q1 Q1 Q3





is a positive semi-definite matrix and R is a positive definite ma-
trix.

To solve this LQC problem we transform the original system into a control
system equivalent by using the change of basis transformation x(k) = Nz(k),
where the matrix N is

N =




I I I

O I O

O O I



 .
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So, we have the following system

Ẽz(k + 1) = Ãz(k) + Bu(k)

with Ẽ =
[

I O O
]
and Ã = MT

[
I I I

]
. Denoting zT (k) =

[
zT

1 (k) zT

2 (k) zT

3 (k)
]

and ũT (k) =
[

zT

2 (k) zT

3 (k) uT (k)
]
, we have

z1(k + 1) = MT z1(k) + B̃ũ(k) (3)

where B̃ =
[

MT MT B
]
. Note that solving the LQC problem 1 is equiv-

alent to solve a new LQC problem for system (3) given by

LQC problem 2. Determining a control law ũ(k) = −Lz1(k)
to minimize the cost functional given by

J̃(ũ) =
∞∑

k=0

(zT

1 (k)Q̃z1(k) + ũT (k)R̃ũ(k))

where Q̃ is a positive semi-definite matrix and R̃ is a block-
diagonal positive definite matrix. Note that, Q̃ = Q1 and R̃ =
diag(Q2 − Q1, Q3 − Q1, R).

To solve this LQC problem we need that the system (3) be completely
reachable. Remember that a system x(k +1) = Ax(k)+Bu(k) is completely
reachable if and only if matrix [B AB · · ·An−1B] has full rank. In this case
we show the following result

Proposition 1 System (3) is completely reachable if and only if the matrix

B =
[

BT

1 BT

2

]T

with B1 ∈ R
2×l, B2 ∈ R

(n−2)×l, and rank(B1) = 2.

If we assume that system (3) is completely reachable then, the mini-
mizing solution of J̃ with respect to control input ũ is given by L = (R̃ +
B̃T PB̃)−1B̃T PMT where P is the positive definite matrix satisfying the Ric-
cati equation

P = Q1 + MP (I + B̃R̃−1B̃T P )−1MT .

Next, we have to return to the LQC problem 1. For that we split LT =[
LT

1 LT

2 LT

3

]
and from ũ(k) = −Lz1(k), we have

z2(k) = −L1z1(k), z3(k) = −L2z1(k), u(k) = −L3z1(k).
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Thus, by the transformation z(k) = N−1x(k) we have that the solution of
the LQC problem 1 is u(k) = −Fx(k) with

F = L3

[
−I I I

]
,

and this feedback is well-defined if the following condition holds:

x(k) ∈ Ker
([

L1 I − L1 −L1

])
∩ Ker

([
L2 −L2 I − L2

])
(4)

Summarizing, we have the following result.

Theorem 1 Let the system (1) be satisfying condition of Proposition 1 and
consider the LQC problem 1. If the matrices Q1, Q2 and Q3 satisfy that
Q2 − Q1 and Q3 − Q1 are positive definite matrices and the condition (4)
holds then the LQC problem 1 has solution.

4 Conclusions

A problem of optimal control for a singular system, which represents the di-
abetes prevalence in a hypothetical country, has been considered. A solution
of this system has been given by using the Moore-Penrose inverse. Finally,
the solution of the LQC problem has been obtained by means of an auxil-
iary system which satisfies the reachability condition. This solution is closely
related to a Riccati matrix equation.
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R. Company†, L. Jódar‡and J.–R. Pintos§
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1 Introduction

This paper deals with the numerical analysis and computing of nonlinear
models of option pricing that appear when illiquid markets effects are taken
into account. It is well-known that Black-Scholes (B-S) model is acceptable
in idealized financial markets. One of the major assumptions of Black-Scholes
model is that the market in the underlying asset is perfectly elastic so that
large trades do not affect prices in equilibrium. This occurs in perfectly liquid
markets, but the case is clearly unrealistic.

The presence of price impact of investors’ trading has been widely docu-
mented and extensively analyzed in the literature, see, for instance, [1, 2, 3].
In [4], the way in which price impact in the underlying asset market affects
the replication of a European contingent claim is examined. They obtain a
generalized Black-Scholes pricing PDE that for the case where interest rate
and the reference volatility are constant, takes the form
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∂v

∂t
(S, t)+

σ2S2

2

(

1 − λ(S, t)S
∂2v

∂S2
(S, t)

)2

∂2v

∂S2
(S, t)+ rS

∂v

∂S
(S, t)− rv(S, t) = 0,

(1)(S, t) ∈]0, +∞[×]0, T ]

v(S, T ) = f(S), 0 < S < +∞. (2)

[4] establish the existence and uniqueness of a classical solution to this
PDE, for the case where the payoff function f(S) of the European contingent
claim is a continuous piecewise linear function. In (1), λ(S, t) is the price
impact factor

λ(S, t) =











γ

S

(

1 − e−β(T−t)
)

if S ≤ S ≤ S

0 , otherwise,

(3)

where the constant price impact coefficient γ > 0 measures the price impact
per traded share, and S and S represent respectively, the lower and upper
limit of the stock price within which there is a price impact.

If x = [x1, . . . , xp]
t is a vector in R

p , its 1-norm is denoted by ‖x‖ =
p

∑

i=1

|xi| and its supremum norm is denoted by ‖x‖∞ = max
1≤i≤p

|xi|.

2 Transformation of the problem.

For the sake of convenience the PDE (1)-(2) is going to be transformed into
a nonlinear diffusion equation.

Let us consider the substitution defined by

X = er(T−t)S; τ = σ2

2
(T − t) ; u = er(T−t)v

ν(X, τ) = λ(S, t) S vSS ; ρ =
r

σ2
.

(4)

From (1)-(2) and (4) one gets

L(u) =
∂u

∂τ
−

1

[1 − ν(X, τ)]2
X2 ∂2u

∂X2
= 0, (X, τ) ∈ R

+×]0,
σ2T

2
], (5)
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together with the initial condition

u(X, 0) = f(X) , X > 0. (6)

Note that from (3) and (4), ν(X, τ) takes the form

ν(X, τ) =











γe2ρτ
(

1 − e−
2βτ

σ2

)

uXX , X ≤ X ≤ X

0 , otherwise.

(7)

3 Numerical scheme construction

The numerical domain is (X, τ) ∈ [0, b] × [0, σ2T
2

] and the nodes Xj = jh,

τn = nk, with 0 ≤ j ≤ N , 0 ≤ n ≤ `, Nh = b and `k = σ2T
2

. The numeri-
cal approximation of the exact theoretical solution u(Xj, τ

n), is denoted by
Un

j . Let us introduce the approximations of the partial derivatives and the
operator 4n

j :

∂u

∂τ
(Sj, τ

n) =
Un+1

j − Un
j

k
+ O(k),

∂2u

∂X2
(Sj, τ

n) =
Un

j−1 − 2Un
j + Un

j+1

h2
+ O(h2) = 4n

j (U) + O(h2).



















(8)

The approximations Un
−1 and Un

N+1 are obtained by using linear extrapola-
tion.

By replacing the partial derivatives of equation (5) by the approximations
given in (8) one gets the numerical scheme at the internal mesh points:

Un+1
j =

(

1 −
2k

h2
βn

j

)

Un
j +

k

h2
βn

j

(

Un
j−1 + Un

j+1

)

1 ≤ j ≤ N − 1, 0 ≤ n ≤ ` − 1,
(9)

where

βn
j =

X2
j

[1 − νn
j ]2

, 0 ≤ j ≤ N, 0 ≤ n ≤ `, (10)

νn
j =











γe2ρnk
(

1 − e−
2βnk

σ2

)

4n
j , X ≤ X ≤ X

0 , otherwise.

(11)
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From (9) evaluated at j = 0 and j = N , at the boundaries we obtain

Un+1
0 = Un

0 = ... = U0
0 = f(0), (12)

Un+1
N = Un

N = . . . = U0
N = f(b). (13)

For the sake of clarity in the study of the properties of the numerical
solution of (9)-(13) it is convenient the study of behaviour of 4n

j appearing
in the coefficients of (10)-(11).

Taking into account the definition of 4n
j in (8) and the evolution of the

numerical solution from n to n + 1 given by (9)-(13), one gets

4n+1
j =

(

1 −
2k

h2
βn

j

)

4n
j +

k

h2
βn

j−14
n
j−1+

k

h2
βn

j+14
n
j+1, 1 ≤ j ≤ N−1, (14)

Let us denote the vector 4n in R
N+1 defined by

4n = [4n
0 4n

1 ... 4n
N ]t , 0 ≤ n ≤ `. (15)

The following result shows that under certain conditions, the operator 4n is
decreasing in 1 − norm as n increases.

Lemma 1 Let r be the riskless interest rate, σ the volatility and γ the impact
factor parameter of the illiquid market. Let us assume the conditions

γe2ρτ
(

1 − e−
2βτ

σ2

)

‖40‖ = δ < 1 (16)

k

h2
≤ L(h), and L(h) =

(1 − δ)2

2b2
(17)

then
‖4n+1‖ ≤ ‖4n‖, 0 ≤ n ≤ `.

4 Positivity, monoticity, and stability

4.1 Positivity

A suitable property of the numerical solution of an equation pricing a contract
is the positivity. Under hypothesis (16), (17) of lemma 1 inequality

1 −
2k

h2
βn

j ≥ 0, 0 ≤ j ≤ N, 0 ≤ n ≤ ` − 1. (18)

holds true and taking into account (9) and (10) one gets that for a nonneg-
ative payoff {U0

j } the numerical solution {Un
j } is nonnegative.
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4.2 Monoticity

We introduce the following definition.

Definition 1 Consider the scheme F (Un
j ) = 0 , j ∈ J , n ∈ L where J and

L are sets of nonnegative integers. We say that the scheme is monoticity-
preserving, if, assuming that Un

j+1 ≥ Un
j , j ∈ J , j +1 ∈ J, then, it occurs

that Un+1
j+1 ≥ Un+1

j , j ∈ J , j + 1 ∈ J.

Theorem 1 Under hypotheses (16)-(17) of Lemma 1, then the numerical
scheme (9), (12), (13) is monoticity-preserving , with 0 ≤ j ≤ N , 0 ≤ n ≤ `.

Corollary 1 Under hypotheses (16)-(17) and notation of theorem 1, and as-
suming that the payoff function f(X) is non decreasing and nonnegative with
f(0) = 0, then the scheme (9), (12), (13) is nonnegative and nondecreasing
in variable j for each time stage n.

4.3 Stability

Let us denote the numerical solution vector un = [un
0 un

1 · · ·u
n
N ]t.

We introduce the following definition.

Definition 2 The numerical scheme (9)-(13) for the initial value problem
(5) is said to be ‖ ‖∞-stable in the fixed station sense in the domain [0, b] ×
[0, σ2T

2
], if given τ with 0 < τ ≤ σ2T

2
, for every partition with k = 4τ ,

h = 4X, with τ = `k, and every N with Nh = b one gets ‖Un ‖
∞

≤ C,

where C > 0 is independent of h, k and N .

From (13), theorem 1 and corollary 1, ‖Un‖∞ = f(b) and the following result
holds true.

Theorem 2 Under conditions (16)-(17), the numerical scheme (9)-(13) for
solving initial value problem (5) with a nondecreasing payoff function is ‖ ·
‖∞-stable.

5 Consistency

Consistency of a numerical scheme with respect to a partial differential equa-
tion means that the exact theoretical solution of the PDE approximates well
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the exact theoretical solution of the difference scheme as the stepsize dis-
cretization tends to zero, [5]. Let us write the scheme (9) in the form

F (Un
j ) =

Un+1
j − Un

j

k
− βn

j (U)4n
j (U) = 0, (19)

where discrete operator ∆n
j is given by (8) and coefficients βn

j (U) are given
by (10)-(11). In accordance with [5, pag.100], the scheme (19) is said to be
consistent with problem (5) if the local truncation error

T n
j (u) = F (un

j ) − L(un
j ), (20)

satisfies
T n

j (u) → 0 , as h = ∆X → 0 , k = ∆τ → 0 , (21)

where un
j denotes the value of the theoretical solution of L(u) = 0 at the

mesh point (Xj , τ
n), Xj = jh, τn = nk.

Using Taylor’s expansions about (Xj, τ
n) the following result can be es-

tablished:

Theorem 3 The numerical scheme (9)-(11) is consistent with equation (5),
and the local truncation error T n

j satisfies

T n
j (u) = O(h2) + O(k).

6 Examples

In this section we check the properties of the proposed numerical scheme (9)-
(13) for the model (5). Furthermore, simulations are performed for different
values of the price impact coefficient γ.

Example 1 Consider the vanilla call option for an illiquid market with
Strike E = 50, r = 0.06, σ = 0.4, T = 1, S = 20, S = 80, β = 100,
γ = 1 and h = 1.5928.

Figure 1 shows the option pricing value. For k = 5.3333 · 10−6 the suf-
ficient stability conditions are satisfied, dot line. For k = 5.6537 · 10−5 the
stability conditions are broken appearing spurious oscillations in the numer-
ical solution, continuous line.

Example 2 Consider the problem treated in example 1 under stability step
size requirements. Figure 2 shows the variation of the option price with the
parameter γ, showing that price grows with the value of γ, mainly in the
proximities of the strike price.
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7 Conclusion

A consistent monotone finite difference scheme is proposed and a relation-
ship between the discretization stepsize is obtained ensuring nonnegative and
stable numerical solutions and avoiding spurious oscillations.
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1 Introduction

Iterative methods play a main role in the mathematical modeling of engineer-
ing problems: frequently they derive to nonlinear equations of type f(x) = 0.
Usually, iterative methods for solving nonlinear equations require the root
to be simple. Nevertheless, the problem about multiple roots is less studied.
The aim of this work is to find efficient methods in the solution of this kind
of nonlinear equations.

A family of iterative methods for approximating a root α of a nonlinear
equation f(x) = 0 has been presented recently in [1]. The general method
has the expression

xk+1 = xk −
1

f ′(xk)

m
∑

j=1

Ajf(ηj(xk)), (1)
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65



Modelling for Medicine, Business and Engineering 2009 66

with ηj(xk) = xk − τj

f(xk)

f ′(xk)
, where τj and Aj are parameters to be chosen in

[0, 1] and R, respectively. In the case of simple roots it was proved that the
value of these parameters plays an important role in the order of convergence
of the proposed methods, obtaining at least order of convergence three.

In Section 2 we prove that the iterative methods (1) have order of con-
vergence one if α is a multiple root of multiplicity p > 1. If this multiplicity
is known we may modify the methods to obtain order of convergence two, by
using different types of correction. When p is unknown, we prove in Section
3 that three of the most efficient methods of family (1) converge faster than
the classical Newton’s method. These methods, denoted by M1, M2 and
M3, are the following:

M1. (Potra and Ptak [3])
By choosing A1 = A2 = 1, τ1 = 0 and τ2 = 1, we obtain xk+1 =

xk −
f(xk) + f(η2(xk))

f ′(xk)
, with η2(xk) = xk −

f(xk)

f ′(xk)
.

M2. (see [1] and [4])

With A1 =
3 +

√
5

2
and τ1 =

√
5 − 1

2
, we have xk+1 = xk−

3 +
√

5

2

f(η1(xk))

f ′(xk)
,

where η1(xk) = xk −
√

5 − 1

2

f(xk)

f ′(xk)
.

M3. (see [1])
By taking A1 = A3 = 4, A2 = −6, τ1 = 1/4, τ2 = 1/2 and τ3 =

3/4, we have xk+1 = xk −
4f(η1(xk)) − 6f(η2(xk)) + 4f(η3(xk))

f ′(xk)
, where

ηi(xk) = xk − τi

f(xk)

f ′(xk)
.

Finally, last section is dedicated to numerical results obtained by applying
methods M1, M2, M3 and Newton’s method to several nonlinear equations.

2 Analysis of convergence: the correction fac-

tor.

Let f : I ⊆ R −→ R, be a sufficiently differentiable function and α ∈ I a
multiple root of multiplicity p > 1, of the nonlinear equation f(x) = 0. Let
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g be the fixed point function that allows us to describe (1)

g(x) = x − 1

f ′(x)

m
∑

j=1

Ajf(ηj(x)), (2)

with ηj(x) = x − τj

f(x)

f ′(x)
.

If f(x) is a sufficiently differentiable function and α is a multiple root
of f(x), with multiplicity p > 1, it can be proven that the iterative fixed
point methods, described by (1), have only linear convergence independently
of values of parameters Aj and τj .

Theorem 1 If α is a root of f(x) with multiplicity p > 1, then

g′(α) = 1 − 1

p

m
∑

j=1

Aj(1 − τj

p
)p 6= 0.

If we denote C =
p

m
∑

j=1

Aj

(

1 − τj

p

)p
, in virtue of Theorem 1 it is possible

to restore the quadratic convergence to the iterative methods (1), when α is
a root of multiplicity p > 1, by correcting (1) in the form

xk+1 = xk − C
m

∑

j=1

Ajf(ηj(xk))

f ′(xk)
. (3)

It is interesting to note that C depends on the multiplicity p and the pa-
rameters Aj and τj . Unfortunately, the methods (3) have no longer order of
convergence three. By using the correction factor C in the methods described
by M1, M2 and M3 we obtain the corrected methods, which we denote by
CM1, CM2 and CM3, respectively.

On the other hand, it is well known (see [2]) that the Newton’s method
converges only linearly if α is a multiple root with multiplicity p, but if we

define as xk+1 = xk − p
f(xk)

f ′(xk)
the iterate of the corrected Newton’s method

(CNM), we still have quadratic convergence. In the case of multiple roots
we can hope to improve the order of convergence of our iterative methods
(1) by using, instead of ηj(x), the function

η∗

j (x) = x − pτj

f(x)

f ′(x)
. (4)
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Theorem 2 Let α be a root of f(x) with multiplicity p > 1. If we use the
iteration given by (1), with η∗

j (x) instead of ηj(x), then

g′(α) = 1 − 1

p

m
∑

j=1

Aj(1 − τj)
p 6= 0.

So, the new correction factor is D =
p

m
∑

j=1

Aj(1 − τj)
p

. By using Theorem

2 it is possible again to restore the quadratic convergence to the methods (1),
when α is a multiple root of multiplicity p > 1, by correcting the mentioned
methods in the form

xk+1 = xk − D

m
∑

j=1

Ajf(η∗

j (xk))

f ′(xk)
. (5)

If we use this new correction factor D in the methods described by M1, M2
and M3 we obtain new corrected methods, which we denote by DM1, DM2
and DM3, respectively.

3 The correction factor when p is unknown

Theoretically, we have proven that corrected iterative methods have quadratic
convergence, but we need to know the multiplicity p of root α. If we do not
know p, we cannot use the corrected methods but, in this case, we can prove
that methods M1, M2 and M3 converge faster than Newton’s method, since
the mentioned methods have g′(α) smaller than g′

Newton(α) = 1 − 1/p.

Theorem 3 If α is a multiple root of f(x), with multiplicity p > 1, method
M2 converges faster than method M1, M1 converges faster than M3 and
this one faster than Newton’s method.

In Table 1,we give the convergence factors of the methods M1, M2, M3
and Newton’s method, for p = 2, 3, . . . , 10.
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p M2 M1 M3 NM

2 0.3750 0.3750 0.3750 0.5000
3 0.5632 0.5679 0.5679 0.6667
4 0.6655 0.6709 0.6710 0.7500
5 0.7293 0.7345 0.7346 0.8000
6 0.7727 0.7775 0.7777 0.8333
7 0.8042 0.8086 0.8087 0.8571
8 0.8280 0.8320 0.8322 0.8750
9 0.8467 0.8504 0.8505 0.8889
10 0.8617 0.8651 0.8653 0.9000

Table 1: Convergence factors

4 Numerical results

In this section we will check the effectiveness of the different numerical cor-
rected methods introduced in this work (including the corrected Newton’s
method), in order to estimate the multiple roots of the following nonlinear
functions:

(a) f(x) = (sin(x) − x/2)2; α = 0 with p = 2.

(b) f(x) = exp(x) − x − 1; α = 0 with p = 2.

(c) f(x) = (x − 1)(ex−1 − 1); α = 1 with p = 2.

(d) f(x) = x5 − 8x4 + 24x3 − 34x2 + 23x − 6; α = 1 with p = 3.

(e) f(x) = (x − 2)4ex; α = 2 with p = 4.

Numerical computation have been carried out in double precision in MAT-
LAB 7.1. The stopping criterion used is |xk+1 − xk| + |f(xk)| < 10−9. For
every method, we analyze the number of iterations needed to converge to
the solution and the computational order of convergence ρ, approximated by
(see [6]):

ρ ≈ ln(|xk+1 − α| / |xk − α|)
ln(|xk − α| / |xk−1 − α|) . (6)

The value of ρ that appears in Table 2 is the quotient (6) when the variation
from one iteration to another is small. In some cases, the computational
order of convergence is not stable and it is not shown in the table.
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In Table 2, we estimate the zeros of functions from (a) to (e). For every
function, the following items are specified: the initial estimation x0, the
solution, and, for each method, the number of iterations and the estimation
of the computational order of convergence ρ.

f(x) x0 Solution Iterations ρ
CNM CM1 CM2 CM3 CNM CM1 CM2 CM3

CNM DM1 DM2 DM3 CNM DM1 DM2 DM3

(a) 0.5 0 4 4 4 4 3.0 3.0 3.0 3.0
0.5 0 4 4 5 5 3.0 3.0 3.0 3.0

(b) -1 1 6 6 6 6 2.0 2.0 2.0 2.0
-1 1 6 6 11 6 2.0 2.0 2.0 2.0

(c) 0 1 - 5 5 5 - 2.0 2.0 2.0
0 1 - 6 5 6 - 2.0 2.0 1.8

(d) 0.5 0 6 4 4 4 2.0 2.0 2.0 2.0
0.5 0 6 4 4 4 2.0 2.0 2.0 2.0

(e) 1.5 2 5 5 5 5 2.0 2.0 2.0 2.0
1.5 2 5 5 6 5 2.0 2.0 2.0 2.0

Table 2: Numerical results for different iterative methods

As we can see, the numerical tests confirm the theoretical results presented
in this work. The order of convergence is quite similar for all methods, but we
observe that the corrected methods CM1, CM2 and CM3 are slower than the
corrected one DM1, DM2 and DM3.

5 Conclusions

We have shown that the family of multi-point iterative methods described by (1)
for solving nonlinear equations with simple roots, can be corrected in order to
restore the quadratic convergence when the equation has a multiple root. If we do
not know the multiplicity of the root, three of the most efficient methods in the
family (1) have order of convergence one, as the classical Newton’s method, but
have a smaller convergence factor.
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A mathematical model for the electroniccommerce in Spain∗J.-C. Cortés†, I.-C. Lombana, R.-J. VillanuevaInstituto Universitario de Matemática MultidisciplinarUniversidad Politécnica de ValenciaEdi�cio 8G, 2a, P.O. Box 22012, Valencia, Spain{jccortes, rjvillan}@imm.upv.es, ivanclombana@gmail.com
1 IntroductionThe di�usion of electronic commerce, in short, e-commerce, has dramaticallyincreased its business volume in recent years due to the possibility of savingpurchase time, accessing to a greater variety and quality of articles, etc.The formulation of a reliable mathematical technological di�usion model mustconsider the particular features of the technology as well as its users. In spiteof several authors have developed mathematical di�usion models for study sometechnologies [1, 2, 3], they do not consider important aspects like the di�erentconsumption among people depending on their age and a major impact of inno-vations on certain age groups. Models of di�usion are a powerful tool to explainand predict the process of adoption of a new good or innovation over time. In ourcase, taking into account o�cial data from INE, (Spanish Statistical Institute)[4], the population is divided into 6 groups between 16 and 74 years old in Spainto estimate the number of consumers who use internet to buy any good over time.The adopters of the technology can be classi�ed in two groups: the innovatorswho dare to use e-commerce due to the advertising impact through the media oranother external factors regardless of the decision of others, and the imitators,consumers who will only begin to use the e-commerce once they have looked thatothers use it and as a result of the interaction and in�uence with innovators.A compartmental model is proposed to study the di�usion of e-commerce inSpain based on a nonlinear di�erential system. The proposed model provides a
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Modelling for Medicine, Business and Engineering 2009 73tool for forecasting the short-term trends of this technology in Spain and thereforeto enable strategic decision-making marketing.2 Demographic model2.1 Available dataWe have considered in this study available o�cial data from the INE about thepercentage of Spanish people who have bought using internet from 2006 to 2008[4]. These data, the only available at the moment, are classi�ed by age groups isshown in Table 1.Table 1: Percentage of Spanish people who have bought using internet from 2006 to2008. Age groups Percentage in 2006 Percentage in 2007 Percentage in 200816 to 24 years old 28.7 28.7 32.225 to 34 years old 31.6 33.4 37.935 to 44 years old 23.2 24.3 26.545 to 54 years old 14.6 18 2055 to 64 years old 7.2 7.8 8.665 to 74 years old 1.3 2 2We propose a model of population with the age groups determined by Table1 with two positions toward innovation: those who adopt the technology (e-commerce) and those who do not adopt it.2.2 Age-structured demographic modelThe age-structured demographic model considers the age interval in accordancewith Table 1 and the corresponding growth rates and death rates, from o�cialdata from INE [4]. Therefore, we de�ne the age groups:
• Group 1 (G1) : Population of people aged between 16 and 24 years old,
• Group 2 (G2) : Population of people aged between 25 and 34 years old,
• Group 3 (G3) : Population of people aged between 35 and 44 years old,
• Group 4 (G4) : Population of people aged between 45 and 54 years old,
• Group 5 (G5) : Population of people aged between 55 and 64 years old,
• Group 6 (G6) : Population of people aged between 65 and 74 years old.



Modelling for Medicine, Business and Engineering 2009 74The age-demographic model that we consider is given by the following system ofordinary di�erential equations [5]:
G′

1(t) =µ − c1G1(t) − d1G1(t),

G′
j(t) =cj−1Gj−1(t) − cjGj(t) − djGj(t), 2 ≤ j ≤ 6. (2.1)From INE's data, the average population between 16-74 is 33,955,126, and deathrates per age group are d1 = 0.00053, d2 = 0.00062, d3 = 0.00126, d4 = 0.00277,

d5 = 0.00613 and d6 = 0.10230. The coe�cient d6 has been calculated taking intoaccount that the last age group, apart from the death of the population, there isa proportion of people that reach 75 years old and leaves the system. The birthrate corresponds to young people that enter into the system, i.e, 16-years-oldpeople, and then µ = 0.01313. We will assume that the whole population as wellas the corresponding to each age group remain constant over time [5], i.e.,
G′

1(t) = G′
2(t) = G′

3(t) = G′
4(t) = G′

5(t) = G′
6(t) = 0. (2.2)Once coe�cients µ and di have been computed, we address to estimate the param-eters ck, k = 1, . . . , 5 (we consider that the growth-rate c6=0, because group 6 isthe oldest considered in the target population). For this task, we solve in cascadethe system (2.1) imposing (2.2), then c1 = µ

G1

−d1, cj= cj−1

Gj−1

Gj

−dj , 2 ≤ j ≤ 5,and therefore, their numerical values are given by c1 = 0.09621, c2 = 0.05781, c3= 0.05889, c4 = 0.06923 and c5 = 0.08084.3 Age-structured di�usion mathematical modelWe introduce two subpopulations where we have divided the individuals agedbetween 16-74 years old into 6 age groups:
• Ni(t), i = 1, . . . , 6, denotes the percentage of population of the i− th groupthat does not adopt the technology, at time t.
• Yi(t), i = 1, . . . , 6, denotes the percentage of population of i− th group thatadopts the technology, at time t.The di�usion of technology will be represented by the transition of an indi-vidual in the population Ni(t) to Yi(t) through the coe�cients of innovation orimitation described by:
• Pi, i = 1, . . . , 6, is the coe�cient of innovation for the i − th age group.
• Ci, i = 1, . . . , 6, is the e-commerce in�uence coe�cient of the i − th agegroup on the other age groups.
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• Sj , j = 1, . . . , 6, is the susceptibility coe�cient to the j − th age group tobe in�uenced by the use of e-commerce by individuals in other age groups.
• Qij = CiSj , i, j = 1, . . . , 6, represents the transmission rate of the use ofe-commerce by encounters between individuals of the i−th group that havealready adopted the technology and the individuals of the j − th who havenot adopted it yet.Furthermore, we will consider the following assumptions:
• Let us assume homogeneous population mixing, i.e., each individual cancontact with any other individual.
• Let us consider that people of 16 years old enter into the system to Y1(t)with a rate given by µ

Y1(t)

N1(t) + Y1(t)
or N1(t) with a rate µ

N1(t)

N1(t) + Y1(t)
ifthey have already adopted the use of e-commerce or not, respectively.

• There are two ways for that an individual belonging to Ni(t) transits to
Yi(t): the �rst possibility is by means of the innovation coe�cient. It isgiven by PiNi(t), i = 1, . . . , 6. The second way is by means of the imitationcoe�cient. It is given by a nonlinear term modeled by Nj(t)

6∑

i=1

QjiYi(t),
j = 1, . . . , 6.Under the above assumptions, our age-structured mathematical di�usion modelis based on the nonlinear system of ordinary di�erential equations given by (3.1)-(3.4). The Figure 1 shows a compartmental representation of this system.

N ′
1(t) = µ

N1(t)

N1(t) + Y1(t)
+ (−c1 − d1 − P1)N1(t) − N1(t)

6∑

j=1

Q1jYj , (3.1)
Y ′

1(t) = µ
Y1(t)

N1(t) + Y1(t)
+ P1N1(t) + (−c1 − d1)Y1(t) + N1(t)

6∑

j=1

Q1jYj, (3.2)
N ′

i(t) = ci−1Ni−1(t) + (−ci − di − Pi)Ni(t) − Ni(t)

6∑

j=1

QijYj, 2 ≤ i ≤ 6, (3.3)
Y ′

i (t) = ci−1Yi−1(t) + PiNi(t) + (−ci − di)Yi(t) + Ni(t)
6∑

j=1

QijYj, 2 ≤ i ≤ 6. (3.4)
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Figure 1: Diagram of the compartmental age-structured di�usion model for thee-commerce in Spain, (3.1)-(3.4).4 Fitting and forecasting4.1 Model �ttingTaking data in Table 1, let us �t data with the model (3.1)-(3.4). As initialconditions of the model (3.1)-(3.4) we have taken the year 2000 (correspondingto t = 0) as the starting of the e-commerce in Spain [8]. We have assigned thevalues Y2(2000) = Y3(2000) = 0.01 and zero otherwise because in general peoplebelong to groups G2 and G3 were more active with purchases on internet.In order to compute the best �tting, we carried out computations with Math-ematicar[6] and we implemented the function:
E : R

18 −→ R
+ ∪ {0},which variables are Pi, Ci and Sj with i, j = 1, . . . , 6 such that:i. Solve numerically (NDSolve[]) the system of di�erential equations (3.1)-(3.4) previously described.ii. Taking data in Table 1 evaluate the computed numerical solution for eachsubpopulation Ni, i = 1, . . . , 6 and Yi, i = 1, . . . , 6.iii. Compute the least square error between the values obtained in step 2 andpercentage of Spanish people who have bought using internet from 2006 to2008, (see Table 1).
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18 and returns a positive real number. Hence,we can try to minimize this function using the Nelder-Mead algorithm [7], thatdoes not need the computation of any derivative or gradient, which is impossibleto know in this case.Next, in order to �nd a global minimum we chose randomly 10, 000 18-tuples

(P1, . . . , P6, C1, . . . , C6, S1, . . . , S6) with Pi, Ci, Sj ∈ [0, 1], i, j = 1, . . . , 6, andfor each one, the Nelder-Mead algorithm is applied. We stored all the min-ima obtained and, among them, the non-negative values of Pi, Ci and Sj with
i, j = 1, . . . , 6, that minimize the function E are given in Table 2. The value ofthe function in the global minimum, that is, the least square error, is 0.0035.A greater intensity in Figure 2 indicates greater value of imitation coe�cient.From Table 2 and Figure 2, we can obtain the following conclusions: the obtainedresults for groups G5 and G6 can be explained because they are not familiarizedwith this technology and, for G1, because in general they do not have a signi-�cative purchasing power that can in�uence other groups. People belonging togroups G2 and G3 are not in�uenced by other groups since they perform theiropinion about the e-commerce mainly from advertising and purchasing campaigns(see P2 and P3 in Table 2). On the other hand groups G2−G4 exert an importantin�uence group G1 becuase they are older people that have more experience withthe use of this technology and even in many cases they have a familiar relationshipwith people of group G1. Finally, groups G2 and G4 also in�uence over groups
G3 and G4 because people aged between 45-64 are predisposed to be convincedby people of its own group and people aged 25-34 who have purchasing power aswell as they can have a good technological skills.Table 2: Values of the coe�cients Pi, Ci, i = 1, . . . , 6 and Sj, j = 1, . . . , 6 obtainedfrom �tting the model (3.1)-(3.4) with data of Table 1.Parameter Estimation Parameter Estimation

P1 0.04651 P4 0
P2 0.02635 P5 0.00489
P3 0.02568 P6 0.00045
C1 0.03877 C4 0.49476
C2 0.67826 C5 0.05316
C3 0.20927 C6 0.00218
S1 1.21112 S4 0.91891
S2 0.14628 S5 0.9732
S3 0.15495 S6 0.63464.2 Short-term e-commerce forecastingWe have determined the values of the parameters that provide the best �ttingof the nonlinear system (3.1)-(3.4). This solution is represented in Figure 3.Note that despite having few data the obtained �t is acceptable. Moreover, ourapproach permits to forecast the future trends of this technology in the next few
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Figure 2: Representation for the imitation coe�cients Qij = CiSj.years. From Figure 3, the rise in the use of e-commerce in all age groups isexpected.5 Sensitivity analysis (SA)5.1 Latin Hypercube Sampling (LHS)Sensitivity analysis are used to determine the degree of uncertainty in modeloutcomes that is due to uncertainty in the input parameters. We use uniformdistribution centered at deterministic parameters estimators by the absence ofdata to inform on the distribution for a given parameter [9], [10]. Then, themodel can be simulated by sampling a single value from each parameter distribu-tion. Latin Hypercube Sampling, a type of strati�ed Monte Carlo sampling, is asophisticated and e�cient method for achieving equitable sampling of all inputsparameters simultaneously [9], [10], [11].We use standard LHS in SA. The procedure is the following [12]:i. Let N denote the number of samples and K the number of random inputs(initial conditions and/or transmission parameters).ii. P is an N×K matrix where each of the K columns is a random permutationof 1, . . . , N and R is an N×K matrix of independent random numbers fromthe uniform (0, 1) distribution.iii. Compute S as S = (P − R)/N .iv. Each element of S = (sij) is mapped according to its marginal probabilitydistribution as xij = F−1

j (sij), where F−1 represents the inverse of the
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Figure 3: E-commerce �tting and forecasting in Spain from 2009 to 2015, t = 0is year 2000 and t = 15 is year 2015.



Modelling for Medicine, Business and Engineering 2009 80cumulative probability distribution function for input j. A vector xi =
(xi1, xi2, . . . , xik) contains input values (initials conditions and transmissionparameters) for one deterministic run time.Signi�cativity tests can be performed to assess if a correlation is signi�cative,i.e., if a Partial Rank Correlation Coe�cients (PRCC) is signi�cantly di�erentfrom zero. Con�dence level used is 95%. Thus, by this method we can quantifywhich parameters are the most important to the variability in the outcome of themodel [9], [10], [11].It is convenient to take a high enough number of samples N [9], in our case, wetake N = 2500 realizations, apply the above mentioned procedures, compute thematrix outputs and perform sensitivity analysis by PRCC to study the sensitivityof the model. See Table 3 for the corresponding results at time instant t =

2012. The percentages of times the correlations is signi�cative and the mean ofcorrelations are very low, therefore, any parameter has a noticeable in�uence inthe output.Table 3: Results of the sensitivity analysis at t = 2012. In column �Mean of correla-tions" appears the mean of the 2500 computed correlations and in the column �percent-age", the rate of times the correlation is signi�cative.Parameter Mean of correlat. Percentage Parameter Mean of correlat. Percentage
P1 -0.00004 0.2 P4 0.00046 4.8
P2 -0.00118 3.3 P5 0.00017 4.6
P3 0.00103 6.2 P6 0.0003 5.2
C1 -0.00026 5.6 C4 0.00042 5.3
C2 0.00088 5.1 C5 0.00054 3.6
C3 0.00012 6.3 C6 0.00175 5.6
S1 0.00008 5.6 S4 0.00014 4.0
S2 -0.00004 3.5 S5 -0.00034 5.4
S3 0.00037 5.2 S6 -0.00064 3.56 ConclusionsWe build an age-structured mathematical model for the di�usion of e-commerce inSpain that allows us to predict future trends of e-commerce in the next few years.Also, we performed a sensitivity analysis where any of the model parametershas a noticeable in�uence on the output model. The obtained results of themodel may be a useful tool for helping e-commerce companies in order to adoptbetter investment strategies and show that investment must be global in ourtarget population. In spite of some limitations in the current use of electroniccommerce in Spain, the proposed di�usion model of this technology shows anincreasing trend in the next few years.
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1 Introduction

In this paper we propose a novel algorithm to tackle matrix differential equa-
tions of the first order. Matrix differential models are relevant for the de-
scription of many phenomena in physics and engineering, ranging from such
diverse applications as control theory to game theory [1]. In particular, we
will develop in this work a method for the numerical integration of first-order
matrix differential equations with initial conditions. For different examples
of this class of problems, we also refer to Ref. [2].

In their seminal work, Loscalzo and Talbot introduce spline function approx-
imations for solutions of scalar differential equations [3]. These spline solu-
tions S(x) are of degree m = 2, 3 and continuity class Cm−1. Recently, this

∗This work has been supported by grant PAID-06-07/3283 from the Universidad
Politécnica de Valencia, Spain.

82



Modelling for Medicine, Business and Engineering 2009 83

method has been used in the resolution of other scalar problems as discussed
in Ref. [4]. The corresponding generalizations to the matrix framework have
been carried out in Refs. [5, 6].
Unfortunately, as detected by Loscalzo and Talbot, their scalar procedure
is divergent when higher-order spline functions are used [3, p. 444–445].
They have explicitly shown by numerical computations that the equation
y′ = y, y(0) = 1 contains noticeable divergences for splines of order m > 3.
However, our new method avoids these problems with divergences for splines
S(x) of order m but only require them to be of differentiability class C1.

This paper is organized as follows. In Section 2, we give a description of the
proposed method and give details of the corresponding procedure. Section 3
concludes the discussion with some numerical examples for the scalar, vector
and matrix cases, respectively.

2 Description of the method

As usual, let us consider the following first-order matrix problem

Y ′(x) = f(x, Y (x))

Y (a) = Ya







, a ≤ x ≤ b, (2.1)

where the unknown matrix is Y (x) ∈ R
r×q with initial condition Ya ∈ R

r×q.
The matrix-valued function f : [a, b] × R

r×q → R
r×q is of differentiability

class f ∈ Cs (T ), s ≥ 1, with

T =
{

(x, Y ); a ≤ x ≤ b, Y ∈ R
r×q
}

, (2.2)

and f fulfills the global Lipschitz’s condition

‖f (x, Y1) − f (x, Y2)‖ ≤ L ‖Y1 − Y2‖ , a ≤ x ≤ b, Y1, Y2 ∈ R
r×q (2.3)

to guarantee the existence and uniqueness of the continuously differentiable
solution Y (x) of problem (2.1), see Ref. [7, p.99].

The partition of the interval [a, b] shall be given by

∆[a,b] = {a = x0 < x1 < . . . < xn = b} , xk = a+kh, k = 0, 1, . . . , n, (2.4)



Modelling for Medicine, Business and Engineering 2009 84

where n is a positive integer with the corresponding step size h = (b− a)/n.
We will construct in each subinterval [a + kh, a + (k + 1)h] a matrix spline
S(x) of order m ∈ N with 1 ≤ m ≤ s, where s is the order of the differentia-
bility class of f . This will approximate the solution of problem (2.1) so that
S(x) ∈ C1 ([a, b]).

In the first interval [a, a + h], we define the matrix spline as

S|[a,a+h]
(x) = Y (a) + Y ′(a)(x − a) +

1

2!
Y ′′(a)(x − a)2 +

1

3!
Y (3)(a)(x − a)3

+ · · ·+
1

(m − 1)!
Y (m−1)(a)(x − a)m−1 +

1

m!
A0(x − a)m, (2.5)

where A0 ∈ R
r×q is a matrix parameter to be determined. It is straightfor-

ward to check

S|[a,a+h]
(a) = Y (a), S ′

|[a,a+h]
(a) = Y ′(a) = f(a, Y (a)),

and therefore the spline satisfies the differential equation Eq. (2.1) at x = a.
We must obtain the values Y ′′(a), Y (3)(a), . . . , Y (m−1)(a), and A0 in order to
determine the matrix spline (2.5). To compute the second-order derivative
Y ′′(x), we follow the procedure and nomenclature as described in Ref. [6] to
obtain

Y ′′(x) =
∂f(x, Y (x))

∂x
+
[

[vec f(x, Y (x))]T ⊗ Ir

] ∂f(x, Y (x))

∂ vec Y (x)

= g1 (x, Y (x)) , (2.6)

where g1 ∈ Cs−1 (T ) and vec is the column-vector operator defined in Ref. [6,
p. 658]. We are now in the position to evaluate Y ′′(a) = g1 (a, Y (a)) using
(2.6).

Similarly, we can assume that f ∈ Cs (T ) for s ≥ 2. Then, the second partial
derivatives of f exist and are continuous. This yields the third derivative:

Y (3)(x) =
∂2f(x, Y (x))

∂x2
+
(

[vec f(x, Y (x))]T ⊗ Ir

) ∂

∂x

(

∂f(x, Y (x))

∂ vec Y (x)

)

+

(

∂ [vec f(x, Y (x))]T

∂x
⊗ Ir

)

∂f(x, Y (x))

∂ vec Y (x)
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+
(

[vec f(x, Y (x))]T ⊗ Ir

) ∂

∂ vec Y (x)

(

∂f(x, Y (x))

∂x

)

+
(

[vec f(x, Y (x))]T ⊗ Ir

)

(

∂ [vec f(x, Y (x))]T

∂ vec Y (x)
⊗ Ir

)

∂f(x, Y (x))

∂ vec Y (x)

+
(

[vec f(x, Y (x))]T ⊗ Ir

)(

[vec f(x, Y (x))]T ⊗ Ir2q

) ∂2f(x, Y (x))

(∂ vec Y (x))2

= g2 (x, Y (x)) ∈ Cs−2 (T ) . (2.7)

Now we can evaluate Y (3)(a) = g2 (a, Y (a)) using (2.7). For all higher-order
derivatives Y (4)(x), . . . , Y (m−1)(x) we proceed in like manner and calculate

Y (4)(x) = g3 (x, Y (x)) ∈ Cs−3 (T )
...

Y (m−1)(x) = gm−2 (x, Y (x)) ∈ Cs−(m−2) (T )











. (2.8)

A list of all these derivatives can be easily established by employing standard
computer algebra systems. Substituting x = a in (2.8), one gets Y (4)(a), . . .,
Y (m−1)(a). In summary, all matrix parameters of the spline which were to
be determined are known, except for A0. To determine A0, we suppose that
(2.5) is a solution of problem (2.1) at x = a + h, which gives

S ′

|[a,a+h]
(a + h) = f

(

a + h, S|[a,a+h]
(a + h)

)

. (2.9)

Next, we obtain from (2.9) the matrix equation with only one unknown A0:

A0 =
(m − 1)!

hm−1

[

f

(

a + h, Y (a) + Y ′(a)h + · · · +
hm−1

(m − 1)!
Y (m−1)(a) +

hm

m!
A0

)

− Y ′(a) − Y ′′(a)h −
1

2
Y (3)(a)h2 + · · ·+

1

(m − 2)!
Y (m−1)(a)hm−2

]

. (2.10)

Assuming that the implicit matrix equation (2.10) has only one solution A0,
the matrix spline (2.5) is totally determined in the interval [a, a + h].

In the following interval [a + h, a + 2h], the matrix spline takes the form

S|[a+h,a+2h]
(x) = S|[a,a+h]

(a + h) + Y ′(a + h)(x − (a + h)) +

1
2!
Y ′′(a + h)(x − (a + h))2 + · · · + 1

(m−1)!
Y (m−1)(a + h)(x − (a + h))m−1
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+ 1
m!

A1(x − (a + h))m, (2.11)

where

Y ′(a + h) = f
(

a + h, S|[a,a+h]
(a + h)

)

, (2.12)

and Y ′′(a + h), . . . , Y (m−1)(a + h) are the similar results obtained after eval-
uating the respective derivatives of Y (x) using S|[a,a+h]

(a + h) in (2.6)–(2.8).

In more compact form, we may write

Y ′′(a + h) = g1

(

a + h, S|[a,a+h]
(a + h)

)

,

...

Y (m−1)(a + h) = gm−2

(

a + h, S|[a,a+h]
(a + h)

)

.

(2.13)

Note that matrix spline S(x) defined by (2.5) and (2.11) is of differentiabil-
ity class C1 ([a, a + h] ∪ [a + h, a + 2h]), contrary to the splines introduced by
Loscalzo and Talbot [3], which were of class Cm−1 ([a, a + h] ∪ [a + h, a + 2h]).
By construction, spline (2.11) satisfies the differential equation (2.1) at x =
a + h. and all of its coefficients are determined with the exception of A1 ∈
R

r×q.
The value of A1 can be found by taking the spline (2.11) as a solution of
(2.1) at point x = a + 2h:

S ′

|[a+h,a+2h]
(a + 2h) = f

(

a + 2h, S|[a+h,a+2h]
(a + 2h)

)

.

An expansion yields the matrix equation with the only unknown A1:

A1 =
(m − 1)!

hm−1

[

f

(

a + 2h, S|[a,a+h]
(a + h) + Y ′(a + h)h +

h2

2!
Y ′′(a + h)+

+ · · ·+
hm−1

(m − 1)!
Y (m−1)(a + h) +

hm

m!
A1

)

− Y ′(a + h) − Y ′′(a + h)h

− · · · −
1

(m − 2)!
Y (m−1)(a + h)hm−2

]

. (2.14)

Let us assume that the matrix equation (2.14) has only one solution A1. This
way the spline is totally determined in the interval [a + h, a + 2h].
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Iterating this process, we can construct the matrix spline taking [a + (k − 1)h, a + kh]
as the last subinterval. For the next subinterval [a + kh, a + (k + 1)h], we
define the corresponding matrix spline as

S|[a+kh,a+(k+1)h]
(x) = S|[a+(k−1)h,a+kh]

(a + kh) + Y ′(a + kh)(x − (a + kh))

+ 1
2!
Y ′′(a + kh)(x − (a + kh))2 + · · ·+ 1

(m−1)!
Y (m−1)(a + kh)(x − (a + kh))m−1

+ 1
m!

Ak(x − (a + kh))m, (2.15)

where

Y ′(a + kh) = f
(

a + kh, S|[a+(k−1)h,a+kh]
(a + kh)

)

, (2.16)

and in a similar manner one abbreviates

Y ′′(a + kh) = g1

(

a + kh, S|[a+(k−1)h,a+kh]
(a + kh)

)

,

...

Y (m−1)(a + kh) = gm−2

(

a + kh, S|[a+(k−1)h,a+kh]
(a + kh)

)

.

(2.17)

With this definition, the matrix spline S(x) ∈ C1

(

k
⋃

j=0

[a + jh, a + (j + 1)h]

)

fulfills the differential equation (2.1) at point x = a + kh. As an additional
requirement, we assume that S|[a+kh,a+(k+1)h]

(x) satisfies (2.1) at point x =

a + (k + 1)h:

S ′

|[a+kh,a+(k+1)h]
(a+(k+1)h) = f

(

a + (k + 1)h, S|[a+kh,a+(k+1)h]
(a + (k + 1)h)

)

,

and expanding this expression gives

Ak = (m−1)!
hm−1

[

f
(

a + (k + 1)h, S|[a+kh,a+(k+1)h]
(a + (k + 1)h) + Y ′(a + kh)h

+ · · ·+ hm−1

(m−1)!
Y (m−1)(a + kh) + hm

m!
A1

)

− Y ′(a + kh) − Y ′′(a + kh)h

− · · · − hm−2

(m−2)!
Y (m−1)(a + kh)

]

. (2.18)

Observe that the final result (2.18) relates directly to equations (2.10) and
(2.14), when setting k = 0 and k = 1. We will demonstrate that these
equations have a unique solution using a fixed-point argument.
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For a fixed h and k, we consider the matrix function g : R
r×q → R

r×q defined
by

g(T ) = (m−1)!
hm−1

[

f
(

a + (k + 1)h, S|[a+kh,a+(k+1)h]
(a + (k + 1)h) + Y ′(a + kh)h

+ · · ·+ hm−1

(m−1)!
Y (m−1)(a + kh) + hm

m!
T
)

− Y ′(a + kh) − Y ′′(a + kh)h

− · · · − hm−2

(m−2)!
Y (m−1)(a + kh)

]

. (2.19)

Relation (2.18) holds if and only if Ak = g(Ak), that is, if Ak is a fixed point
for function g(T ). By using the definition (2.19) of g and applying the global
Lipschitz’s condition (2.3) for f , it immediately follows that

‖g(T1) − g(T2)‖ ≤
Lh

m
‖T1 − T2‖ .

Taking h < m/L, the matrix function g is contractive. Therefore equation
(2.18) has unique solutions Ak for k = 0, 1, . . . , n−1, and the matrix spline is
completely determined. In summary, we have proved the following theorem:

Theorem 2.1 For the first-order matrix differential equation (2.1), let L be
the corresponding Lipschitz constant defined by (2.3). We also consider the
partition (2.4) with step size h < m/L. Then, the matrix spline S(x) of order
m ∈ N exists in each subinterval [a + kh, a + (k + 1)h], k = 0, 1, . . . , n − 1,
as defined in the previous construction and is of class C1[a, b].

Observe that the so constructed splines have a global error of O(hm−1), which
follows from an analysis similar to Loscalzo and Talbot’s work [3].

The approximate solution of (2.1) can be computed by means of matrix
splines of order m in the interval [a, b] with an error of the order O(hm−1)
under the conditions of Theorem 2.1. The procedure is as follows:

• Compute the functions g1(x, Y (x)), . . . , gm−2(x, Y (x)) given by (2.6)–
(2.8) to determine the constant Y ′′(a), . . . , Y (m−1)(a). Choose n >
L(b−a)

m
so that h = (b−a)

n
with the partition ∆[a,b] defined by Eq. (2.4).

• Solve equation (2.10) to find A0, and determine S|[a,a+h]
(x) of Eq. (2.5).

• Solve equations (2.18) iteratively for k = 1, . . . , n − 1 to find all Ak,
and then compute the splines S|[a+kh,a+(k+1)h]

(x) according to Eq. (2.15).
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In order to find Ak for k = 0, 1, . . . , n − 1, one may solve equations (2.10)
and (2.18) either explicitly [8], or by employing an iterative method [9]. For
example, we can consider the recursion relation T s

l+1 = g(T s
l ). Here, T s

0 is an
arbitrary matrix in R

r×q for s = 0, 1, . . . , n − 1, and g(T ) is given by (2.19).

3 Numerical Examples

3.1 A scalar test problem

This simple test problem is motivated by Loscalzo and Talbot’s seminal work
on scalar spline function approximation for ordinary differential equations [3].
Unfortunately, their otherwise very efficient method had the drawback to be
divergent for higher degree spline functions (m > 3). Here, we will compare
our procedure with their test case for the spline solution of y′ = y with initial
condition y(0) = 1.

Figure 1 depicts the error of fourth-order spline solutions for the Loscalzo-
Talbot problem which were constructed by our proposed method. Observe
that for h = 0.01 the results already reach the accuracy of 10−14, compared
to the serious error of the conventional Loscalzo-Talbot method [3]. It also
becomes clear that a further reduction in step size h does not necessarily
improve the approximation.

It may be interesting to study the increasing quality of the approximation
with higher-order splines. Figure 2 shows how the solutions improve by
taking m = 4, 5, 6, respectively, with a constant step size h = 0.1.

3.2 A non-linear vector system

As a second example of our method, we choose the following vector differen-
tial system for the interval x ∈ [0, 1], which is clearly non-linear:

y′

1(x) = −1 + ex − sin x + sin (y2(x))

y′

2(x) =
1

4 + y2
1(x)

−
1

5 + e2 x + 2 ex cos x − sin2 x















(3.1)
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with the initial values
y1(0) = 2

y2(0) = π
2







.

We can then rewrite the problem using vector notation Y (x) =

(

y1(x)
y2(x)

)

with Y (0) =

(

2
π
2

)

to obtain the nonlinear vector problem Y ′(x) = f(x, Y (x)),

where

f (x, Y (x)) =









−1 + ex − sin x + sin (y2(x))

1

4 + y2
1(x)

−
1

5 + e2 x + 2 ex cos x − sin2 x









. (3.2)

According to Ref. [6] this problem has the exact solution y1(x) = ex + cos x
and y2(x) = π/2, and hence for this test case we will be able to assess
the exact error of our numerical estimates. Our proposed method serves to
construct the splines of fifth order for the problem given in Eq. (3.1). For
this we require to calculate Y ′′(x), Y (3)(x) and Y (4)(x), which in general

is straightforward. We may derive Y ′′(x) =

(

y′′

1(x)
y′′

2(x)

)

using a computer

algebra system such as Mathematica, which readily produces:

y′′

1(x) = ex − cos (x) + cos (y2(x))y′

2(x)

y′′

2(x) =
2e2x + 2ex cos (x) − 2ex sin (x) − 2 cos (x) sin (x)

(

5 + e2x + 2ex cos (x) − sin (x)2)2
−

2y1(x)y′

1(x)

(4 + y1(x)2)2























.

(3.3)

Taking into account that y1(0) = 2, y′

1(0) = 1, y2(0) = π
2
, and y′

2(0) = 0, it

follows by Eq. (3.3) that Y ′′(0) =

(

0
0

)

. We similarly calculate the third-



Modelling for Medicine, Business and Engineering 2009 91

order derivative Y (3)(x) =

(

y
(3)
1 (x)

y
(3)
2 (x)

)

with components:

y
(3)
1 (x) = ex + sin (x) − sin (y2(x)) (y′

2(x))
2
+ cos (y2(x))y′′

2(x)

y
(3)
2 (x) = −

8 (cos (2x) − 2ex (ex − sin (x)))

(9 + 2e2x + 4ex cos (x) + cos (2x))2 −
64 (ex + cos (x))2 (ex − sin (x))2

(9 + 2e2x + 4ex cos (x) + cos (2x))3

+
8 (y1(x))2 (y′

1(x))2

(

4 + (y1(x))2)3
−

2 (y′

1(x))2

(

4 + (y1(x))2)2
−

2y1(x)y′′

1(x)
(

4 + (y1(x))2)2











































(3.4)

In like manner as before, we consider y1(0) = 2, y′

1(0) = 1, y′′

1(0) = 0, y2(0) =

π/2, y′

2(0) = 0, and y′′

2(0) = 0 with (3.4) to deduce Y (3)(0) =

(

1
0

)

. We

may then easily derive Y (4)(x) =

(

y
(4)
1 (x)

y
(4)
2 (x)

)

with components:

y
(4)
1 (x)=ex+cos (x)−cos (y2(x)) (y′

2(x))3−3 sin (y2(x))y′

2(x)y′′

2(x)+cos (y2(x))y
(3)
2 (x)

y
(4)
2 (x)=

6 (2e2x+2ex cos (x)−2ex sin (x)−2 cos (x) sin (x))
3

(

5+e2x+2ex cos (x)−sin (x)2)4
−

48y1(x)3y′

1(x)3

(4+y1(x)2)4

+
8e2x−4ex cos (x)−4ex sin (x)+8 cos (x) sin (x)

(

5+e2x+2ex cos (x)−sin (x)2)2
+

24 (y1(x)y′

1(x)3+y1(x)2y′

1(x)y′′

1(x))

(4+y1(x)2)3

−
6(2e2x+2ex cos (x)−2ex sin (x)−2 cos (x) sin (x))

(

4e2x−2 cos (x)2−4ex sin (x)+2 sin (x)2)

(

5+e2x+2ex cos (x)−sin (x)2)3

−
6y′

1(x)y′′

1(x)−2y1(x)y
(3)
1 (x)

(4+y1(x)2)2



















































































In the final step, it remains to substitute the known values y1(0) = 2, y′

1(0) =
1, y′′

1(0) = 0, y′′′

1 (0) = 1, y2(0) = π
2
, y′

2(0) = 0, y′′

2(0) = 0, y′′′

2 (0) = 0, into the

last expression to obtain Y (4) =

(

2
0

)

.
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Also, it is not difficult to see that f , defined by (3.2), fulfills the global
Lipschitz’s condition

‖f (x, Y ) − f (x, Z)‖ ≤ ‖Y − Z‖ , 0 ≤ x ≤ 1, Y, Z ∈ R
2. (3.5)

Comparing with the general form (2.3), we note that L = 1. Therefore, by
Theorem 2.1 we need to take h < 5. In the following, for example we choose
h = 0.1 and summarize the numerical results in Table 2. In each interval,
we evaluated the difference between the estimates of our numerical approach
and the exact solution, and then take the Fröbenius norm of this difference,
following the procedure explained in Ref. [6]. Table 1 lists the maximum of
these errors for each subinterval.

For the solution of the vector differential system (3.1), Figure 3 illustrates the
approximation behavior of various splines of the fourth order (m = 4) with
the different step sizes h = 0.1, 0.01, and h = 0.001. All vector splines lie well
in the predicted range of Theorem 2.1 and provide excellent approximations
for the problem at hand with the benefit of very low computational cost.
Observe that at step size h = 0.001 the limit of machine precision is prac-
tically reached and explains the random fluctuations around 10−15. Hence,
it obviously is of lesser interest to obtain more accurate approximations for
m = 4 and h = 0.001.

3.3 Sylvester matrix differential equation

In many areas of science and engineering linear matrix differential equations
appear of the type

Y ′(x) = A(x)Y (x) + Y (x)B(x) + C(x)
Y (a) = Ya

}

a ≤ x ≤ b, (3.6)

where Y (x), A(x), B(x), C(x) ∈ R
r×r. The case of constant coefficients has

been studied by several authors [10], whereas the variable-coefficient case has
so far received little numerical treatment in the literature.

Following Ref. [6], we choose the following Sylvester problem (3.6) as a final
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example:

A(x) =

(

0 xe−x

x 0

)

, B(x) =

(

0 x
0 0

)

,

C(x) =

(

−e−x(1 + x2) −2e−xx
1 − e−xx −x2

)

Y (0) =

(

1 0
0 1

)

, Y (x) ∈ R
2×2, 0 ≤ x ≤ 1.

(3.7)

According to [6] we know that this problem has the exact solution

Y (x) =

(

e−x 0
x 1

)

with the Lipschitz constant L = 2. The higher-order derivatives of Y (x) are
required for the construction of the spline approximation and can be readily
obtained.

For splines of the fifth order (m = 5), we take n = 10 partitions and h = 0.1.
The results are summarized in Table 3, where the numerical estimates have
been rounded to the sixth relevant digit. In Table 4, we evaluated the differ-
ence between the estimates of our numerical approach and the exact solution,
and then take the Fröbenius norm of this difference. The maximum of these
errors are indicated for each subinterval.

For the solution of the Sylvester matrix problem (3.6), Figure 4 depicts the
approximation behavior of various splines of the fifth order (m = 5) with the
different step sizes h = 0.1, 0.01, and h = 0.001. As before, all matrix splines
lie well in the predicted range of Theorem 2.1. It becomes evident that the
splines for step sizes h = 0.01 and h = 0.001 are almost indistinguishable
and reach the same precision of almost 10−14.

We also carried out the computations for the sixth order matrix splines
(m = 6) with the step sizes h = 0.1, 0.01, and h = 0.001, and as expected,
we could observe that h = 0.01 yields an accuracy close to machine preci-
sion. Interestingly, higher step sizes do not improve these approximations—
the quality of approximation indeed deteriorates due to the accumulation of
rounding errors.
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4 Conclusions

This work focuses on the presentation of a new method for the numerical
integration of first-order matrix differential equations of the type Y ′(x) =
f(x, Y (x)) in the interval [a, b] using higher-order matrix splines (m > 3).
Contrary to existing spline methods in the literature, this new algorithm only
requires first-order derivatives for the construction of the splines to provide
a continuous approximation of order O(hm−1). Additionally, our method
is well-suited for implementation on numerical and/or symbolical computer
systems.

For an explicit demonstration of our proposed method and its advantages
over existing conventional methods, we discussed three numerical test cases
with excellent results. It is hoped that this new approach to approximating
matrix differential models will motivate and open up alternative avenues to
tackle different related problems in science and engineering.
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Figure 1: Error for the Loscalzo-Talbot problem with splines of fourth order
(m = 4) using our proposed method for various step sizes.
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Figure 2: Errors for increasing spline orders (m = 4, 5, 6) solving the
Loscalzo-Talbot problem. The step size is constant (h = 0.1).

Interval [0, 0.1] [0.1, 0.2] [0.2, 0.3] [0.3, 0.4] [0.4, 0.5]

Max. error 8.2362× 10−12 4.8717 × 10−11 1.27357× 10−10 2.50353× 10−10 4.24194× 10−10

Interval [0.5, 0.6] [0.6, 0.7] [0.7, 0.8] [0.8, 0.9] [0.9, 1.0]

Max. error 6.55672× 10−10 9.51896× 10−10 1.32033× 10−9 1.7688× 10−9 2.30555× 10−9

Table 1: Approximation error for vector problem (3.1).
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Figure 3: Representing the 2-norm error for the vector differential sys-
tem (3.1) using splines of fourth order (m = 4).

Interval Approximation
[0, 0.1]

(

2. + x + 0.166667x3 + 0.0833333x4 + 0.00833619x5

1.5708

)

[0.1, 0.2]
(

2. + 1.x − 3.98676 × 10−7x2 + 0.166671x3 + 0.0833075x4 + 0.0083996x5

1.5708 + 1.02341 × 10−9x2
− 9.53254 × 10−9x3 + 4.27272 × 10−8x4

− 7.27159 × 10−8x5

)

[0.2, 0.3]
(

2. + 1.x − 9.78808 × 10−6x2 + 0.166723x3 + 0.0831609x4 + 0.00856703x5

1.5708 − 2.80891 × 10−9x + 2.68447 × 10−8x2
− 1.2696 × 10−7x3 + 2.96285 × 10−7x4

− 2.72203 × 10−7x5

)

[0.3, 0.4]
(

2. + 1.00001x − 0.000070073x2 + 0.166941x3 + 0.0827649x4 + 0.00885657x5

1.5708 − 2.3641 × 10−8x + 1.51773 × 10−7x2
− 4.84484 × 10−7x3 + 7.68203 × 10−7x4

− 4.83576 × 10−7x5

)

[0.4, 0.5]
(

2. + 1.00005x − 0.000295117x2 + 0.167541x3 + 0.0819626x4 + 0.00928717x5

1.5708 − 1.04291 × 10−7x + 5.05234 × 10−7x2
− 1.21958 × 10−6x3 + 1.46618 × 10−6x4

− 7.01984 × 10−7x5

)

[0.5, 0.6]
(

1.99998 + 1.0002x − 0.000921692x2 + 0.168862x3 + 0.080566x4 + 0.00987867x5

1.5708 − 3.25859 × 10−7x + 1.26869 × 10−6x2
− 2.46395 × 10−6x3 + 2.3864 × 10−6x4

− 9.21882 × 10−7x5

)

[0.6, 0.7]
(

1.99993 + 1.00062x − 0.00237386x2 + 0.171395x3 + 0.0783551x4 + 0.0106518x5

1.5708 − 8.18293 × 10−7x + 2.66421 × 10−6x2
− 4.32971 × 10−6x3 + 3.51164 × 10−6x4

− 1.13697 × 10−6x5

)

[0.7, 0.8]
(

1.9998 + 1.00162x − 0.00534205x2 + 0.175805x3 + 0.0750753x4 + 0.0116284x5

1.5708 − 1.76297 × 10−6x + 4.93332 × 10−6x2
− 6.89355 × 10−6x3 + 4.80962 × 10−6x4

− 1.34027 × 10−6x5

)

[0.8, 0.9]
(

1.99947 + 1.00376x − 0.0108784x2 + 0.18297x3 + 0.0704351x4 + 0.0128313x5

1.5708 − 3.38486 × 10−6x + 8.30591 × 10−6x2
− 0.0000101804x3 + 6.23218 × 10−6x4

− 1.52432 × 10−6x5

)

[0.9, 1.0]
(

1.99873 + 1.00796x − 0.0205098x2 + 0.19401x3 + 0.0641039x4 + 0.0142844x5

1.5708 − 5.93162 × 10−6x + 0.000012961x2
− 0.0000141487x3 + 7.71598 × 10−6x4

− 1.68162 × 10−6x5

)

Table 2: Vector approximation for system (3.1) in the interval [0, 1].
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Figure 4: Representing the 2-norm error for the Sylvester matrix differential
equation (3.6) using splines of fourth order (m = 4).

Interval Approximation
[0, 0.1]

(

1. − 1.x + 0.5x2
− 0.166667x3 + 0.0416667x4

− 0.00816941x5 0.

x. 1.

)

[0.1, 0.2]
(

1. − 1.x + 0.499997x2
− 0.166626x3 + 0.0413976x4

− 0.00739198x5 0.

1.x 1.

)

[0.2, 0.3]
(

1. − 0.999997x + 0.499961x2
− 0.166422x3 + 0.0408023x4

− 0.00668854x5 0.

1.x 1.

)

[0.3, 0.4]
(

0.999999 − 0.999979x + 0.499834x2
− 0.165957x3 + 0.0399455x4

− 0.00605204x5 0.

1.x 1.

)

[0.4, 0.5]
(

0.999995 − 0.999925x + 0.499542x2
− 0.16517x3 + 0.0388822x4

− 0.00547612x5 0.

1.x 1.

)

[0.5, 0.6]
(

0.999983 − 0.999797x + 0.499x2
− 0.16402x3 + 0.0376596x4

− 0.00495499x5 0
1.x 1.

)

[0.6, 0.7]
(

0.999954 − 0.999547x + 0.498127x2
− 0.16249x3 + 0.0363175x4

− 0.00448346x5 0
1.x 1.

)

[0.7, 0.8]
(

0.999896 − 0.999117x + 0.496844x2
− 0.160578x3 + 0.0348899x4

− 0.00405681x5 0
1.x 1.

)

[0.8, 0.9]
(

0.999792 − 0.998438x + 0.495083x2
− 0.158291x3 + 0.033405x4

− 0.00367075x5 0
1.x 1.

)

[0.9, 1.0]
(

0.999617 − 0.997437x + 0.492785x2
− 0.155651x3 + 0.0318868x4

− 0.00332143x5 0
1.x 1.

)

Table 3: Approximation for the Sylvester matrix problem (3.6).
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Interval [0, 0.1] [0.1, 0.2] [0.2, 0.3] [0.3, 0.4] [0.4, 0.5]

Max. error 2.6999 × 10−10 5.1438× 10−10 7.36134× 10−10 9.38797× 10−10 1.1268× 10−9

Interval [0.5, 0.6] [0.6, 0.7] [0.7, 0.8] [0.8, 0.9] [0.9, 1.0]

Max. error 1.30572× 10−9 1.48252× 10−9 1.66579× 10−9 1.86603× 10−9 2.09601× 10−9

Table 4: Approximation error for the Sylvester matrix problem (3.6).
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1 Introduction 

One of the main challenges for water supply managers is the minimization of water 

losses caused by leakage. In pursuance of this aim, substantial sums of money are invested 

every year in leak detection and repairs.  

By considering exclusively an economic point of view, this investment is usually 

balanced by the benefits derived from the use of the recovered water. Nevertheless, this 

scheme does not reflect the whole dimension of the profit-earning capacity of repairing leaks. 

The associated benefits may include more aspects than just the economic value of the 

recovered water. In this paper, we examine a new economic assessment approach that 

includes all the costs incurred by the existence of leaks and the benefits derived from their 

control. These are mainly social and environmental costs and benefits, which are called 

externalities from an economic point of view. Their inclusion renders the assessment of leaks 

more realistic, but raises important problems. The main problem derives from the fact that 

comparisons with regard to property will only work for properties with well-defined scales of 

measurement. Nevertheless, direct comparisons are necessary to establish measurements for 

intangible properties that have no scales of measurement.  

The analytic hierarchy process (AHP) provides a useful way to establish relative scales. 

The various factors are arranged in a hierarchy or a network structure, and measured 

according to the criteria represented within these structures. The leading eigenvalue and the 

principal (Perron) eigenvector of the matrix of criteria [1,2] provide, taking into account the 

properties this matrix exhibits, the necessary information to deal with complex decisions in 

the context of benefits, opportunities, costs, and risks [3]. 

In this paper, a comparison between active leakage control (ALC) and passive leakage 

control (PLC) is considered. The obtained results show that the inclusion of social and 

environmental costs clearly points in the direction of ALC as the best alternative in leakage 

control. As a conclusion, it can be stated that water supply managers and authorities should, 

accordingly, shift direction from purely economic policies towards new social and 

environmental policies. 

 

2 Analytic hierarchy process; application to leakage control 

The method of AHP initially breaks a problem into a certain hierarchical form. As a 

consequence it is easy to identify levels or hierarchies that discriminate objectives, criteria, 

and alternatives. Then, the people involved in the process compare the criteria and 

alternatives in pairs, make judgments, and create a relative scale of those judgements. 
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Finally, the main target is accomplished – a synthesis of priorities to determine the best 

decision to make.  

The main objective is the minimization of water loss by means of suitable leakage 

control. The criteria used to decide on the eventual alternative(s) are manifold. We consider 

here the following: (a) planning development cost and its implementation; (b) damage to 

properties and other service networks; (c) effects of supply disruptions; and (d) 

inconveniences caused by closed or restricted streets. Regarding alternatives for leakage 

management, a comparison between active leakage control (ALC) and passive leakage 

control (PLC) is considered. ALC is the process of undertaking actions in a distribution 

system or an individual hydrometric district area, to locate and repair detectable leaks that 

have not been reported. PLC refers to repairing only reported or evident leaks. 

In this case, the assessment is made from the point of view of the company managers; 

and aims to provide a base of support for decision-making. Referring to leakage 

management, the company decides if it wishes to carry out ALC or PLC.  

 

2.1 The matrix of criteria 

The hierarchical tree used to evaluate the alternatives, can be observed in Figure 1. 

 

 

Figure 1. Hierarchical structure for leakage management alternatives 

 

When using judgment to estimate dominance in making comparisons between two 

alternatives, a single number that is drawn from a fundamental scale of absolute numbers is 

assigned. Judgment must be based on knowledge, that is to say, on data. One method to 

collect data is by directly interviewing managers; and this data can be supplemented with 

different methods.  

Table 1 summarizes an option to give values to opinions or verbal observations which 

can be expressed about the elements into which the problem has been divided. The scale 

developed by Saaty [4] enables comparisons to be made between pairs of components.  

 

Table 1. Saaty numerical scale for pairwise comparisons in AHP 

Leakage 
control 

Planning 
development cost 

and its 
implementation 

Damage to 
properties and other 

service networks 

 
Supply disruptions 

 
Closed or restricted 

streets 
 

Active leakage  
control 

Passive leakage 
control 
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Judgment term Saaty scale (aij) 

Absolute preference (element i over element j) 9 

Very strong preference (i over j) 7 

Strong preference (i over j) 5 

Weak preference (i over j) 3 

Indifference of i and j 1 

Weak preference (j over i) 1/3 

Strong preference (j over i) 1/5 

Very strong preference (j over i) 1/7 

Absolute preference (j over i) 1/9 

 

 

The AHP starts by constructing a square matrix Anxn = (aij) with positive entries, 

according to the numerical scale in Table 1, where aij represents the comparison between 

element i and element j from the values of the fundamental scale.  

Let us take the point of view of a supply company manager who seeks the best option 

among the two alternatives for leakage management – while considering the four 

abovementioned criteria. Let us suppose that, upon evaluation, the plausible matrix in Figure 

2 is obtained. 

 

 

                                         

j 

 

i 

Planning 

development 

cost and its 

implementation 

Damage to 

properties and 

other service 

networks 

Supply 

disruptions 

Closed or 

restricted streets 

Planning development 

cost and its 

implementation 

1 1/3 5 3 

Damage to properties and 

other service networks 
3 1 7 5 

Supply disruptions 1/5 1/7 1 1/2 

Closed or restricted 

streets 
1/3 1/5 2 1 

 

Figure 2. Comparison matrix of criteria to evaluate leakage management alternatives 

 

2.2 Properties of the matrix of criteria 

Matrices such as the one in Figure 2 obtained by using the scale in Table 1 are positive 

matrices (matrices with only positive entries) and exhibit two clear properties: 

(i) Homogeneity: if elements i and j are considered equally important, then aij = aji = 1. 

(ii) Reciprocity: aji = 1/aij, for all i, j. 

Homogeneity is crucial to compare elements of the same class, or with similar 

characteristics. In the case of comparisons between pairs, homogeneity is expressed by values 
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of 1 when comparing two elements with no clear importance of one over the other. In 

particular, all the elements in the diagonal are equal to 1. 

Reciprocity emerges from the mutual dependency of one element on another. It refers to 

a comparison of an element i with an element j, for which the reciprocal comparison takes the 

reciprocal value.  

A third property, namely consistency, should theoretically be desirable for matrix A. 

(iii) A positive n×n matrix is consistent if aijajk = aik, for i, j, k = 1, ..., n. 

Consistency expresses the coherence that should (perhaps) exist between judgments 

about the elements of a set. Since preferences are expressed in a subjective manner it is 

reasonable (and arguably even desirable) for some kind of incoherence to exist. One source of 

inconsistency may arise from ordinal intransitivity (x is preferred to y and y to z, but z is 

preferred to x). This kind of inconsistency usually originates in errors. Another example 

derives from inaccuracy in estimations: if x is indifferent with respect to y – the corresponding 

aij equals 1 –, and y is twice preferred to z –the corresponding ajk = 2 –, x should be then be 

twice preferred to z as well. This forces the corresponding aik to equal 2; nevertheless, the 

original judgment could give three, or another amount, as the measure for the preference of x 

over z. 

For a consistent matrix the following properties hold.  

a) A has rank 1. In fact, each column Ak is a multiple of any other Ai, as Ak = aikAi, 

since ajk = ajiaik, j = 1,..., n, using the consistency definition. 

b) As a consequence of (a), all the eigenvalues of A are 0, except for one. 

c) Since the sum of the eigenvalues equals the trace of a matrix, the non-zero 

eigenvalue of A is n, which, consequently is the so-called principal or Perron 

eigenvalue of A. 

d) Each column, Ai, of A is an eigenvector corresponding to the eigenvalue n, since 

AAi = a1iA1 + ... + aniAn = a1iai1Ai + ... + aniainAi = nAi, because of reciprocity. 

e) The corresponding unique (within a multiplicative constant) eigenvector may then 

be obtained by dividing any column by the sum of its entries. 

As a consequence of (d), any column of A, after normalization using the sum of its 

entries, gives an eigenvector whose entries sum up to 1, thus representing a coherent scale of 

priorities used to relatively assess the considered alternatives, and called the priority vector. 

In the general case, A is not consistent, because only estimates of the comparison values 

are known through numerical judgment. For most problems we can consider that estimates of 

these values by an expert are assumed to be small perturbations of the ‘right’ values. This 

implies small perturbation of the eigenvalues (see, for instance, [5]). Now, the problem to 

solve is the eigenvalue problem Aw = Qmaxw, where Qmax is, according to the Perron-

Frobenius theorem, the unique largest eigenvalue of A, which also gives the so-called Perron 

eigenvector, that is an estimate of Z, the priority vector.  

By using the power method to calculate the largest eigenvalue and the Perron 

eigenvector of our matrix A, Qmax = 4.0685 is obtained, the priority vector being 

Z = (0.2643, 0.5693, 0.0609, 0.1055)
t
. 

Higher values for Z’s components correspond to more weighted criteria in the 

evaluation process; while lower values refer to criteria regarded as less important. In this case, 

the greater value corresponds to costs related to damage to personal properties and other 
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service networks, corresponding to floods, building deterioration, damage to electricity 

networks, gas, telecommunications, etc. On the other hand, the lowest value is attributed to 

supply disruptions that are related with the cost of alternative supply. 

 

4. The decision making process 

As stated in [6] the additive approach is crucial in performing composition using the 

limiting powers of a priority – rather than a judgment – matrix when dependence and 

feedback are considered in decision-making. In this way, once we have obtained the priority 

vector for the four considered criteria, the next step is to obtain vectors of priorities for our 

two alternatives, namely ALC and PLC, for each criterion. These vectors will reflect the 

weight or relative importance of each alternative for each criterion [3]. Calculation of these 

priority vectors is straightforward since the four matrices are 2×2. In fact, it can be proven 

that positive, reciprocal 2×2 matrices are always consistent. As a result, any column of one 

such matrices is a principal eigenvector (corresponding to Qmax = 2). Consequently, 

normalization of any of these columns directly gives the sought priority vector. The four 

priority vectors can be observed in Figure 3. 

 

Figure 3. Matrices of alternative comparisons according to established criteria and their 

corresponding priority vectors 

 

Finally, a score is computed for an alternative by multiplying its priority value times the 

priority of any criterion and summing all the criteria. This score is shown in the last column of 

Figure 4. The highest value in this column will be associated with ‘the best alternative’ and 

the lowest with ‘the worst alternative’ [2].  

 

 
Weight of leakage management alternatives 

for each valuation criterion 

Weight of 

criteria 

Weight of alternatives 

based on criteria 

ALC 0.1666 0.8750 0.6666 0.7500 
0.2643 

0.6619 
0.5693 

PLC 0.8333 0.1250 0.3333 0.2500 
0.0609 

0.3381 
0.1055 

 

Figure 4. Weighting of leakage management alternatives 

 

Since the priority vector of alternatives is 

W = {0.6619, 0.3381}, 

1 

7 

PLC 

0.1250 1/7 PLC 

0.8750 1 ALC 

 ALC  

1 

1/5 

PLC 

0.8333 5 PLC 

0.1666 1 ALC 

 ALC  

1 

3 

PLC 

0.2500 1/3 PLC 

0.7500 1 ALC 

 ALC  

Damage to properties and other service networks Planning development cost and its implementation 

Closed or restricted streets 

1 

2 

PLC 

0.3333 1/2 PLC 

0.6666 1 ALC 

 ALC  

Supply disruption 



Modelling for Medicine, Business and Engineering 2009___________________________105 

 

an ALC policy should clearly be preferred over PLC. According to the considerations already 

made, the social costs that a water utility could incur for ALC, as much as PLC, play a 

leading role in the decision. The second factor influencing this decision must be attributed to 

planning development costs and their implementation.  

 

5. Conclusions 

The objective of considering other costs, not only those of an economic nature, 

associated with the assessment of the actual level of leakage in a water supply system, and the 

development of management alternatives has created interest in the search for alternative 

methods of valuation. In this paper, we have shown that AHP can be considered suitable for 

the inclusion of social and environmental evaluation costs. The fact that AHP can include 

social and environmental externalities in an evaluation of actual level of leakage and 

management alternatives seems to indicate that AHP is superior to traditional methods. 

Additionally, AHP can be used to consider not only the manager’s point of view, but also the 

opinion of other involved actors, such as users, authorities, associations, etc.  

AHP, which is based on the properties of the matrix of criteria, enables the evaluation of 

complex multi-criteria problems through a hierarchical visualization of the problem, including 

objectives, alternatives, and criteria. For the studied problem, we have shown that (only 

including the point of view of managers) the alternative of active control leakage clearly 

outperforms the classical passive control leakage. The main factor influencing this fact comes 

from the consideration of social costs due to damage to properties and other service networks. 
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1 Introduction

Models for the simulation of internal combustion engines are important tools
as much in design as in optimization [1]. Unlike CFD codes, which pro-
vide great accurate simulations but with high time consuming that only
allow simulations of isolated engine elements, one-dimensional gas-dynamics
codes provide a good balance between accuracy and computational cost [2, 3].
These codes are widely used to reproduce the whole engine behaviour. They
consider the different thermodynamics processes (i.e. heat transfer, friction)
that the fluid undergoes through the different elements of the engine, and
despite of the possibility of calculating ducts with non constant section, only
the axial dimension is considered. Besides the flow movement through the
elements of the engine, 1-D codes must be able to reproduce how differ-
ent techniques like turbocharging, exhaust gas recirculation or exhaust gas
after-treatment can affect the engine behaviour.
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In recent years, turbocharged diesel engines, which is a technique largely
used to improve the power output of such engines, has spread out to engines
of small displacement capacity as those used in automotive applications.
This technique has become a major actor in downsizing. The main objective
of downsizing is to decrease engine displacement while maintaining or even
increasing power output and reducing fuel consumption and pollutant emis-
sions. Recently, this technique is also extending to the new gasoline direct
injection engines.

Due to the extension of turbocharging technique, gas-dynamic codes must
provide to engineers the capability to simulate the real behaviour of the tur-
bocompressors coupled to the alternative engine not only working in normal
conditions but also detecting extreme behavior like surge [4].

This paper presents the mathematical base of a one-dimensional compres-
sor model validated experimentally in [5]. The model uses the compressor
map information and acts as a quasi-steady boundary condition connecting
two ducts. The objective of the model is to simulate both stable working
conditions and surge phenomena. The boundary uses the Method of Char-
acteristics to determine the flow conditions at compressor inlet and outlet.
Unlike the compressor model presented by Katrasnik [6], this model is based
on the perfect gas hypothesis due to the fact that the temperature drop be-
tween compressor inlet and outlet does not cause significant variation in the
gas properties and then, specific heat ratio can be considered constant. This
assumption simplifies the boundary solution and reduces time consumption.

2 Compressor model

The compressor boundary condition is based on the use of the compressor
map, which relates the compressor ratio and the efficiency to the corrected
air mass flow for every compressor speed. Usually, the compressor map is
provided by manufacturers within the operation zone in a flow range from
surge to choke. The model presented in this work needs to extend the range
flow of the iso-speed curves to negative values. This is very important to
reach the capability of surge prediction.

The most accurate way to obtain an extended map is by means of exper-
iments. To measure in the surge flow range or in the negative flow range a
valve is placed very near the compressor outlet in order to reduce the volume
between the compressor and the valve. The small volume reduces consider-
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ably the generation of oscillations due to the surge phenomenon [7] and the
compressor can be measured in a pseudo-stable working point.

However, the measurements of the compressor in these conditions can
be very destructive [8]. The compressor suffers severe working conditions
and it can break. Therefore, in many cases it is preferable to estimate the
shape of the iso-speed curve in this zone of the compressor map. To help this
estimation the compressor ratio for air mass flow equal to zero can be the-
oretically obtained by means of the radial equilibrium at compressor blades
with geometrical information of the compressor.

πṁ=0 =

[

1 +
γ − 1

2γRT01

ω2
(

r2

2
− r2

1

)

]
γ

γ−1

(1)

In equation 1 r2 represents the outlet tip radius of the compressor wheel

and r1 =
√

(r2

1tip + r2

1hub)/2 is a mean radius of the inducer section.
In a gas-dynamic code, the compressor boundary conditions presented

behaves as a connection between ducts. Every time step, the boundary is
solved supposing the quasi-steady hypothesis. The physical equations de-
scribing the behaviour of the compressor relate the flow conditions at the
compressor inlet and at the compressor outlet.

The first equation refers to mass conservation. Due to the fact that the
compressor is considered by the model as a point in the flow path, instanta-
neously, the mass flow at the compressor inlet must be the same as at the
compressor outlet. This hypothesis is represented by equation 2.

ρ1U1S1 = ρ2U2S2 (2)

The pressure increment generated by the compressor is represented by the
momentum equation. This equation provides the stagnation pressure at the
compressor outlet as a function of the stagnation pressure at the compressor
inlet times the compressor ratio.

p02 = p01π (3)

In equation 3, π represents the compressor ratio. The compressor model
presented includes an inertia term avoiding sudden changes in this parameter.
Thus the compressor ratio at every time step is calculated using the equation
4

dπ

dt
=

πmap − π

τ
(4)
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where πmap represents the compressor ratio interpolated in the compressor
map, and τ = Lc/u is the time that a gas particle spend to cross a compressor
with a characteristic length Lc and with a gas velocity u.

Finally, the flow that pass through the compressor undergoes a heating
process due to the compression of the flow and the efficiency of the compres-
sor. This phenomenon can be described by equation 5.

T02 = T01(1 + k) (5)

where k = (π
γ−1

γ − 1)/η
These three equations can be written as a function of known parameters

at the boundary, i.e. the Riemann variables or the entropy level at both sides
of the boundary. Firstly they can be written as a function of the compressor
inlet and outlet gas velocity, speed of sound and entropy level.

Rearanging the terms of the equations it is possible to obtain a non-
linear two-equation system where the unknown parameters are the match
number at compressor inlet and at compressor outlet. This equation system
can be solved using a root finding method like Newton-Rapson Method for
non-linear system of equations [9].

Figure 1 shows a flow diagram explaining how the compressor model is
integrated in the 1D gas dynamic code.

3 Conclusiones

A compressor model has been presented which is used as a quasi-steady
boundary condition in one-dimensional gas dynamic codes and it connects
two ducts. The mathematical aspects of the model have been analysed in
depth. The boundary solution is based on The Method of Characteristics and
it needs an iterative process. The Newton-Rapshon Method for non-linear
system of equations is used.

The compressor map is essential information for the model. Working
conditions must be interpolated in the map, and as it has been shown in this
work, the transformation of the compressor map data in polar coordinates
increases the accuracy of the model.

Another important aspect of the model is the inertia term introduced
in the boundary equations, which allows surge prediction. The aim of this
inertia term is avoid sudden changes in compressor ration simulating the
inertia of the flow.
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Figure 1: Flow diagram of the compressor model

Finally, the model has been compared with experimental data obtained
in a turbocharger test bench. The good agreement with measured data of
the results shown confirms the capabilities of the compressor model to work
in normal working conditions and to predict surge.
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1 Introduction and AimsBladder carcinoma is an aggressive neoplasm where most super�cial tumors(60% to 70%) have a propensity to recurrence after transurethral tumorresection (TUR). Some (15% to 25%) progress to muscle invasion [1] leadingeven the bladder extirpation. We calculate the associated survival functionswith both progression and extirpation to establish predictions after TUR.Several extensions of the Cox model have been proposed to analyze thereappearance of multiple recurrences [2]. An application of all these in blad-der carcinoma is in [3], but the analysis becomes more complicated as thenumber of recurrences increases. Markov models have proven to be usefulin the study of chronic diseases with relapse times, since subjects can spendtimes in the di�erent stages of the disease (transient and absorbing ones).References in cancer are [4, 5] and [6] applied to bladder carcinoma whereonly one absorbing state is considered. The literature is not extensive [7]when this number is higher.
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Modelling for Medicine, Business and Engineering 2009 113We consider the sum of two random continuous independent variablesrepresenting two absorption times in bladder carcinoma. These variablesare associated with two homogeneous time�continuous Markovian processes,each of them with multiple absorbing states. The distribution function ofthe variable sum leads to an increment of the dimension of the problem. Inorder to avoid this drawback we make use of the Fréchet derivative and theKronecker matrix representation to compute the exponential function of ablock upper triangular matrix in terms of its respective blocks.2 Survival function of the sum of two indepen-dent absorption times in Markov processeswith multiple absorbing states.Let {M(x) : x ≥ 0} be a homogeneous Markov process with state space
{1, 2, . . . , m, m+1, . . . , m+ p}, where {1, 2, . . . , m} are the transient statesand {m + 1, . . . , m + p} are the absorbing ones. (α, αm+1 . . . , αm+p) is aninitial probability vector where α is a row probability m�vector with αi =
P (M(0) = i), i = 1, . . .m and αm+j = P (M(0) = m + j), j = 1, 2, . . . , p.The in�nitesimal generator Q associated with the process M(x) is

Q =

[

T T 0

0 0

] (1)
T ∈ R

m×m is a non�singular matrix. The entries tij represent the ratesamong the transient states and |tii|
−1 is the mean holding time in the ithtransient state and exponentially distributed, so the structure of T is

tij =

{

−vi if i = j

vi pij if i 6= j
(2)where vi > 0 is the parameter of the exponential distribution in the ith stateand pij is the transition probability from the state i to the state j when theprocess leaves the state i. It follows that |tii| ≥ ∑

j 6=i tij, tij > 0 and tii < 0.

T 0 ∈ R
m×p denotes a matrix of order m × p where the entries representthe absorbing rates from ith-transient state to jth absorbing state.The matrices T and T 0 satisfy the relation Tem + T 0

ep = 0 where
ek = (1, 1, . . . , 1)′ ∈ R

k×1, since each row in Q adds up to zero, given
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∑p

j=1 αm+jej = 1 given that
(α, αm+1 . . . , αm+p) is a row probability m�vector.

P (x) = {pij(x); i, j = 1, . . . , m + p} is the matrix of transition probabil-ities where pij(x) is the probability of the process being in state j at time
x after being in state i initially (pij(x) = P (M(x) = j|M(0) = i)). P (x)satis�es {

dP (x)
dx

= P (x)Q, P (0) = I
}, with solution

P (x) = exp(Qx) =

[

exp(Tx) (exp(Tx) − I) T−1T 0

0 I

]If we denote Xm+h as the time until absorption by the state m+h (Xm+h =
inf{x : M(x) = m + h}), then the distribution function of Xm+h is

Fh(x) = P (Xm+h ≤ x) = (α, αm+1 . . . , αm+p)











p1,m+h(x)
p2,m+h(x)...

pm+p,m+h(x)











=
[

α exp(Tx) α (exp(Tx) − I)T−1T 0 + (αm+1 . . . , αm+p)
]

m+h

= α (exp(Tx) − I)T−1T 0
h + αm+h (3)where T 0

k denotes the kth column of the matrix T 0 ∈ R
m×p. The associatedSurvivor function will be

Sh(x) = 1 − Fh(x) = P (Xm+h > x), (4)and the density function and its Laplace transform are respectively
fh(x) = α exp(Tx)T 0

h and L[fh(x)] = α (sI − T )−1
T 0

h (5)In order to compute the distribution function for the sum of two independentabsorption times in Markov processes with multiple absorbing states, let
{M1(x) : x ≥ 0} and {M2(x) : x ≥ 0} be two homogeneous processes withstate space {1, 2, . . . , m, m+1, . . . , m+p} and {1, 2, . . . , n, n+1, . . . , n+q}respectively where, {1, 2, . . . , m} and {1, 2, . . . , n} are the transient statesand {m + 1, . . . , m + p} and {n + 1, . . . , n + q} the absorbing ones.The initial probability vectors are (α, αm+1 . . . , αm+p) and (β, βn+1 . . . , βn+q)for both Markov processes and the in�nitesimal generators are respectively

Q1 =

[

T T 0

0 0

]

and Q2 =

[

S S0

0 0

] (6)
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n×n and S0 ∈ R

n×q are similar to T and T 0 satis-fying the relation Sen + S0
eq = 0.If X1h denotes the absorption time by the absorbing state m + h in the�rst process and X2k the absorption time by the absorbing state n + kin the second process, then Yhk = X1h + X2k will denote the absorptiontime by the absorbing state n + k of the second process after the �rst pro-cess has previously arrived at its absorbing state m + h. We consider anew Markov process {M(x) : x ≥ 0} associated with Yhk with state space

{1, 2, . . . , m, m+1, m+2, . . . , m+n, m+n+1, . . . , m+n+p−1, m+n+
p, . . . , m+n+p+q−1}, where {1, 2, . . . , m, m+1, . . . , m+n} are the tran-sient states and {m+n+1, . . . , m+n+p−1, m+n+p, . . . , m+n+p+q−1} theabsorbing ones. In M(x) the transient states are the set of transient statesof the �rst process and the transient ones of the second after the �rst processhas arrived at its absorbing state m + h. The absorbing states are the set ofabsorbing states of the �rst process except for the state m+h and all absorb-ing ones from the second process after the �rst one arrives at m + h. M(x)maintains the initial and transition probabilities of M1(x) and M2(x). So theinitial probability vector and the in�nitesimal generator will be respectively
γ = (α,αm+hβ, αm+1, . . . , αm+h−1, αm+h+1, . . . , αm+p, αm+hβn+1, . . . , αm+hβn+q),and

Q =

[

L L0β

0 0

]

where L =

[

T T 0
hβ

0 S

]

,with T and S given in (6), and
L0 =

[

T 0
1 , T 0

2 , . . . , T 0
h−1, T 0

h+1, . . . T 0
p T 0

h (βn+1, . . . , βn+q)

0 S0

]The distribution function for Yhk will be de�ned by (3) and given by
Fhk(x) = P (Xhk ≤ x) = (α αm+hβ)L−1

(

exp(Lx) − Im+n

)

L0
p−1+k + αm+hβn+k (7)

= (α αm+hβ) (exp(Lx) − Im+n)

(

T−1T 0
hβn+k − T−1T 0

hβS−1S0
k

S−1S0
k

)

+ αm+hβn+kAs the distribution functions Fh(·), Fk(·) and Fhk(·) of Xh, Xk and Yhk arecontinuous and derived with derivative functions the density functions fh(·),
fk(·) and fhk(·) also continuous, then fhk = fh ∗ fk, or equivalently

L[fhk] = L[fh]L[fk] (8)
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L[fhk] = (α αm+hβ)

(

sI − L
)−1

(

T 0
hβn+k

S0
k

)

= α(sI − T )−1T 0
hβn+k + α(sI − T )−1T 0

hβ(sI − S)−1S0
k + αm+hβ(sI − S)−1S0

k

= α(sI − T )−1T 0
hβn+k + L[fh]L[fk] + αm+hβ(sI − S)−1S0

k.Then (8) is true if αm+h = βn+k = 0 and so any process can start in theabsorbing states αm+h and βn+k. So the distribution function (7) is
Fhk(x) = (α 0) exp(Lx)

(

−T−1T 0
hβS−1S0

k

S−1S0
k

)

+ αT−1T 0
hβS−1S0

k (9)The problem increases in size as the matrix L is greater than T and S. Weuse the following Lemma to avoid this and to compute exp(Lx) in terms ofits respective blocks T and S.Lemma 2.1 (Schur�Fréchet) Let H be an analytic function in a open setcontaining the spectrum of A with A = D+Z a block upper triangular matrixwhere D and Z have the same block structure
D =

[

A11 0
0 A22

]

; Z =

[

0 A12

0 0

]

;where A11 ∈ R
m×m, A22 ∈ R

n×n, A12 ∈ R
m×n. Then, it follows that

H(A) = H(D) + LH(Z, D) (10)where LH(Z, D) denotes the Fréchet derivative of H at D in the matrix di-rection Z.Property 2.2 (Fréchet derivative of the exponential map). If H(X) =
exp(X) then it follows that (see [8] for more details):

LH(Z, D) =

∫ 1

0

exp((1 − s)D)Z exp(sD) ds, (11)We apply the Lemma 2.1 to the term exp(Lx) with the property (11) andwe substitute in the distribution function (9)
Fhk(x) =

(

α 0
)

{

(

expTx 0
0 exp Sx

)

+ (12)
∫ 1

0

(

exp (1 − s)Tx 0
0 exp (1 − s)Sx

) [

0 T 0
hβx

0 0

] (

exp sTx 0
0 exp sSx

)

ds

}

[

−T−1T 0
hβS−1S0

k

S−1S0
k

]

+ αT−1T 0
hβS−1S0

k
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Fhk(x) = α (I − exp[Tx]) T−1T 0

hβS−1S0
k + (13)

∫ 1

0

α exp [(1 − s)Tx]T 0
hβx exp sSxS−1S0

k dsLet Y denote the �rst addend of (13), we apply to the integral twice theproperty of the Kronecker matrix form and we can obtain
Fhk(x) = Y +

(

(S−1S0
k)

′

⊗ α
)

[S
′

x ⊕ (−Tx)]−1
(

exp(S
′

x) ⊗ Im − In ⊗ exp(Tx)
)

vec
(

T 0
hβ

)

x,since the derivative d
ds

[

sS
′

x ⊕ (1 − s)Tx
]

= S
′

x ⊕ (−Tx) is constant withrespect to s, commutes with sS
′

x ⊕ (1 − s)Tx and is non�singular if andonly if Γ(S)∩ Γ(T ) = ∅. So the total expression for the Survivor Function is
Shk(x) = 1 − Fhk(x) with Fhk(x) given in last expression.3 Bladder carcinoma applicationBladder carcinoma is characterized by multiple recurrences (reappearance ofsuper�cial tumors) and progression (reappearance of a more highly aggressivetumor and muscle invasion leading even in some cases to bladder extirpation.So, two di�erent stages in the evolution of the bladder cancer are considered,each one of them modeled with a Markov process.
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Diagram: The Markov process M(x).



Modelling for Medicine, Business and Engineering 2009 118The �rst stage begins from the appearance of a primary super�cial tu-mor until progression or bladder extirpation, whichever occurs �rst, both areconsidered absorbing states. During that period of time we have consideredup to two recurrences per patient as transient states. So the �rst stage ismodeled with a Markov process with three transient states (the primary su-per�cial tumor, the �rst and second recurrence) and two absorbing states(progression and extirpation), (see Diagram). The second stage begins fromthe �rst progression until bladder extirpation. In this period only one newrecurrence of muscle invasive tumor until extirpation. So, the second stageis modeled by means of a Markov process with two transient states (�rst andsecond muscle invasive tumors) and only one absorbing state (extirpation).Let {M1(x) : x ≥ 0} and {M2(x) : x ≥ 0} be the above describedindependent Markov processes with two and only one absorbing states re-spectively. The distribution functions F1(·) and F2(·) associated with theabsorption times progression and extirpation respectively in the �rst process
M1(x) are de�ned by (3):

F1(x) = αT−1 (exp(Tx) − I) T 0

[

1
0

] (14)
F2(x) = αT−1 (exp(Tx) − I) T 0

[

0
1

] (15)where T ∈ R
3×3 and T 0 ∈ R

3×2. Nevertheless the absorption time in thesecond process M2(x) associated with the time until extirpation is Phasetype distributed due to it only having one absorbing state [[9], Chap.2]. Thedistribution function in this case is given by
G1(x) = 1 − β exp(Sx)e (16)where S ∈ R

2×2 and S0 ∈ R
2×1. In this case the matrices S and S0 satisfythat S0 = −Se, and βe + β3 = 1 with e = (1, 1)′.The rates of transition in the matrices T and S are estimated using themaximum�likelihood method as in [6]. For this two independent data setswere used. The �rst data set contains information on super�cial bladdertumors and was collected from 540 patients with a mean follow-up period of48 months. The second data set was made up of 60 patients, all of whompresented a muscle invasive tumor with a mean follow-up period of 38.9months. The transition intensity matrices T and S were estimated using theR program and the msm package [10].
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Figure 1: Survival Curves
T =





−0.01935 0.01846 0
0 −0.02729 0.02386
0 0 −0.002215



; S =

[

−0.01033 0.006572
0 −0.01738

]where the entries t12 and t23 represent the transition rates between the pri-mary super�cial tumor and the �rst recurrence, and between the �rst andsecond recurrence in the �rst protocol. In a similar way the entrie s12 is thetransition rate between the two possible transient muscle invasive tumors inthe second protocol.In order to compute the Survivor Function to extirpation let a newMarkov process M(x) consider constructed from M1(x) and M2(x), depictedin Diagram. Let X11 denote the absorption time by extirpation in the secondprocess after the �rst process has arrived at its �rst absorption state, theprogression. So, using result (14), the Survivor Function for X11 is:
S11(x) = α (exp(Tx) − I3)T−1T 0

[

1
0

]

− (17)
(e′ ⊗ α) [S ′x ⊕ (−Tx)]

−1
[exp(S ′x) ⊗ I3 − I2 ⊗ exp(Tx)] vec

(

T 0

[

1
0

]

βx

)

S11(x) gives the probability that a patient does not undergo bladder ex-tirpation when the patien begun with a primary super�cial tumor su�eringthis before progression. S2(x) = 1 − F2(x) gives the probability that a pa-tient does not undergo bladder extirpation when the patient begun with aprimary super�cial tumor without undergoing any progression before blad-der extirpation. So S(x) = S11(x)S2(x) is exactly the probability that a



Modelling for Medicine, Business and Engineering 2009 120patient does not undergo bladder extirpation. As for both processes M1(x)and M2(x) the patients are initially in the primary super�cial tumor and the�rst muscle invasive tumor states respectively, the initial probabilities are
α = (1, 0, 0) and β = (1, 0). As the initial probability of an absorbing stateis zero, then α3 = α4 = β3 = 0. Finally, the resulting survival curves aredepicted in Figure 1.References[1] C. L. Amling, Diagnosis and management of super�cial bladder cancer,Curr. Probl. Cancer. 25(4) (2001) 219�278.[2] T. M. Therneau, P. M. Grambsch, Modelling Survival Data: Extendingthe Cox Model, Springer, Nueva York, 2000.[3] B. García-Mora, C. Santamaría, G. Rubio, J. L. Pontones, Modeling therecurrence�progression process in bladder carcinoma, Comput. Math.Appl. 56 (2008) 619�630.[4] O. O. Aalen, On phase type distributions in survival analysis, Scand. J.Stat. 22 (1995) 447�463.[5] C. H. Jackson, L. D. Sharples, Hidden markov models for the onsetand progression of bronchiolitis obliterans syndrome in lung transplantrecipients, Stat. Med. 21 (2002) 113�128.[6] C. Santamaría, B. García-Mora, G. Rubio, E. Navarro, A markov modelfor analyzing the evolution of bladder carcinoma, Math. Comput. Model.in press, doi: 10.1016/j.mcm.2008.12.019.[7] R. Pérez-Ocón, J. Ruiz-Castro, A multiple absorbent markov processin survival studies: Application to breast, Biometrical J. 45(7) (2003)783�797.[8] C. S. Kenny, A. J. Laub, Condition estimates for matrix functions, SIAMJ. Matrix Anal. Appl. 10 (3) (1998) 191�209.[9] M. F. Neuts, Matrix-Geometric Solutions in Stochastic Models: An Al-gorithmic Approach., John Hopkins University Press, 1981.
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Simulation of a cubic-like Chua’s oscillator

with variable characteristic

D. Ginestar ∗, E. Parrilla, J.L. Hueso, J. Riera,

Instituto de Matemática Multidisciplinar.

Universidad Politécnica de Valencia.
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1 Introduction

Chua’s circuit is a widely studied nonlinear electronic device [1], [2], [3]. This
circuit is shown in Figure 1 and can be simulated using the following system
of differential equations, [4],

NR

C2
C1

R

L

RL

Figure 1: Chua’s circuit.

dVC1

dt
=

1

RC1

(VC2
− VC1

) −
1

C1

g (VC1
) ,

dVC2

dt
=

1

RC2

(VC1
− VC2

) +
1

C2

iL ,
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+34-963877669.
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diL

dt
= −

1

L
VC2

−
iL

L
RL , (1)

where g (V ) is the characteristic function of the nonlinear resistive element,
which depends on the considered Chua’s circuit configuration. The standard
Chua’s circuit has a nonlinear resistor with a piece-wise linear characteristic
function. This function can be realized using two operational amplifiers and
several linear resistors [4]. But the characteristic function of a nonlinear
resistor realized in a real circuit is always a smooth function and not all
the features of a physical circuit are captured correctly by a piecewise-linear
characteristic. For this reason, some authors consider a different Chua’s
oscillator with a characteristic function given by a cubic polynomial, but
the realization of this circuit requires a significant amount of circuitry and a
simpler realization of a cubic-like nonlinear resistor has been proposed in [5].
The nonlinear resistor in this case is realized using four transistors, which
can be visualised as a pair of cross-coupled CMOS inverters (see Figure 2).

P1

N1 N2

P2

V 00V

G

G

S

S

D

D

D

D

S

S

Inverter 1 Inverter 2

VDD

Vss

VM

Figure 2: Standard cubic-like Chua’s nonlinear resistor.

The shape of the characteristic function only depends on the transistors
implemented in the chip selected to build the circuit and it can be difficult to
find the characteristic attractors of the Chua’s circuit in a reasonable range
of the resistance, R, and typical values of the capacitances, C1, and C2 and
the autoinduction L. Thus, we propose a modification in the realization of
the cubic-like nonlinear resistor that allows to change easily the shape of the
characteristic function of the circuit adding only two linear resistors.



Modelling for Medicine, Business and Engineering 2009 124

2 Cubic-like variable characteristic function

2.1 Standard cubic-like characteristic function

In Figure 2, the realization of the cubic-like nonlinear resistor is shown. This
realization uses a pair of cross-coupled CMOS inverters composed of four
transistors [6].

A n-type transistor can be treated as a three-terminal device, the gate
(G), the source (S) and the drain (D), which can work in the states cutoff,
triode and saturation. The charcteristic function of the n-type transistor can
be described by the function

iN =































0 , if VGSN ≤ VtN ,

k′

N

W

L

(

(VGSN − VtN) VDSN − 1

2
V 2

DSN

)

, if VGSN ≥ VtN ;

VDSN < VGSN − VtN ,
1

2
k′

N

W

L
(VGSN − VtN )2

, if VGSN ≥ VtN ;
VDSN ≥ VGSN − VtN .

(2)
(For a detailed description of the n-type transistors and the notation used
see [6]).

For the p-type transistor there is a similar characteristic function that
depends on the p-type transistor parameters K ′

P , VtP .
Nowadays, most of the integrated circuits do not use individual MOSFET

transistors but complementary MOS circuits (CMOS). The basic CMOS in-
verter utilizes two matched enhancement-type MOSFETs: one, with an n-
channel and the other, with a p-channel constituting an inverter circuit (see
Figure 2).

For the cubic-like circuit realized with two inverters the following assump-
tions are made, [5],

VtN = −VtP = Vt ,
k′

N
W

L
=

k′

P
W

L
= K . (3)

To obtain the characteristic function of this nonlinear resistor, we take into
account that it is symmetric and we consider only the right half side. Three
regions can be distinguished where transistors N1 and P1 of inverter 1 and
transistors N2 and P2 of inverter 2 work in the states shown in Table 1.

The characteristic function for the standard cubic-like nonlinear resistor
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Table 1: Regions for the standard nonlinear resistor.

Region 1 N1: sat. N2: sat.
P1: sat. P2: sat.

Region 2 N1: triode N2: sat.
P1: sat. P2: triode

Region 3 N1: triode N2: cutoff
P1: cutoff P2: triode

P1

N1 N2

P2

V 00V

G

G

S

S

D

D

D

D

S

S

Inverter 1 Inverter 2

VDD

Vss

VM

RS

RD VDD´

Vss´

Figure 3: Variable cubic-like Chua’s nonlinear resistor.

can be expressed as [5]

i =



















K

2
V (VM − 2Vt) , if V ∈ [0, Vt) ,

K

2
(V 2 − V VM + V 2

t ) , if V ∈ [Vt, VM − 2Vt) ,

K

2

(

3

4

(

V − 1

3
(VM + 2Vt)

)2

− 1

3
(VM − Vt)

2

)

, if V ∈ [VM − 2Vt, VM ] .

(4)

2.2 Variable cubic-like characteristic function

In order to be able to change the shape of the characteristic function of the
nonlinear resistor, two new linear resistors, RD and RS, are added to the
inverter 2, connected as it is shown in Figure 3. Since the values of RD and
RS have not to be equal, the symmetry of the characteristic is not guaranteed.
Now, seven regions can be distinguished in the operation of the circuit, where
the transistors N1, P1, N2 and P2 work in the states shown in Table 2.

To obtain a model for the variable characteristic function of the nonlinear
resistor we proceed in a similar way as it has been shown above for the
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Table 2: Regions for the nonlinear resistor with resistors.

Region 1 N1: sat. N2: sat.
P1: sat. P2: sat.

Region 2a N1: triode N2: sat. Region 2a′ N1: sat. N2: triode
P1: sat. P2: sat. P1: triode P2: sat.

Region 2b N1: sat. N2: cutoff Region 2b′ N1: sat. N2: sat.
P1: sat. P2: triode P1: sat. P2: cutoff

Region 3 N1: triode N2: cutoff Region 3′ N1: sat. N2: triode
P1: sat. P2: sat. P1: triode P2: cutoff

Region 4 N1: triode N2: cutoff Region 4′ N1: cutoff N2: triode
P1: cutoff P2: triode P1: triode P2: cutoff

standard cubic-like nonlinear resistor.
Given a value of V , in order to compute the intensity through the circuit,

on has first to determine in which region is working. Thus, for each one of the
regions, using that VDD = VSS + VM and the relation iN1 − iP1 = iN2 − iP2,
we obtain a set of nonlinear equations. For each region, we choose the only
solution of these equations that satisfies VDD′ > 0 and VSS′ < 0.

Since, for a given V , only one state of each transistor is possible, the cor-
responding working region of Table 2 is determined, and the current through
the circuit is computed, obtaining in this way the charcteristic function of
the circuit.

3 Simulation and experimental results

3.1 Characteristic function simulation

To check the performance of the model presented above, we have used a
polarization battery with voltage VM = 9V and we have selected two different
commercial chips to build the Chua’s nonlinear resistor. Particularly, the chip
CD4007UBE of Texas Instruments and the chip HEF4007UBP of Phillips
Semiconductors have been analysed.

To obtain the parameters Vt and K of the transistors, we have set the
values of the resistors RD = RS = 0 and we have used the experimental
values for an extremal value of the intensity and the value of the voltage
for which the extremal value is achieved. Assuming that the segment of
the characteristic function (4) corresponding to the region 3 describes the
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Figure 4: Experimental and simulated characteristic function for the chips
CD4007 and HEF4007.

behaviour of the characteristic function near the extremal value we obtain
the values presented in Table 3. The experimental and simulated values for
the characteristic functions corresponding to the chips CD4007 and HEF4007
are presented in Figure 4.

Table 3: Vt and K for chips CD4007 and HEF4007.

Vt K

CD4007 2.66 V 0.938 10−3 (ΩV )−1

HEF4007 2.63 V 1.288 10−3 (ΩV )−1

3.2 Chua’s circuit simulation

A large variety of attractors are found for the Chua’s circuit. Some of these
attractors are: a limit cycle (1T), shown in Figure 5(a). A doubling-period
transition to chaotic behaviour is observed. In Figure 5(b) an orbit with
two periods (2T) is presented. An orbit with four periods is presented in
Figure 5(c). A chaotic attractor, called Rössler attractor is presented in
Figure 5(d). Another characteristic chaotic attractor of this circuit is the
Double Scroll (DS), which is presented in Figure 5(e). Finally, an outer limit
cycle (CL) is observed. This orbit is presented in Figure 5(f).

Using as a guide the α-β bifurcation diagram presented in [3] and [5]
where

R =
−1.143

Ga

, C2 = αC1 , L =
C2R

2

β
, (5)
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Figure 5: Typical attractors of Chua’s circuit.

being Ga is the slope at the origin of the characteristic function g(V ) of the
nonlinear resistor, we have selected the chip CD4007 and fixed the values
C2 = 150nF, L = 20mH, and RL = 39Ω. Varying the values of RD and Rs

we have obtained characteristic functions with different values of Ga, which
using relations (5) implies different values of β. For each value of β, the
different attractors of Chua’s circuit are obtained for different values of C1.
In Figure 6 we show the diagram α-β obtained for chip CD4007. We observe
that, for large values of β, that is, for low absolute values of Ga the interval of
values of α where the different attractors appear is wider than configurations
of Chua’s circuit with lower values of β. This makes this configuration easier
to be observed in an experimental device.

4 Conclusions

An implementation of a cubic-like Chua’s oscillator has been presented in
[5], which is based on a nonlinear resistor realized with four transistors that
constitute two CMOS inverters. In this paper a new realization of the nonlin-
ear resistor is proposed introducing only two new linear resistors. This new
realization allows to change the shape of the characteristic function easily.
A mathematical model is proposed to simulate the characteristic of the new
nonlinear resistor and its validity is tested using experimental data obtained
from real circuits.
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Universidad Politécnica de Valencia.

Camino de Vera 14, E-46022 Valencia. Spain.

December 10, 2009

1 Introduction

New nuclear power plants are mainly being built in east countries of Europe
and Asia and most of the new reactors under construction are of VVER
type. These reactors differ from the PWR and BWR, of western design,
mainly in the geometry of fuel elements. In the BWR and PWR the fuel
elements are rectangular prisms and in the VVER reactors the fuel elements
are hexagonal prisms, in this way, it is interesting to develop efficient nuclear
reactors simulators based on hexagonal meshes.

Under general assumptions, the neutronic population inside a nuclear
power reactor can be modelled by the time dependent neutron diffusion equa-
tion in the approximation of two energy groups. This model is of the form [1]

[

v−1
] ∂Φ

∂t
+ LΦ = (1 − β)MΦ +

K
∑

k=1

λkχCk ,

∂Ck

∂t
= βk[νΣf1 νΣf2]Φ − λkCk , k = 1, . . . , K , (1)
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where, K is the number of delayed neutron precursors groups considered and
standard notation is used.

Associated with this problem there is the generalized eigenvalue problem

LΦi =
1

ki

MΦi , (2)

known as the Lambda Modes problem. The fundamental eigenvalue (the
largest one) is called the k-effective of the reactor core, and this eigenvalue
and its corresponding eigenfunction describe the steady state neutron distri-
bution in the core.

To solve both problems (1) and (2), a spatial discretization of the equa-
tions has to be selected. Once this discretization has been selected, the
semidiscrete version of the time dependent neutron diffusion equation is
solved. Since the ordinary differential equations resulting of the discretization
of diffusion equations are, in general, stiff, implicit methods are necessary for
the time discretization. We have used first a finite differences method, that
needs to solve a large system of linear equations for each time step. With
the aim of reducing the computational cost of this method, we have also
studied a modal method based on expanding the neutron flux in terms of the
dominant Lambda modes of the reactor core.

2 Spatial discretization

In a nuclear reactor core with hexagonal geometry, the spatial mesh is natu-
rally defined by the different compositions of the materials that compose the
core.

To carry out the spatial discretization of the equation each hexagon is
divided into six equilateral triangles and the neutron flux is expanded into
a set of polynomial functions [4] over each element of the mesh, such as it
is shown in [2], A high order finite element method has been derived from a
variational formulation where the neutron diffusion equation can be expressed
as a stationary condition for a suitable functional [3]. Then, a semi-discrete
system of equations is obtained

[

v−1
]

ψ̇ + Lψ = (1 − β)Mψ +
K
∑

k=1

λkXCk ,

XĊk = βkMψ − λkXCk , k = 1, . . . , K . (3)
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Albedo boundary conditions have been considered. The discrete Lambda
modes problem is of the form

Lψl =
1

kl

Mψl . (4)

3 Time discretization

3.1 Implicit method

First, we consider a one-step implicit finite differences method for the time
dependent neutron diffusion equation. This method consists of integrating
the ordinary differential equations (3) over a series of time intervals [tn, tn+1],
and using a one-step backward method, [6], obtaining

[

T n+1
]

ψn+1 = [Rn]ψn +
K
∑

k=1

λke
−λkhX [Cn

k ] , (5)

where the upper index n refers to the matrices obtained with the cross sec-
tions at time tn, T and R are defined as follows

[

T n+1
]

=
1

h

[

v−1
]

+ Ln+1
− (1 − β)Mn+1

−

(

K
∑

k=1

λkβkbk

)

Mn+1 ,

[Rn] =
1

h

[

v−1
]

+

(

K
∑

k=1

λkβkak

)

Mn ,

and the coefficients ak and bk are given by

ak =
(1 + λkh)(1 − e−λkh)

λ2
kh

−
1

λk

, bk =
λkh− 1 + e−λkh

λ2
kh

.

3.2 Modal method

To solve equations (3) using a modal approximation [7], we assume that ψ
can be expressed approximately as

ψ =

Md
∑

l=1

nl(t)ψl , (6)
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where ψl, l = 1, . . . ,Md are the dominant Lambda modes of a given configu-
ration of the core. A small amount of the dominant Lambda modes and their
corresponding adjoint modes can be efficiently computed using, for example,
the implicit restarted Arnoldi method [5].

Multiplying equations (3) by the adjoint modes ψ†
m, writing

L = L0 + δL , M = M0 + δM ,

and making use of expansion (6) and the biorthogonality of the modes and
their corresponding adjoint modes, it is obtained

Md
∑

l=1

Λml

d

dt
nl = (ρm − β)Nmnm + (1 − β)

Md
∑

l=1

AM
mlnl −

Md
∑

l=1

AL
mlnl +

K
∑

k=1

λkCmk ,

d

dt
Cmk = βkNmnm + βk

Md
∑

l=0

AM
mlnl − λkCmk , k = 1, . . . , K , (7)

where

Λml =
〈

ψ†
m, [v

−1]ψl

〉

, AL
ml =

〈

ψ†
m, δLψl

〉

,

AM
ml =

〈

ψ†
m, δMψl

〉

, Cmk =
〈

ψ†
m, XCk

〉

,

and the mode m reactivity is defined as ρm = (km − 1)/km

These equations can be rewritten in the following matrix form

d[n]

dt
= [Λ]−1

(

[ρ− βI][N ][n] + (1 − β)[AM ][n] − [AL][n] +
K
∑

k=1

λk[Ck]

)

,

d[Ck]

dt
= βk[N ][n] + βk[A

M ][n] − λk[Ck] , k = 1, . . . , K . (8)

To solve this system we have used the method implemented in the sub-
routine LSODE [8].

For realistic transients, the nuclear cross-sections are time dependent
functions and to use the modal method a large amount of modes are neces-
sary. This is numerically prohibitive from the computational point of view.
Thus, instead of this, we use a small number of modes together with an up-
dating modes strategy that is performed each certain updating time step [7].
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4 Numerical Results

To test the methods presented above in 2-D geometries, a transient for a
bidimensional VVER 440 reactor core has been studied. This transient is
based on the 3-dimensional transient benchmark AER-DYN-001 proposed
in [9].
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Figure 1: VVER 440 2D

The nuclear cross section given in the 3D benchmark have been collapsed
in a single plane. Afterward, materials of the bidimensional reactor have
been defined as is shown in Figure 1. The cross sections ot the materials and
the neutron precursors parameters for the transient are shown in Tables 1
and 2.

Table 1: Cross sections for the 2-D VVER 440 reactor.
D1 D2 Σa1 Σa2 Σ12 νΣf1 νΣf2

1 1.346557 0.370075 0.008312 0.064282 0.016976 0.004413 0.072784
2 1.337728 0.367411 0.008745 0.079145 0.016000 0.005491 0.104256
3 1.332264 0.363171 0.009411 0.099536 0.014974 0.006990 0.147261
4 1.447520 0.251741 0.000933 0.033037 0.032215 0.000000 0.000000
5 1.231711 0.240027 0.012120 0.118846 0.020782 0.001345 0.027352
6 1.337727 0.367479 0.008747 0.079153 0.015996 0.005492 0.104316
7 1.346561 0.370177 0.008317 0.064282 0.016968 0.004416 0.072846
8 1.231640 0.239942 0.012123 0.118870 0.020785 0.001342 0.027299

A transient that simulates the movement of two control rods has been
defined by means of the time evolution of the absorption cross section Σa2
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Table 2: Neutron precursors parameters for the reactor VVER 440.
Group 1 Group 2 Group 3 Group 4 Group 5 Group 6

βi 0.000247 0.0013845 0.001222 0.0026455 0.000832 0.000169
λi (s−1) 0.0127 0.0317 0.115 0.311 1.4 3.87

for the material 8 as follows,

Σa2(t) =







0.118870 · (1 − t) + 0.016917 · t si 0 ≤ t ≤ 1 ,
0.118870 · (t− 1) + 0.016917 · (2 − t) si 1 ≤ t ≤ 2 ,
0.118870 si 2 ≤ t ≤ 3 .

The mean power evolution computed using the implicit method with ∆t =
0.0001 s is shown in Figure 2. This curve is taken as a reference for the average
power evolution.
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Figure 2: Reference result.

To study the dependence of the obtained solution on the spatial accuracy,
in Figure 3 the mean power evolution and the local power distribution on
the axis y = 0 at time t = 1 s are shown for different values of the number of
polynomials used in the finite element method k. These results are computed
with the implicit method and ∆t = 0.0001 s. We observe that using k = 3
polynomials the obtained results are quite accurate. Thus, henceforth all the
calculations are performed setting k = 3.

For the Modal method presented above, the first five dominant modes of
the reactor have been considered and these modes have been updated each
certain time step ∆tu. Table 3 shows the relative errors in the determina-
tion of the peak of power obtained with the implicit method and the modal
method with different values of the time steps ∆t and ∆tu. Also the CPU
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Figure 3: Mean power evolution and local power distribution for t = 1,
∆t = 0.0001s, over the axis y = 0 for different values of k.

times necessary to calculate the transient in the different cases has been
presented in Table 4. The implicit and the Modal method have been imple-
mented in a Fortran program an have been run in a Intel Core 2 Duo 1.86
GHz computer with 1 Gb RAM .

Table 3: Percentage of relative error to the peak at t = 1.
Backward Method Time step

∆t = 0.05s ∆t = 0.01s ∆t = 0.001s ∆t = 0.0001s

4.57 0.37 0.01 reference

Modal Method Updating time step

Num. of Modes No updates ∆tu = 1s ∆tu = 0.1s ∆tu = 0.01s

1 86.62 14.93 2.23 7.68

3 86.68 13.14 5.56 1.80

5 86.24 13.06 5.81 2.17

Table 4: Errors and CPU time for transient calculations.
Backward Method Time step

∆t = 0.05s ∆t = 0.01s ∆t = 0.001s ∆t = 0.0001s

1 m 44 s 7 m 22 s 66 m 20 s 10 h 12 m 02 s

Modal Method Updating time step

Num. of Modes No updates ∆tu = 1s ∆tu = 0.1s ∆tu = 0.01s

1 7 m 55 s 8 m 27 s 10 m 50 s 27 m 20 s

3 8 m 01 s 8 m 28 s 11 m 41 s 43 m 16 s

5 8 m 23 s 8 m 50 s 11 m 27 s 39 m 02 s

It is important to remark that if the number of modes used in the ex-
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pansion of the modal method is low the modes updating strategy has an
important effect on the accuracy of the results.

5 Conclusions

Two methods for the solution of the time dependent neutron diffusion equa-
tion based on hexagonal spatial mesh have been studied. A one-step implicit
method and a modal method. The implicit method needs to solve a large
system of linear equations for each time step, thus, it is an expensive method
from the computational point of view. With the aim of reducing the com-
putational time a modal method has been proposed based on the dominant
Lambda modes of the reactor core. The modal method succeeds at reducing
the computational time maintaining a reasonable accuracy.
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1 Introduction

The aim of the present work is to propose a goal programming-based multi-
criteria methodology to provide a measure of company performance and then
apply it to the ranking of Spanish savings banks according to their perfor-
mance in 2007. This sector was chosen for its importance in the Spanish
financial system at a time when radical changes are expected to take place in
its structure. It is therefore of interest to determine how potential mergers
would affect the relative positions of the savings banks from a global stand-
point rather than from a single-criterion, bearing in mind that these banks
have no share quotations on the stock market.

2 Selection of Representative Performance Vari-

ables

In the studies on financial performance, there are notable differences in the
methodologies, criteria and information used. However, it is possible to iden-
tify certain recurring general criteria that determine strategic bank policy. If
we concentrate on studies on the Spanish financial system and savings banks,

∗imoya@esp.upv.es
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we can group these criteria into: productivity, (Grifell-Tatjé and Lovell,
1997), costs (Prior, 2003), profitability (Lozano-Vivas, 1997), management
of different types of risk, and size (Marco and Moya, 2000).

To select the variables used in the present study, those used in the above-
cited works were considered, as were all the different business aspects (pro-
ductivity, profits, risk management and size). Table 1 shows these variables
together with the dimensions they represent.

The data base for the present study was compiled from the annual ac-
counts published by the Spanish savings banks for the financial year 2007.

The ranking of business companies, or in this case savings banks, is usu-
ally done on the basis of a single variable. This type of ranking refers only
to the situation with reference to the criterion used and gives no informa-
tion on the overall situation of an individual company within the sector. In
order to carry out a multi-criteria ranking, various explanatory variables or
single-criterion rankings must be available.

Table 1. Variables used for the multi-criteria ranking

Variable Dimension
RLS: Lending / Staff Productivity
RDB: Deposits / Number of branches Productivity
ROA: Results before taxes / Total assets Profitability
ROE: Results before taxes/ Equity Profitability
IDR: Inverse default rate Credit risk
SOLV: Coefficient of solvency Credit risk
PBD: Provision for bad debts Credit risk
TA: Total assets Size

The first problem to be overcome is how to organise all this information,
minimising the impact of the least important factors and emphasising the
most important or most representative of the general tendency.

The second problem is how to weight the variables used in the multi-
criteria performance rating, minimising as far as possible the subjectivity of
the person who decides the weightings.

The proposal made in this paper differs from previous studies (Diakoulaki
et al.,1995; Deng et al., 2000) , in the method by which it obtains multi-
criteria performance. Using the multi-criteria goal-programmming technique,
weights are calculated in such a way that the similarity is maximum between
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values standardised by the range of the different criteria and the multi-criteria
performance, which is the value which will later be used to rank the compa-
nies.

Min λ
n∑

i=1

c∑

j=1

(nij + pij) + (1 − λ)D

s.t.
c∑

j=1

wjvij + nij − pij = vij i = 1 . . . n j = 1 . . . c

n∑

i=1

(nij + pij) ≤ D j = 1 . . . c

c∑

j=1

wj = 1

c∑

j=1

wjvij = Vi i = 1 . . . n

n∑

i=1

(nij + pij) = Dj j = 1 . . . c

c∑

j=1

Dj = Z

[1]

Where:
wj = weight to be estimated for the jth criterion.
nij (pij) = negative deviation variable (positive). Quantifies the dif-

ference by excess (defect) between the value of the ith company in the jth

criterion and the multi-criteria value obtained by applying the weights wj .

This is, nij −pij = vij −
c∑

j=1

wjvij , with nij , pij ≥ 0. The objective function of

[1] ensures that only one of the deviation variables can have a value greater
than zero: nij × pij = 0

Dj= degree of disagreement between the jth criterion and the multi-
criteria value.

Z = magnitude of global disagreement.

3 Ranking of Spanish Savings Banks for Fi-

nancial Year 2007

This section describes the use of the methodology presented in the previous
Section to obtain a multi-criteria performance ranking of the Spanish savings
banks for 2007.

The 8 criteria shown in Table 1 are used as a starting point. The values
are standardised by range, according to normal procedure. The extended
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goal programming model is applied to these data [1].
On solving [1] for different values of λ we obtain firstly the weighting or

relative importance of each individual criterion in the overall ranking and
secondly the multi-criteria value which ranks the banks according to perfor-
mance.

The model for λ=1 obtains non-null coefficients for all variables, that of
before-tax results on equity (ROA) being noteworthy for its greater weight.
We can thus conclude that the profits criterion is representative of the general
performance tendency. Indeed, if we add together the weights obtained by
the variables which represent this dimension, a value of 43.5% is obtained.
The second most important dimension is credit risk (23.9%), followed closely
by productivity (22.6%). The least important, at 10% for its only variable,
is total assets.

Figure 1 reports the weight of each of the dimensions contained in the
analysis, obtained as the sum of the individual weights of each criterion. It
can be clearly seen that as the value of λ diminishes, Profitability loses part
of its weight to Productivity and Credit Risk, while Size remains around a
discreet 10% or even lower for the entire range of values analysed.

Figure 1. Results of applying the extended goal programming model

Although the weight of each criterion, or the set calculated for the dimen-
sion, offers an idea of the relative importance of each measurement in cal-
culating multi-criteria performance, a Spearman’s correlation analysis must
be carried out to analyse the correlation between each of the single-criterion
measurements and final performance.

The highest ranked saving banks are: BBK, Cajastur, La Caixa and
Caja Murcia, the worst ranked ones are: Caixa d’Estalvis de Sabadell, Caixa
de Girona, Caixa Penedés, Caixa Manlleu, Caixa Tarragona, Caja España,
Cajasol, Caja Canarias and Cajasur.

4 Conclusions

Performance analysis can provide a great deal of important imformation on
business companies. The objective of the present study was to propose a
goal-programming based multi-criteria methodology which would provide a
global estimation of the performance of a business company, combining the
individual criteria in such a way as to include all the dimensions that affect



Modelling for Medicine, Business and Engineering 2009 143

its performance. The proposed methodology was then used to obtain a multi-
criteria ranking of the Spanish savings banks for the year 2007.

The methodology proposed in this paper differs from others by the way
in which global performance is estimated. By means of the goal program-
ming multi-criteria technique weightings are calculated so as to maximise
similarities between values standardised by the range of the different criteria
and multi-criteria performance, which is the value which will subsequently
be used to rank the companies according to performance. Applying different
versions of the goal programming model, a collective approach and an indi-
vidualistic approach are considered. As a compromise solution between the
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two approaches, a parametric version is developed.
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1 Introduction

A dynamic Leontief model of a multisector economy has the form

xn = Lxn + C[xn+1 − xn] + dn , (1)

where xn is the vector of output levels, dn is the vector of final demands
(excluding investment), L is the Leontief input-output matrix, and C is the
capital coefficient matrix. The matrices L and C are assumed known and
time invariant what means that market and technology do not change under
considered time period. If the dimension of the vector xn is r, and the system
(1) is assumed to operate over the period n = 0, 1, . . . , N − 1, then for a
specified set of final demands the set of equations represents a set of rN

equations in r(N + 1) unknowns. A solution to this set is called a trajectory
of the Leontief system.
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If the matrix C were invertible, the trajectory of the model (1) is compu-
tationally easy to obtain by means of the expression

xn+1 = C−1 {[I − L + C]xn − dn} ,

starting with an arbitrarily specified initial x0.
Unfortunately, the assumption of C being nonsingular is usually not jus-

tified. The element cij of matrix C represents the amount of stock of com-
modity i, as a capital good, that sector j must have on hand for each unit of
production. Since not every sector produces significant capital goods (agri-
culture being a typical example in many models), it is common for some
rows of the matrix C to contain only zero elements. Thus, the very structure
of capital requirements in a multisector economy often dictates that C be
singular. In fact, the rank of C may be much smaller than r, the number of
sectors.

The problem of computing Leontief trajectories when C is singular has
been treated in [1], [2], [3], [4], but in these papers the authors do not pay
attention to the positive character of solutions. An algebraic-geometric ap-
proach in order to guarantee positive solutions for the closed Leontief dy-
namic input-model may be found in [5]. Positive solutions for a different
Leontief price model have been treated in [6] using an algebraic approach
based on the concept of nonnegative generalized inverse.

In this paper we construct trajectories of the Leontief model (1) by using
firstly the solution of singular systems of difference equations based on the
Drazin inverse approach developped in [7], [8]. Then, nonnegative solutions
are obtained by using matrix and vector inequalities.

2 Preliminaries and matrix inequalities

One of the main goals of this paper is to guarantee that solutions of systems
of difference equations modeling discrete and dynamic Leontief economic
problems are positive. This is a crucial requirement in order to have realistic
solutions.

For the sake of clarity in the presentation of results of the next sections
we include here some definitions and results related to matrix inequalities.

Let A = (aij) be a real square matrix of size n, element of Rr×r. We say
that A is positive, if all its entries aij are positive real numbers. We say that
A is nonnegative, if aij ≥ 0 for all 1 ≤ i, j ≤ n. If A is positive, we write
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A > 0, and if A is nonnegative we will write A ≥ 0. The matrix A is said
to be negative, denoted A < 0, if aij < 0 for all 1 ≤ i, j ≤ n. If a is a real
number, we say A ≤ a, if all entries of A are equal or smaller than a.

If A, B are square nonnegative matrices of size r, such that

A ≤ a , B ≤ b ,

then from the definition of the matrix product one gets

AB ≤ rAmaxBmax , (2)

where Amax = max {aij; 1 ≤ i, j ≤ r}; Bmax = max {bij ; 1 ≤ i, j ≤ r}.
A vector x ∈ R

r is said to be positive, denoted x > 0, if all its compo-
nents xi are positive. The vector x is said to be nonnegative if xi ≥ 0 for all
1 ≤ i ≤ n, and in this case we write x ≥ 0. The notation x ≥ y is equivalent
to x − y ≥ 0. If x ≥ y, A ≥ 0, then it is easy to check that Ax ≥ Ay. In
particular, if x ≥ 0 and A ≥ 0, then Ax ≥ 0.

Let A be a matrix in Rr×r, then we denote

dmin(A) = min {aii; 1 ≤ i ≤ n} ; dmax(A) = max {aii; 1 ≤ i ≤ n} .

The Euclidean norm of a vector x ∈ Rr will be denoted by ‖x‖ with

‖x‖ =
(
xT x

)1/2
=

(
|x1|

2 + · · · + |xn|
2
)1/2

. If A is a matrix in Rr×r, its 2-
norm is denoted by ‖A‖, and from [9, p.57] one gets

maxi,j |aij| ≤ ‖A‖ ≤ r maxi,j |aij | .

3 Positive solutions of singular systems of dif-

ference equations

Consider the inhomogeneous system of difference equations

A xn+1 = B xn + fn , (3)

where A, B are matrices in R
r×r and fn are vectors in R

r.
Assume that the homogeneous system is tractable in the sense of [8,

p.182], i.e., there exists λ ∈ C such that (λA−B)−1 exists, and let k = Ind(Â)
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where Â = (λA − B)−1A. Let B̂ = (λA − B)−1B and f̂i = (λA − B)−1fi.
Then from theorem 9.3.2 of [8], the general solution of (3), is given by

xn = (ÂDB̂)nÂÂDq + ÂD

n−1∑

i=0

(ÂDB̂)n−i−1f̂i − (I − ÂÂD)

k−1∑

i=0

(ÂB̂D)iB̂Df̂n+i ,

and a vector c ∈ Rr is a consistent initial vector if and only if c lies in{
ω̂ + R(Âk)

}
, where

ω̂ = −(I − ÂÂD)

k−1∑

i=0

(ÂB̂D)iB̂Df̂i .

Taking norms in the expression of vector zk(n) defined by

zk(n) = −(I − ÂÂD)
k−1∑

i=0

(ÂB̂D)iB̂Df̂n+i ,

it follows that,

‖zk(n)‖ ≤
∥∥∥I − ÂÂD

∥∥∥
k−1∑

i=0

∥∥∥ÂB̂D
∥∥∥

i ∥∥∥B̂D
∥∥∥

∥∥∥f̂n+i

∥∥∥ ,

and

zk(n) ≤
∥∥∥I − ÂÂD

∥∥∥
k−1∑

i=0

∥∥∥ÂB̂D
∥∥∥

i ∥∥∥B̂D
∥∥∥

∥∥∥f̂n+i

∥∥∥ . (4)

Theorem 3.1 Let A, B be matrices in Rr×r such that

• (i) All the diagonal elements of matrices Â, ÂD and B̂ are nonzero.

• (ii) Â ≤ 0, ÂD ≤ 0 and B̂ ≤ 0.

• (iii) Vector f̂i ≥ 0 and q ≥ 0.

Then the vector expression

xn = Ln(q) + zk(n) , (5)
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with

Ln(q) = (ÂDB̂)nÂÂDq + ÂD
n−1∑

i=0

(ÂDB̂)n−i−1f̂i , (6)

and zk(n) given by (3), is nonnegative, if for 1 ≤ n ≤ Nvector q satisfies

q≥

∥∥∥I−ÂÂD
∥∥∥

k−1∑

i=0

∥∥∥ÂB̂D
∥∥∥

i ∥∥∥B̂D
∥∥∥

∥∥∥f̂n+i

∥∥∥−
n−1∑

i=0

[(
ÂD

)

min

]n−i [(
B̂

)

min

]n−i−1

rn−i+1f̂i

(
dmax

(
ÂD

))n+1 (
dmax

(
B̂

))n

dmax

(
Â

) .

(7)

4 Positive solutions of the discrete dynamic

Leontief model

Let us start this section by writing model (1) in its equivalent form

C xn+1 = (I − L + C)xn − dn , 0 ≤ n ≤ N − 1 , (8)

where C and L are matrices in Rr×r and dn lies in Rr.
Let us assume that the Leontief matrix L satisfies:

0 ≤ lij ≤ 1 , 1 ≤ i, j ≤ r ,
r∑

i=1

lij ≤ 1 , 1 ≤ j ≤ r ,

r∑

i=1

lij0 < 1 , for some j0 with 1 ≤ j0 ≤ r ,






(9)

and

• All the diagonal entries ĉii of Ĉ are nonzero and different from one ,

• All the diagonal elements of ĈD are nonzero ,

(10)
and

ĈD ≤ 0 . (11)

By [10, p.318-319], under condition (9) the matrix I − L is invertible and

(I − L)−1 > 0 .
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Taking λ = 1, note that under hypothesis (9), the system

Cxn+1 = (I − L + C)xn , is tractable.

Let k be the index of Ĉ, k = Ind(Ĉ), and

ω̂ =
(
I − ĈĈD

) k−1∑

i=0

(
Ĉ

(
Ĉ − I

)D
)i (

Ĉ − I
)D

(L − I)−1di .

A vector q ∈ Rr is a consistent initial vector for (8) if and only if q lies in{
ω̂ + R

(
Ĉk

)}
and the general solution of (8) for n ≥ 1 is given by

xn =
(
ĈD

(
Ĉ − I

))n

ĈĈDq

− ĈD

n−1∑

j=0

(
ĈD

(
Ĉ − I

))n−j−1

(I − L)−1dj

+
(
I − ĈĈD

) k−1∑

i=0

(
Ĉ

(
Ĉ − I

)D
)i (

Ĉ − I
)D

(I − L)−1dn+i , n ≥ 1 .

(12)
Once the solution xn of model (8) given by (12) has been obtained, the next
task is to find conditions on the data problem so that xn is nonnegative, for
n = 1, 2, . . . , N . Let us denote

d̂i = −(I − L)−1di , 0 ≤ i ≤ N ,

and let αn be defined as

αn

=

‖I−ĈĈD‖

k−1∑

i=0

∥∥∥Ĉ(Ĉ − I)D
∥∥∥

i ∥∥∥(Ĉ − I)D
∥∥∥

∥∥∥d̂n+i

∥∥∥

(dmax(ĈD))
n+1

(dmax(Ĉ−I))
n

dmax(Ĉ)

+

n−1∑

i=0

[(
ĈD

)

min

]n−i [(
Ĉ − I

)

min

]n−i−1

rn−i+1d̂i

(dmax(ĈD))
n+1

(dmax(Ĉ−I))
n

dmax(Ĉ)
,

(13)

α = max {αi ; 0 ≤ i ≤ N} . (14)
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If the affine subspace
{
ω̂ + R

(
Ĉk

)}
contains a vector q ∈ Rr having all

its components qi ≥ α, under hypotheses (9), (10) and (11), the expression
(12) is nonnegative. A vector q can be always chosen. In fact, let k be the

index of Ĉ. If k is odd, the Ĉk < 0 because Ĉ < 0. Let v0 be a column of
Ĉk and let α0 be a negative real number with |α0| big enough so that

α0v0 > α − ω̂ ,

then q = α0v0 + ω̂ satisfies q > α.
If k is even, then Ĉk > 0 and taking a column v1 of Ĉk and a positive

real number β1 big enough so that

β1v1 > α − ω̂ ,

then q = β1v1 + ω̂ satisfies q > α.

5 Conclusions

In this paper we construct trajectories of the Leontief model (1) with possi-
bly singular capital matrix by using Drazin inverses and a singular discrete
difference systems approach.

Then, under hypotheses (9), (10) and (11) and with previous notation,
there exists q ∈ Rr having all its components qi ≥ α, where α is defined
by (13)-(14), and the corresponding Leontief trajectory xn given by (12) is
nonnegative for 0 ≤ i ≤ N . Also, we show that such a vector q can be always
chosen and how to construct it.
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1 Introduction

In several situations it is convenient for the computational grid to follow
moving boundaries. In the past decade, there have been some efforts in
understanding the theoretical backgrounds of moving mesh methods [1], [2].
The basic idea of moving mesh methods is to construct a transformation from
a computational domain to the physical one [3], [4]. However, the extension
to transient problems does not seem simple.

In diesel engines, the nozzle internal flow greatly affects the fuel atomiza-
tion characteristics and so the subsequent engine combustion. The transient
nature of the flow is greatly affected by the needle movement. There are
studies referring to moving mesh CFD studies but limited information is
published about the mesh generation and moving grid methodology used to
simulate the needle motion [5], [6].

The work starts with a mathematical description of the models. In section
3, the methodology for the moving mesh generation and movement approach
is presented. In section 4, the numerical case of the diesel injection simulation
will be presented followed by some concluding remarks.
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2 Models description

The mass and momentum conservation equations are solved using the Navier-
Stokes equations in non-steady coordinates, in Cartesian tensor notation [7]:

1
√

g

∂

∂t
(
√

gρ) +
∂

∂xj

(ρũj) = sm, (1)

1
√

g

∂

∂t
(
√

gρui) +
∂

∂xj

(ρũjui − τij) = − ∂p

∂xi

+ si, (2)

Where t is time, xi the Cartesian coordinate ( i = 1, 2, 3), ui the absolute
fluid velocity component in direction xi, ũj the relative velocity (uj − ucj )
between fluid and local (moving) coordinate frame that moves with velocity
ucj, p the piezometric pressure, ρ the density, τij stress tensor components,
sm the mass source, si the momentum source components and

√
g is the

determinant of the metric tensor.
For this type of problem, an additional equation, the ‘space conservation

law’ is solved for the moving coordinate velocity components (Eq. 14).

1
√

g

∂

∂τ
(
√

g) +
∂

∂xj

(ρũj) = sm (3)

This relates the change in cell volume to the cell-face velocity. The si-
multaneous satisfaction of the space conservation law and all other equations
of fluid motion facilitates the general moving mesh operations performed [8].
This problem has been solved using a conventional two-equation k−ε model.
The cavitation model implemented in this code is based on the Rayleigh equa-
tion [10] which links the rate of change of the bubble radius with the local
pressure.

3 Methodology

To apply the method proposed, the first step is to define the initial mesh
which is not subject to motion. As long as the initial mesh remains the same,
by extracting coordinate information from edge lines and defining vertices,
the desired geometry on the whole domain is achieved. These vertices will
be subjected to motion and also will be used to generate the mesh which
maintains uniformity during mesh motion.
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Since the needle lift law as a function of time is not known and could not
be measured, the following technique was followed in order to extract it. Six
calculations were performed, each at a different needle lift. Thus, the curve
injection rate as a function of needle lift was obtained. A correspondence
between this curve and the experimentally measured injection rate yields the
needle lift law as a function of time The interpolated points between the
curve injection rate as a function of needle lift and the measured injection
rate were plotted and the slopes found between them programmed into the
calculations.

Thus, the velocity is estimated as a function of time using the formula
lift = lift(t0) + slope (T ime − t0) which is used to move the needle in the
transient calculations.

4 Example

In this problem, the moving area is the annulus formed between the nee-
dle and the needle seat while, the bottom part of the injector is considered
as initial mesh and is not subject to motion. Once the initial geometry
is meshed (10µm), the vertices that define the contour of the geometry at
full lift (250µm) have to be specified. These vertices then enable to create
patches that represent the solution domain The patches are defined in terms
of vertices that are not subject to motion and vertices that are subject to
motion and then extruded along a specified direction and coordinate system
in order to obtain the mesh corresponding to the full needle lift .The extru-
sion consists of defining the number of cells that the mesh will have in each
direction.The meshes of the annulus between the needle and the needle seat
stretch and shrink with the needle movement.

The other patches are moved following direction 1. The nozzle seating
forms an angle of 30o with the axis of the nozzle, so the displacement of some
patches assumes the value of (needle displacement * sin(30o) ).

The simulation was realized for different operating conditions. In par-
ticular, the effect of cavitation on the nozzle flow was studied. Additional
results of the diesel injector flow behavior of this study are documented in
[11] and [12].
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5 Conclusions

In this paper, we have presented a simple moving mesh strategy for solving
a multi-phase flow in a diesel injector nozzle. The approach for the needle
movement required an interpolation between the experimental results and the
results with calculations at fixed needle lifts. The moving mesh computation
was satisfactory in terms not only of accuracy but also efficiency.
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1 Introduction 

Particle swarm optimization (PSO) has been used successfully to solve different 

problems in the water industry [1-3] as well as other fields [4-7]. Nevertheless, the 

integration of various disciplines, differing points of view, and the participation of 

various experts during decision-making processes increasingly requires a more multi-

objective approach to the algorithm for tackling complex optimization problems. The 

criteria used in water distribution network (WDN) design are numerous: economical, 

technical, political, etc. 

Regardless of the problem to be solved, some changes must be made when using 

PSO as a multi-objective alternative in decision-making.  

Firstly, leadership in the swarm should be redefined. The big question is how can 

values resulting from a multi-objective function be compared and how can the leader in 

the swarm be chosen. To work with a multi-objective approach, a representation of the 

Pareto front is used to discriminate between solutions. 

A solution A is said to dominate another solution B when A is better than B in at 

least one objective, and not worse in the others. Two solutions are called indifferent or 

incomparable if neither dominates the other. The aim of multi-objective optimization is 

to find the Pareto-optimal set or front (or an approximation sample). The front of non-

dominated solutions produced by a Pareto-based multi-objective algorithm can be used 

in a subsequent phase to select one or more solutions according to different criteria.  

The most natural option is to select as leader the closest particle to the so-called 

utopia point in the search space. This utopia point is defined as the point in the search 

space where components give the best values found for every single objective. In this 

problem, the utopia point is an unknown dynamical point since the best value for every 

objective is something unknown at the very beginning (and even during the whole 
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process). Accordingly, we will use an approximation of this utopia point, which we call 

a singular point, and which is updated during the evolution of the algorithm.  

Arguably, the most interesting solutions are located close to that singular point 

and not too far from the extreme ends of the Pareto front. Consequently, instead of 

seeking a complete and detailed Pareto front, we are more interested in more precise 

details around the singular point. Nevertheless, situations of non-symmetric Pareto front 

with respect to the singular point can occur; and, consequently, poorly detailed sections 

on the Pareto front may appear. It seems plausible that due to problem complexity this 

is the most frequent case in multi-objective water distribution system design.  

In this work, the user can specify additional points where the algorithm should 

focus the search, and to specify how much detail a region should contain. This is 

achieved in real time during the execution of the algorithm. Human proposed solutions 

could even become leaders of the swarm. At this point, human behaviour begins to have 

a proactive role during the evolution of the algorithm. 

 

2 The problem of optimal water distribution system design 

WDN design is a wide problem in hydraulic engineering that involves the addition 

of new elements in a system; the rehabilitation or replacement of existing elements; 

decision-making on operation; reliability and protection of the system; among other 

actions. In most cases, economic reasons condition the difference between a solution 

and a better solution. In any case, all technical and non-technical constraints of the 

problem must be fulfilled.  

The key point in water distribution system design is to properly assess the value of 

a solution. As different actors (politicians, hydraulic engineers, environmental 

engineers, economists, etc.) are normally involved in water projects, it is frequent that 

more than one objective will arise and they may even compete among themselves. 

In this paper, two objectives are used to evaluate the algorithm in a benchmarking 

problem case. The real-world problem considered later will additionally use a third 

objective. The inclusion of additional objectives is straightforward.   

The first objective is the minimization of the initial investment cost (for the pipes 

required for the new system), 

 .)(
1

1 ∑
=

=
L

i

iilcDF  (1) 

L is the total number of pipes; D = (D1, …, DL)
t
 is the vector of the pipe 

diameters; the cost per meter, depending on the diameter of pipe i, Di, is given by ci; li 

represents the length of pipe i. Note that Di is chosen from a discrete set of 

commercially available diameters and ci is a non-linear function of diameter.  

 The second objective is the minimization of the lack of pressure at every 

consumption node. This objective is also a function of the selected pipe diameters 

(through the hydraulic model). The lack of pressure is calculated as the difference 

between the required pressure and the existent pressure in a node. When the existent 

pressure is greater than the required pressure the lack of pressure at the node is zero:  
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The function )( min ippH −  is the Heaviside function. Hydraulic modelling 

software for water distribution system analysis is used to evaluate the actual pressure at 

consumption nodes for a specific solution. The integration of such software to run 

different analyses or simulations for potential solutions of the problem is performed 

during the optimization process that is developed within the evolutionary algorithms [1-

3] – such as the algorithm presented in this paper. 

The benchmarking problem used in this paper for evaluating the algorithm is 

known as The Hanoi Network [8]. Figure 1 represents a scheme of the network.  

 

 

 

 

 

 

 

 

 

 

 

Figure 1. The Hanoi network 

 

The multi-objective function for the Hanoi network will have, as a consequence, 

two dimensions: 

( ) ( ) ( )( ) ., 211 DFDFDMF =  

In addition, a real world network is also considered in this paper, Figure 2. This 

corresponds to one water distribution sector in Lima, Peru [9].  
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Figure 2. Hydraulic sector in a network in Lima 

In this case a third objective is included: a reliability assessment of the network. 

There are various approaches to assess the reliability of a water distribution system [10-

12]. This paper uses a formulation proposed in [13] that indirectly assesses reliability 

from an economic point of view. This formulation considers the costs of the water not 

delivered due to disruptions in the system, and associated repair costs. These costs have 

a close relationship with the network model, and which again depend on the pipe 

diameters: 

 
u

k

L

k

kk DlwDF −

=
⋅⋅=∑

1

3 )( . (3) 

wk is a coefficient associated with each pipe that accounts for the number of 

expected failures per year of one pipe, its daily average cost of repair work, and the 

average cost of the water supplied to affected consumers due to the loss of water. 

The objective in this case will have three dimensions: 

( ) ( ) ( ) ( )( ) .,, 3212 DFDFDFDMF =  

Lower values of the third objective are desirable because they correspond to more 

reliable water distribution systems. This paper is not intended to go deeper into the 

design of real cases; but aims to present a general algorithm that could be used in water 

distribution system multi-objective optimization tasks. Nevertheless, to incorporate any 

additional objective or reliability assessment to deal with real cases does not require 

major effort. In the following section, it can be seen how the algorithm works.  

 

3 Description of the algorithm 

PSO is an evolutionary computation technique that was first developed by 

Kennedy and Eberhart [14]. In the algorithm, a swarm (population) consists of a set of 

an integer number, M, of particles, Xi, moving within the solution space, S ⊂ R
d
, each 

representing a potential solution of the problem: 

 Find )(XFbest
SX∈

, subject to appropriate constraints, (4) 

where F is the fitness function associated with the problem. The optimization is aimed 

at the minimization or maximization of the value of F, depending on the nature of the 

problem.  

In addition to the position vector for every particle i,   

( )idiii xxxX ,...,, 21= , 

an individual velocity vector  

( )idiii vvvV ,...,, 21= , 

and the position at which the best fitness was encountered by the particle 



Modelling for Medicine, Business and Engineering 2009______________________162 

 

( )pbest_pbest_2pbest_1pbest_ ,...,, idiii xxxX = , 

are computed and stored. Also, a record of the position of the best particle of the swarm, 

( ),,...,, tglobal_bestglobal_bes2tglobal_bes1tglobal_bes dxxxX =  

is maintained. In each generation, the velocity of each particle is updated based on its 

trajectory, its best-encountered position, and the best position of the swarm: 

 
( ) ( ) ( ) ( )ibestglobalipbestiii XXrandcXXrandcVV −××+−××+×ω= − _21 . (5) 

In equation (5), N is a factor of inertia suggested by Shi and Eberhart [15] that 

controls the impact of the velocity history into the new velocity. Here, we use 

 ( )( )1ln2

1
5.0

+
+=ω

k
, (6) 

where k is the iteration number [4].  

Parameters c1 and c2 in (5) are called acceleration parameters. The term rand( ), 

represents a function that creates random numbers between 0 and 1. 

On each dimension, particle velocities are restricted to minimum and maximum 

velocities: 

 maxmin VVV ≤≤ ,      (7) 

which are user-defined parameters, to control excessive roaming of particles outside the 

search space. Usually, it is assumed that maxmin VV −= .  

The position of each particle is updated at every generation:  

 iii VXX += . (8) 

In the approach presented in this paper the updating of a particle’s best position is 

performed when a new position dominates the previous best position of the particle. As 

a result, particles will continue moving in the direction of the leader – but now they will 

try to do so over the Pareto front. Sometimes neither position dominates the other; in 

this case, the particle will decide that the best position is the one closest to the position 

of the leader. When the best previous position of a particle is located on the Pareto front 

formed by the whole swarm, and its new position is also on the Pareto front, it then 

produces a clone, provided a higher density in the Pareto front is possible.  

Two more observations must be made before providing a description of the 

proposed algorithm dealing with human interaction. 

Firstly, to tackle discrete variables, this algorithm takes the integer parts of the 

flying velocity vector’s discrete components into account; hence, the new discrete 

component velocities Vi are integer. Accordingly, velocity for discrete variables is 

calculated by using the expression: 

 
( ) ( ) ( ) ( )( )ibestglobalipbestiii XXrandcXXrandcVfixV −××+−××+×ω= − _21 ,  (9) 

where fix(·) implies that we only take the integer part of the result. 

Secondly, in [3], PSO was endowed with a re-generation-on-collision formulation 

which further improves the performance of discrete PSO. The random regeneration of 
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the many birds that tended to collide with the best birds was shown to avoid premature 

convergence, as it prevented clone populations from dominating the search. The 

inclusion of this procedure into the discrete PSO algorithm produces greatly increased 

diversity, improved convergence characteristics, and yields higher-quality final 

solutions.  

Humans can interact with the algorithm by adding new singular points, but with 

fixed values. These values will be specified by the user during runtime.  Once a new 

singular point is added, a new swarm is created with the same characteristics of the 

swarm created first. Swarms will run in parallel but they share (and can modify) the 

information related to the Pareto set. Particles from any swarm can be added to the 

Pareto set. If the user changes the fixed values for a singular point then the 

corresponding swarm selects a new leader considering the new location of the singular 

point. 

In addition, a user can devise a solution and ask the algorithm in real time to 

analyze and evaluate it. Eventually, that solution can be incorporated to the Pareto front 

or lead the behaviour of a group of particles. User solutions will always be evaluated in 

the first swarm created. If a particle is being evaluated then the user request waits until 

the evaluation of the particle is finished. If a solution proposed by the user is being 

evaluated then any particle belonging to the first swarm should wait for evaluation. 

Once any solution is evaluated, the algorithm checks if it could be incorporated in the 

Pareto front. Synchronization is made among all the swarms in order to open access for 

managing the Pareto front.  

In this study, an initial population size of M = 100 particles has been used. Also, 

among the various termination conditions that may be stated, if there is no improvement 

after 20 iterations, the process is stopped. 

The performance of the approach herein introduced can be observed from the 

results reported in the next section. 

 

4 Results  

Optimal results for the Hanoi network are presented first. At the beginning only 

one swarm was working using a singular point formed by the best value for each 

objective. This singular point behaves dynamically because the best values for every 

objective are not known a priori. Firstly, the best value for each objective is selected 

from the random population of particles generated initially. Then, whenever a better 

value for any objective is found, the corresponding component of the singular point is 

updated. 

 

 

 

 

 

Figure 3. Results for the Hanoi network 
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Figure 3 (left) shows the approximated Pareto set found by the particles. By 

observing the graph, it can be noted that the lack of pressure in the network decreases 

rapidly at first with the increase of the investment cost (vertical asymptotic branch). 

However, the relation between the investment cost and the lack of pressure in the 

network is not always the same: new additional reductions of lack of pressure are 

increasingly costly. As a result, the leader of the swarm will exhibit a tendency to be 

located near the region where the increase of the investment cost reduces the lack of 

pressure significantly – or at least substantially. At this point, the minimum value of 

pressure in the network could be reconsidered. If it is decided to maintain the same 

value of minimum required pressure – then it is better to send a second swarm to the 

region where the lack of pressure is zero and the investment cost is as low as possible. 

The value of the minimum required pressure was not changed and a second 

swarm was sent to work in parallel with the first. The approximated Pareto set obtained 

by both swarms is represented in Figure 3 (right). Solutions from the second swarm 

increase the density of the horizontal asymptotic branch. 

Results for the second network used in this paper, corresponding to a sector of the 

water distribution system in Lima, are represented in Figure 4. In this case two swarms 

were also sent to search for solutions. These swarms had the same characteristics as the 

swarms used for the Hanoi network. Three objectives were considered for this problem 

instead. Because of the bi-dimensional representation, some solutions seem to be 

dominated but actually they are not: their values for the third objective are good enough 

to belong to the Pareto set.  

During this research several tests were made exploring the possibility that users 

could add potential solutions. Nevertheless, for comparison purposes, the results 

presented in this paper were obtained without the intervention of users adding potential 

solutions. 

 

 

 

 

 

 

 

 

Figure 4. Results for sector in Lima  

 

5 Conclusions 

The use of evolutionary algorithms or any meta-heuristic has been widely applied 

to solve engineering optimization problems. Global optimal solutions cannot be 

guaranteed but good solutions can be found when applying the right method to the right 

problem. Nevertheless, these algorithms cannot assume all of the responsibility for 
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building an engineering solution, especially in cases of multi-objective or multi-criteria 

optimization problems that require the participation and integration of experts from 

different fields. Working as a team and profiting from the collective intelligence is the 

best way to face current challenges. This work represents one step towards the 

development of algorithms that could be integrated into a human-computer 

collaborative system. Integrating the search capacity of these algorithms and the ability 

of specialists to redirect the search towards specific interest points – based on their 

experience in solving problems – results in a powerful collaborative system for finding 

solutions to engineering problems. Additionally, the ability of the algorithm to redirect 

its own search by considering good solutions proposed by users is a great advantage. 

Extensions to this work are perfectly possible for successfully solving more 

complex problems – especially in the field of water. Finally, the results herein presented 

can be applied to other engineering fields or wherever the search for a solution implies 

the use of a computer. 
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The spread of epidemic diseases has been traditionally simulated by means
of systems of differential equations [1, 2, 3]. Typically in these models we
consider the fraction infected (I), susceptible (S) and recovered (R) individ-
uals and propose a compartmental model for the transitions between these
states. The resulting SIR model has been widely studied [3, 4] but, albeit it
is a good approximation in some cases, it is clear it cannot be the final word
in the epidemiology of any real disease.

However, the continuous approach cannot, by its own nature, distinguish
among individuals and, consequently, the effect of age, sex, previous illnesses
and any other parameters influencing the propagation of the epidemic under
study are difficult to implement. In the differential equations approach we
only consider continuous functions, I(t), S(t) and R(t) and insurmountable
difficulties are faced out when the interest is upon the evolution of single
individuals instead of an average over the full population. The vaccination
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programs are an example of a situation in which the network approach shows
its advantages. In the network we can easily monitor the age of any individual
and implement vaccination doses at a given age for children or catch-up
policies. In continuous models we use a vaccination probability but, this
way, we cannot avoid counting the same inviduals two or more times and to
obtain reliable costs of the diseases is difficult. Moreover, taking into account
the local and discrete character of epidemic spread also allows to include
variable susceptibility or recovery rates of individuals, mobility and long-
range infections. For instance, the debate about targeted or mass vaccination
in the control of smallpox has also been addressed within the context of
network models [5, 6].

In this work, we consider a complete network model for the propagation
of the respiratory syncytial virus seasonal epidemic. This pandemic is the
direct cause of around 1, 300 pediatric hospitalizations in the Spanish region
of Valencia and 15, 000-20, 000 visits to primary care every year [7]. The cost
to the Valencian Health System is estimated in 3.5 million euros per year. We
have retrieved hospitalization data for children less than one year old in the
region of Valencia as a consequence of bronchiolitis or pneumonia developed
by RSV infection. Unfortunately, prevalence data is still not available but
we will be able to compare with the models by an adequate scaling of the
predicted infected children. On the other hand, most of the hospitalizations
correspond to children less than one year old and, consequently, we have to
single out this age group both in the continuous differential equation model
and the network model.

Modelling of the RSV epidemic has also been carried out within the frame-
work of the standard SIR differential model. For example, Weber et al.
[8] developed SIRS (susceptible-infected-recovered-susceptible) mathemati-
cal model with four possible reinfections and applied it to explain the data
curves for Gambia, Singapore, Florida and Finland. They found that the
seasonal component depends on the local climate of the country under study
and even the period of the epidemic can be different. This paper leads us
to conclude that the propagation of RSV is still not understood properly
because the sharp peaks at the outbreaks are not adequately fitted by con-
tinuous models. Similar approach has also been adopted by White et al. [9]
in a nested RSV model.

On the other hand, continuous models are more reliable concerning the
application of optimizing techniques as shown below. Consequently, the ob-
jective in this work has been to propose a two-age group generalization of We-
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ber’s model [8] and use it to fit the seasonal parameters. Seasonality of the in-
fection probability is modelled by a single harmonic β(t) = b0+b1 cos(2πt+ϕ)
where b0, b1 and ϕ are parameters obtained by fitting the data for the region
under consideration. This kind of functions has been considered not only for
RSV [8] but also for other seasonal epidemics such as measles [10]. The tran-
sition rates between the compartments R and S, I and R have been obtained
from literature [11] and [8] respectively. In order to fit the population pa-
rameters of the continuous model we have resorted to the Valencian Institute
for Statistics [12]. Processing this database we find that the average popu-
lation in the Valencian region is 4, 252, 386 inhabitants during the period of
interest from January 2001 to December 2004 where data was harvested. We
use numerical integration to fit the real data and the fitting is carried out by
means of the downhill simplex method due to Nelder and Mead [13].

Once the seasonal parameters are fitted we apply it to the evolution of
a complete network model, with a Forster-Mckendrick population model, for
the Valencian region. The network includes a node for every person in the
region of Valencia.

Moreover a PIV-vectored vaccine is already under development and clin-
ical studies have been carried out since past year [14]. This vaccine could
be available in the near future and, consequently, it is an urgent task to
anticipate vaccination strategies. To the best of our knowledge, vaccination
strategies for RSV have not been studied and the imminence of the appli-
cation of PIV-vectored vaccines demands such an study. A previous work
on the cost-effectiveness of immunoprophylaxis with palivizumab has been
recently reviewed [15].

These jobs have allowed to develop a cost analysis for a vaccination strat-
egy for RSV. The main purpose of vaccination is to avoid the first RSV
infection which is the most acute, affects children younger than a year old,
and sometimes, the overreaction of the child immune system leads to very
severe situations that require hospitalization. Newborns are too young to be
vaccinated and the emerging strategy to be considered by the doctors, is the
vaccination of non-infected children in three doses: at 2 months, 4 months
and 1 year old.

Differents fractions 85%, 90% and 95% of non-infected are vaccinated. In
this fraction we consider those children that have been vaccinated the three
times and, therefore, the vaccine protection is complete. Then, taking the
next 5 years, costs are taken as the mean cost of these 5 years and the total
cost of RSV healthcare is calculated taking into account the hospitalization
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cost (6.28 hospitalization days for every acutely infected child [7] and 500
euro per day and child hospitalized), vaccination cost (100 euros per dose
with three doses programmed during the first year of life, at 2, 4 months
and a year old) and the parent work loss with 2,3,4 lose days per each case
of infected children with milder symptoms (the labor cost in Spain is 75.21
euro per day [16]).

The results for the global cost for a vaccination of the 85%, 90% and 95%
of the non-infected children, for d = 2, 3 or 4 days of parent work loss in the
case of children that do not develop sufficiently acute symptoms to become
hospitalized, are the following

Estimated cost per year (in euros) without vaccination or vaccinating
several fractions of non-infected at 2, 4 and 12 months

Parent work lose days 2 3 4
Without vaccination 11,761,196 15,585,474 19,409,752

Vaccinating 85% 14,770,010 16,044,020 17,318,030
Vaccinating 90% 14,971,806 16,105,021 17,238,235
Vaccinating 95% 15,155,538 16,137,625 17,119,712

A reduction of more than 2 million euros of total cost is predicted for an
estimation of 4 days of parent work loss on average for infected children. In
the case of 2 or 3 days of parent work loss, the increasing of the total cost
is around 3, 400, 000 and 550, 000 euros, respectively, but however, the hos-
pitalization and parent loss work costs decrease dramatically at the expense
of vaccination cost. These reductions avoid the saturation in the hospital
casualty departments. Moreover, we have not taken into account the long-
term effects of RSV infections. In particular, there is an agreement among
pediatrics about a connection among RSV at early ages and asthma episodes
of children and adolescents. This has been confirmed by recent studies in
mice [17]. Therefore, even of the assumption that parents only lose two or
three working days for caring children which develop mild symptoms of RSV
a positive balance for the implementation of the vaccine is obtained.
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1 Introduction

In previous works [1], we have studied a fast and robust object tracking
system based on optical flow. Optical flow is an approximation to the 2-d
motion field of an image sequence, that is a projection of the 3-d velocities of
surface points onto the imaging surface [2]. To solve the occlusion problem,
we have developed a combined tracking system based on optical flow and
adaptive filters. In this article, we use the recursive least squares (RLS)
filter [3]. The critical point of the system is the coupling between optical
flow and predictive algorithms. This coupling is governed by parameters
such as tolerance, the absolute value of the difference between the value of
velocity calculated by the optical flow and the estimated value. In this paper,
we propose the use of a fuzzy control system to solve this coupling problem
between the different velocities. This technique will provide great robustness
to the tracking algorithm.

In order to predict the velocities of the objects, we follow the next steps:

∗Corresponding author e-mail: edparber@fis.upv.es, Tel.:+34-963877000; Fax: +34-
963879009.
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1. We calculate velocities for Nin frames of each sequence by using Lucas
and Kanade algorithm and we use this samples to inicialize the filter
coefficients.

2. For the N-th frame, we calculate the velocity vN in the following way:

a. We calculate v
of
N by using optical flow.

b. We estimate v
af
N by using an adaptive filter.

c. If |vof
N − v

af
N | < tolN , then vN = v

of
N . Else vN = v

af
N

In a previous work [4], we have demonstrated that an optimum value of
tolerance is

tolN = k |vN−1| . (1)

Tolerance values are a critical factor for the correct operation of the pro-
posed algorithms. A very small value of the tolerance will cause the methods
to select predicted velocities when there is no obstacle. On the other hand,
a large value of the tolerance will make that the methods can not detect any
occlusion. For this reason, the choice of parameter k is very critical. In this
paper, we propose to use a variable value for parameter k controlled by a
fuzzy system, instead of selecting its value a priori.

2 Fuzzy controller

A fuzzy control system is a control system based on fuzzy logic [5]. Fuzzy
control provides a formal methodology for representing, manipulating and
implementing a human’s heuristic knowledge about how to control a system
[6]. The fuzzy controller block diagram is given in figure 1, where we can see
a fuzzy controller embedded in a closed-loop control system.

To design a fuzzy controller, we have to specify the different blocks of the
system:

• Input variables LHS

• Output variables RHS

• Input fuzzification method
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Figure 1: Fuzzy controller architecture

• Fuzzy rules

• Inference engine parameters

• Defuzzification method

3 Obstacle detection

In our system, we want the value of tol to be small when there is an obstacle
and large in any other case. The value of tol can be controlled by the variable
k. In this way, we have designed a fuzzy system to control the value of k.

The system has two inputs, ∆ε and qV , and one output, k.
The variable ∆ε is the increment error (EI). If we call error ε to the

absolute value of the difference between the velocity calculated by optical
flow and the velocity estimated by the adaptive filter, we have that:

εn =
∣

∣vof
n − vaf

n

∣

∣ , (2)

∆εn = εn − εn−1 . (3)

The variable qV is a binary variable that indicates if we are using the
velocities calculated by optical flow in the previous frames (qV = 1) or the
ones estimated by the adaptive filter (qV = 0).

In figure 2, we can see the set of membership functions used to the fuzzifi-
cation of the input ∆ε. Fuzzy values for this input can be negative big (NB),
medium (M) or positive big (PB).
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Figure 2: Membership functions for the input ∆ε

In this system, the value of variable k must be high (H), to select the
velocity calculated by optical flow, when there is no occlusion (EI=M, qV =1)
and when the target is in the output of the obstacle (EI=NB, qV =0). In all
the other cases, the value of k will be low (L) to select the velocity estimated
by the adaptive filter.

In this way, the system fuzzy rules are the following:

• IF EI is NB and qV =0 THEN k is H

• IF EI is M and qV =0 THEN k is L

• IF EI is PB and qV =0 THEN k is L

• IF EI is NB and qV =1 THEN k is L

• IF EI is M and qV =1 THEN k is H

• IF EI is PB and qV =1 THEN k is L

The inference engine calculates the global output µout (k) by using these
conditions and the set of output membership functions that we can observe in
figure 3. In this way, the value of the output variable k can oscillate between
0.5 and 1.

Finally, the defuzzificator calculates from the global output µout (k) the
real value for the variable k by using the center of sums technique, that
provides fast and satisfactory results.
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Figure 3: Membership functions for the output k

4 Results

The algorithm exposed in this paper has been tested in different video se-
quences, studying synthetic and real traffic videos. We have used windows of
7× 7 pixels for Lucas and Kanade algorithm, and a value of Nin = 7 frames,
an order of 2 and a forgetting factor of λ = 0.99 for the adaptive filter.

In figure 4, we can observe differents frames of a synthetic video sequence
designed with 3D Studio Max R© that consists in an object that follows a
curved trajectory passing under an obstacle.

Figure 4: Object tracking in a synthetic sequence

In this example, the occlusion is produced in frames 37-43. As we can
observe in figure 5, the value of k decreases in those frames. In this way, the
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predicted velocity is selected while the target is hidden by the obstacle and
the object is correctly tracked along all the sequence.

Figure 5: k values in synthetic sequence

The same result is obtained analyzing the example shown in figure 6.
In this figure, we can see an urban route where there is a partial vehicle
occlusion because of a street light.

Figure 6: Object tracking in a real sequence

In this case, the occlusion occurs in frames 21-27 and, as we can see in
figure 7, k decreases in this position. On the other hand, in this figure, we
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can observe that the value of k also decreases in frames 51-54. This change
is due to the fact that there is an error in the optical flow calculation. The
performance of the system in this point is very interesting since it is able
to correct possible errors in the optical flow calculation, besides handling
occlusion.

Figure 7: k values in real sequence

5 Conclusions

In this article, we have analyzed the occlusion problem in object tracking in
a video sequence. We have proposed the use of a fuzzy controller to combine
the velocities calculated by an optical flow algorithm and the ones estimated
by an adaptive filter in order to predict the target movement and approximate
its trajectory when the target disappears.

We have studied the effect that parameters values produce in the perfor-
mance of the method, obtaining an optimal system to control the tolerance
value. This fuzzy system provides a great robustness and a low computa-
tional cost.

Finally, we have shown two examples that verify the efficiency of the
algorithms, proving that this technique also can detect and correct errors in
the object tracking.
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1 Introduction

In diesel engines, spray evaporation is the first step in combustion processes
and it depends strongly on fuel injection and atomization. Then, it is im-
portant to know the flow pattern inside the injector holes, because it affects
directly the diesel spray behaviour, determining the combustion. Usually,
flow in diesel injection nozzles is characterised by high pressure drops, pro-
ducing very high velocities and, in spite of the small size of the nozzles, these
velocities will produce a semi-turbulent or, and more generally, a turbulent
flow regime. Turbulence, as is known, is characterised by chaotic motion and
fluctuating flow in both time and space, containing eddies of a wide range
of scales from the largest one characterised by the geometry, to the smallest
Kolmogrov dissipation scales. In diesel injection the experimental procedure
to determine the specific pattern of turbulent motion in internal flow is very
complicated (not possible so far), due to the small temporal and dimensional
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scales involved in the process. Therefore, it is necessary to employ accurate
theoretical and computational approaches in order to model the fuel flow
development, predicting quantities that are indispensable in turbulent pro-
cesses and not possible to obtain experimentally. Hence, in the present work
the main idea is to use the Large Eddy Simulation (LES) computational
technique [1], in order to determine if it is capable to reproduce the different
turbulent patterns that appear in the internal flow of diesel injectors that are
very hard to obtain experimentally, evaluating the potential of the code. Re-
sults are compared with the classical numerical RANS method and validated
with experimental data. The main code was developed by OpenSource Ltd
for OpenFoam, which is a flexible software that allows to incorporate more
models and expressions.

2 LES methodology

The equations that are solved in a LES are filtered versions of the governing
equations [2, 3, 4]. In this study the filtering operation is applied to the
Navier-Stokes equation, for an incompressible flow of a Newtonian fluid. Ap-
plication of the filtering operation to the continuity and momentum equations
yields:

∇· ū = 0 (1)

∂ū

∂t
+ ∇· ūū = −

1

ρ
∇p̄ + ν∇2ū −∇τ (2)

where u is velocity field, t is time, p is pressure, ρ is fuel density, ν is the
uniform kinematic viscosity and τ is the stress-like tensor. Equations (1) and
(2) govern the evolution of the large (energy-carrying) scales of motion [5, 6].
For the sub-grid scale model the Smagorinsky Model is employed, which is the
most widely used for internal flows [4, 7, 8], in where it is supposed that the
turbulent eddy viscosity is proportional to the sub-grid scale characteristic l
length and to a characteristic SGS velocity:

νt = (Cs∆)2(2|S̄|2)1/2 (3)

where CS is a theoretical value (0.1 ∼ 0.2) and ∆ = (∆x∆y∆z)1/3 is a
measure of the local grid length scale, which varies spatially in this study [9,
10]. The presence of a solid wall modifies the turbulence dynamics, inducing
inhomogeneity and anisotropy in the flow [4, 5]. The model used for these
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Table 1: Physical properties and simulation conditions
Pinlet Poutlet Dynamic Viscosity Density
[MPa ] [MPa] [kg/m.s] [kg/m3]
120 5 2.68e-3 819

regions is the van Driest damping model, where the turbulent mixing length
l = CS∆ is modified using:

l = CS∆

[

1 − exp

(

−
y+

A+

)]1/2

(4)

where y+ is the distance from the wall in viscous wall units y+ = yuτ/ν, the

friction velocity is uτ =
√

τ/ρ and A+ is an empirical dimensionless constant.

3 Numerical Technique

The governing equations presented in the previous section are solved using
the finite volume CFD code OpenFOAM [11]. The solution procedure em-
ploys the PISO algorithm, commonly used in this kind of studies [12]. The
calculations are performed in an axi-symmetric nozzle manufactured specially
for research purposes. The nozzle has a convergent shape, thus cavitation
is avoided [13, 14], consequently the simulation involves just one phase (liq-
uid). The exit hole has a diameter of 112 µm and a length of 1mm. The
fluid is winter diesel fuel used in previous experimental works [13]. The phys-
ical properties of the fluid and the simulation conditions are summarised in
Table 1.

The nominal inlet pressure and backpressure chosen values correspond to
a typical operational condition in diesel engines, with available experimental
data for further comparisons and validation. The high pressure value chosen
issues high velocity flow and could guarantee a turbulent regime, (Reynolds
number is ∼ 17.5×103). The first calculation is a two-dimensional Reynolds
Average Simulation (RANS), that serves to compare and highlight the ad-
vantages of LES. Next, two LES simulations are done, that differs only in
respect of the mesh resolution and sector size. The three cases specifications
are summarised in Table 2. The reason of apply these geometry simplifica-
tions is the reduction of the grid size, saving computational costs. Besides,
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Table 2: Cases specifications
Case Name Transversal Section Cell Size Resolution Cell Number

RANS 5° 3µm 32×103

LES 90 90° 0.75µm 582×103

LES 360 360° 0.12µm 609×103

this will allow making comparisons between the different grids setup for LES
results. The mesh resolution shown in Table 2 indicates the size of the small-
est cells near the wall. They are also depicted in Figure 1.

Figure 1: Calculation domain and boundary conditions. a) RANS case, b)
LES 90case, c) LES 360case, d)Geometry Scheme

4 Results

Figure 2 compares the RANS and LES results for the streamwise instanta-
neous velocity U in three different planes along the nozzle (S1, S2 and S3
defined in Figure 3. It can be seen how the core velocity in the central zone
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is similar in both approaches, but important differences are observed in the
boundary layer near the wall, this might be because the wall model employed
in LES reproduce better this zones of the flow. On the other hand, LES 360
case is able to capture more scales than LES 90 case, simulating the unsta-
ble (or chaotic) shape of the instantaneous velocity profile. The fluctuating
pattern is also confirmed in Figure 3, where U contour is depicted for RANS
(upper part) and LES 360 (lower part); there the chaotic motion of the flow
and the turbulent structures presence is evident. Concerning LES 90 case,
the calculation is not able to capture all the vortices evolution; so, it is not
depicted because its behaviour in general is quite similar to RANS case. The
no development of eddies could be because of the partial sector configuration,
that restricts their growth and maintenance, resulting in almost non existing
large structures.

Figure 2: Velocity Profile at three different sections of the hole. Red Line:
RANS case, Blue Line: LES 90case, Green Line: LES 360case

Figure 3: Instantaneous velocity contours. Upper part: RANS case, Lower
part: LES 360case. S1,S2,S3 Sections for U profiles
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Additionally, one of the objectives of LES is to capture the vortical struc-
tures produced by turbulence. Figure 4 depicts the vortex cores visualised
via isosurfaces of Q > 1014 and coloured by the velocity magnitude, where
Q is the second invariant of ∇u [5, 6]. These contours facilitate the analysis
and the description of the flow motion inside the hole. It can be seen how
the solid boundary (wall) interacts with the fluid flow by retarding the mo-
tion tangentially to the surface, due mainly to the viscous shear [15]. For
that reason, the structures close to the wall begin to grow longitudinally.
The streamwise vortices nearby the solid boundary are ejected from the wall
(note that these structures have an inclination respect to the wall), and they
are drifted towards the core flow; then, they continue moving forward the
flow direction, and finishing at the exit of the hole as elongated streamwise
vortices, enlarging the small structures of the hole centre.

Figure 4: Instantaneous turbulence morphology of the internal flow. Re-
solved vortical structures visualised via isosurfaces of the second invariant of
∇ū, and coloured by the streamwise velocity

Besides, results are compared against equivalent experimental data per-
formed in [13]. In Figure 5 it can be seen how the simulation results are
close to the experimental ones, being the closest one the full geometry LES
case. The parameter used for comparison purposes is the effective velocity
uef = Ṁ/ṁ , (where Ṁ is the flow momentum and ṁ is the mass flow),

since it does not depend on the outlet diameter, then possible errors due to
differences between real nozzle diameter and simulated one are avoided.

Finally, the LES 360 case is compared to DNS simulations performed
by Hoyas and Jimenez [17, 16], since those results can be considered an
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Figure 5: Experimental - Simulated Effective velocity values comparison

exact solution of the Navier-Stokes equations for purposes at the present
comparison. Once the statistically steady state is reached, an averaging of
the calculated parameters was done over a time interval equal to 10 flow-
through times of the domain. The parameters were normalised by means of
wall units, as states Equation 5.

U+ =
U

uτ
(5)

The dimensionless variables are depicted against the distance from the
wall in viscous wall units y+ = yuτ/ν, as shows Figure 6, where the trend of
the law of the Wall is also represented. It can be seen that results provide
a good match, especially in the core region (log region), which is a good
indicator, since it is the zone dominated from the large scales structures, and
calculated explicitly by LES. Nevertheless, the LES model seems to under-
predict the velocity in zones close to the wall (buffer and viscous layer) which
is precisely the modelled region of the LES method. This means that more
efforts should be done modelling this region, trying to refine more the zone,
and/or applying other SGS available models.

5 Conclusions

A study based on numerical simulations of internal flow in diesel injectors,
evaluating the skills of the Large Eddy Simulation, has been done. The
calculations were made using special diesel injector geometry, applying high
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Figure 6: Normalised Mean streamwise velocity vs the log of the distance
from the wall in viscous wall units. Red line: DNS Data [17, 16], Green
Line:LES 360

injection pressure condition and so ensuring a turbulent regime. The simu-
lations results have been compared to standard numerical RANS method re-
sults, and simultaneously validated with experimental values and DNS data.
In general, results showed good agreement with the experimental values and
DNS data. It was found that LES is capable to reproduce the turbulent
structures in diesel nozzles, and as expected is more accurate than RANS,
mainly in the boundary layer.
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1 Introduction

In recent years Social Network Sites (SNSs) have been caught the attention of
researchers from different disciplines; see, [1], [2], [3], [4], [5], [6], [7],[8],[9],[10],
[11].

In this communication we use the definition of SNS given in [12]. We
present a model to classify the users of an SNS based on the PageRank
algorithm. In more detail, we use the so-called personalization vector. This
vector was originally introduced to bias the PageRank to personal preferences
of the users [13]. However this makes the PageRank of Google to be query-
dependent and therefore computationally impossible [14]. However some
authors have used the personalization vector to obtain some variations of
the PageRank algorithm. In [15] there is an algorithm that uses topics of the
queries to bias the PageRank. In [16] there is another approach computing
the PageRank using different personalization vectors. Our main idea consists
in using the personalization vector to bias the PageRank to users that are
important according some specific features of the SNS, such as number of
friends or activity. Here we define the Competitive groups (sets of nodes).

∗Supported by Spanish DGI grant MTM2007-64477
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2 Definitions

Let G = (N , E) be the directed graph representing a Social Network Site.
Users are represented by the set of nodes N = {1, 2, . . . , n} and the hyper-
links are represented by the set of directed links E ⊆ N ×N . The link (also
called arc or edge) represented by the pair (i, j) belongs to the set E if and
only if there exists a hyperlink connecting node i to node j.

A link (i, j) is said to be an outlink for node i and an inlink for node j.
We denote di the number of outlinks of a node i; this is called the outdegree
of node i by some authors.

In an SNS we assume that each node has at least one outlink; i.e., there
are no dangling nodes. This is a natural assumption: in an SNS each user
has, at least, one friend. Therefore we have di 6= 0 for all i ∈ N .

We use the PageRank vector [13] as the main classification tool. Since
there are no dangling nodes we can define the row stochastic matrix P =
(pij) ∈ R

n×n, in the form

pij =

{

d−1

i if (i, j) ∈ E
0 otherwise

1 ≤ i, j ≤ n.

Let 0 < α < 1 be the so-called damping factor (that we use as α = 0.85).
Let e ∈ R

n×1 be the vector of all ones and let v be the personalization (or
teleportation) vector, i.e., v = (vi) ∈ R

n×1 : vi > 0 for all i ∈ N and vTe = 1.
Then the Google matrix is defined as

G = αP + (1 − α)evT ,

and is an stochastic and primitive (irreducible and aperiodic) matrix [14].
The PageRank vector is defined as the unique left Perron vector of G

πT = πT G,

with πTe = 1. Denoting ei the i-th column of the identity matrix of order
n, the PageRank of a node i is πi = πTei.

Since we shall use different personalization vectors in the computation of
the PageRank vector we shall write π = π(v) to express this fact. We recall
here that given the Jordan canonical form of P the analytical expression of
π(v) is known; see [17]. We also recall that the analytical expression of the
derivative dπ/dv is known; see [14] p. 63.
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3 Competitivity groups

Definition 1. Given a directed graph G = (N , E), let 0 < ε < 1 and let
vi = [vij ] ∈ R

n×1 : vii = 1 − ε, vij = ε/(n − 1) if i 6= j. For each i ∈ N , let

PRi = π(vi).

and we denote as (PRi)j the j-th entry of PRi.

Note that vi is a personalization vector (i.e. a positive probability vector)
and therefore PRi is well defined since the properties of G are preserved1.
Therefore we can apply the same numerical methods that we use to compute
the usual PageRank; see [18] for a review of numerical methods.

Definition 2. Given a directed graph G = (N , E) and 0 < ε < 1, for each
node j ∈ N we define the Competitivity interval SC(j) as

SC(j) = [ min
i∈N

(PRi)j , max
i∈N

(PRi)j].

Definition 3. Given a directed graph G = (N , E), and 0 < ε < 1 we define
the Competitivity matrix of the graph, C = [Cji] ∈ R

n×2, as follows

Cj,1 = min
i∈N

(PRi)j, Cj,2 = max
i∈N

(PRi)j.

Example 1. Let G be the graph shown in Fig. 1.

1 2

3 4

Figure 1: Graph of example 1.

The stochastic matrix of this graph is

P =









0 1 0 0
1 0 0 0

1/2 1/2 0 0
1/2 1/2 0 0









.

1In [15] personalization vectors with null entries are used, but G is modified to ensure
irreducibility.
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For the sake of simplicity we take ε = 0; in this example irreducibility of G
is not needed to compute the PageRank vector. Therefore we have vi = ei.
Note that PR1 = π([1, 0, 0, 0]), PR2 = π([0, 1, 0, 0]), etc. Computing the
Competitivity matrix we obtain:

C =









0.425 0.54
0.425 0.54
0.0 0.15
0.0 0.15









.

Note that the Competitivity interval of node i is shown in the i-th row of
matrix C. We now define the Competitivity group.

Definition 4. Given a directed graph G = (N , E), and 0 < ε < 1, a Com-
petitivity group is a subset of N . Nodes i ∈ N and j ∈ N belong to the
same Competitivity group if SC(i) ∩ SC(j) 6= ∅.

Example 2. For the graph of example 1 we have only two Competitivity
groups: {1, 2} and {3, 4}. The utility of these groups is the following. If we
use the personalization vector to enhance the importance of some nodes we
could make a difference between nodes {1, 2} and also between nodes {3, 4}
but, clearly, these two groups of nodes compete in different levels (leagues or
markets using sports term or economical term, respectively). Note that this
technique to produce groups is different from the usual techniques to study
community structure, see [8].

By using the personalization vector we could never have node 3 or node 4
in a better position (i.e. with a greater PageRank) than nodes 1 and 2. The
Competitivity group is a simple idea and it can be plotted easily: see Fig. 2.

The application to an SNS can be made enhancing the personalization
vector (and thus the PageRank of a particular node) attending to some fea-
tures of the user; e.g., using the number of visits as a sign of popularity, the
number of friends, the activity of the user, etc. Therefore by using these fea-
tures we can modify the ranking inside each Competitivity group. Of course
we are open to introduce the possibility to change from one Competitivity
group to another attending to other features of the SNS. In this case the
present model gives a lot of possibilities to future modeling.

Regarding the visualization of the graph, note that the Competitivity
matrix of a graph gives an idea of to what extend we can use v to modify
the PageRank of each node and this can be plotted as in Fig. 2.
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nodes

PR

1,2 3,4

[0.43, 0.54]

[0.0, 0.15]

Figure 2: Competitivity groups of example 1.

We remark here that the computational cost of this algorithm to obtain
the competitivity matrix is (n + 1) times the cost of the usual PageRank.
Since we are dealing with SNSs this cost is not so high; matrices of SNSs are
very small compared with the entire WWW.

Definition 5. Given a directed graph G = (N , E), and 0 < ε < 1, the
Leadership group is a subset of N . Node j ∈ N belong to the Leadership
group if, for some i ∈ N it holds that (PRi)j ≥ (PRi)k for all k 6= j. i.e. for
some personalization vector vi node j has the greatest PageRank.

Example 3. For the example 1 we have: PR1 = [ 0.54 0.46 0.0 0.0 ]T ,
PR2 = [ 0.46 0.54 0.0 0.0 ]T , PR3 = [ 0.425 0.425 0.15 0.0 ]T , PR4 =
[ 0.425 0.425 0.0 0.15 ]T . Therefore the Leadership group is {1, 2}.
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1 Introduction

We present a general method for solving large and sparse linear systems. The
method is particularly efficient for systems with multiple right-hand sides.
The proposed method is based on Givens QR factorization of the original
matrix A, assuming that A has full rank. We propose the QR decomposition
with Givens algorithm as a direct method to solve the linear system. QR
decomposition can be a large computational procedure. However, once it has
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been calculated for a specific system, matrices Q and R are stored and used
for any right-hand side of the system. Then. the triangular system is solved.
Implementation of the QR decomposition with pivoting techniques in order
to take more advantage of the sparsity of the system matrix and the numerical
stability is also discussed here. In medicine, computed tomographic images
are reconstructed from a high number of measurements of X-ray transmission
through the patient (projection data). The mathematical model used to
describe a computed tomography device is a large system of linear equations
of the form AX = B, where matrix A describes the systems geometry, B is
the projection data and X is the image we want to construct . The proposed
method was implemented to reconstruct computed tomography images.

We study the QR decomposition techniques for sparse matrix used to de-
scribed computed tomography system geometry [1], [2]. Nevertheless results
are applicable to any linear sparse systems of equations which have the same
requirements: full-rank matrices. It is desirable to have no more than 3% of
non-zero elements, because fill-in could cause problems. Sparse matrix are
one of the main data structures used in large-scale scientific and engineering
applications for representing linear systems of equations. Many linear sys-
tems have thousands of variables, but each individual variable only depends
on a few variables. This leads to equations where most of the coefficients
are zero. Sparse matrix data structures exploit this feature and try to mini-
mize the amount of memory used by only allocating memory for the non-zero
elements.

One way of solving a linear system involves decomposition into QR [3] of
a m × n matrix A. We assume that matrix A verifies m ≥ n. For m < n

we compute QR decomposition of AT . We assume that A has full rank.
Orthogonal decompositions have been used extensively for small and dense
matrices, because it is well known that such decomposition is numerically sta-
ble. The storage and the operation count requirements in the decomposition
are O(mn) and O(mn2) respectively [4].

2 Sparse matrix representation

Data structure for sparse matrix is a very important issue. Data structure
must be compact and easily accessed by the applications it has been designed.
Sparse row-wise representation of a matrix A with m rows and n columns is
given by three one-dimensional arrays.
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For instance consider the sparse matrix

A =









a11 0 0
0 0 a23

a31 a32 0
a41 0 0









(1)

If nz is the number of non-zero elements, (five in this case), for a sparse
row-wise storing scheme it is necessary two arrays of nz elements (RA and
JA), and one one array of m + 1, (five in this case), elements IA. RA

contains the matrix non-zero elements RA = a11, a23, a31, a32, a41, ordered by
increasing row index and then by column. JA contains the column index of
the elements stored in RA, in this example JA = 1, 3, 1, 2, 1. Finally, the
IA array contains the pointer element to the first element of each row in
RA (and also in JA). In this example IA = 1, 2, 3, 5, 6. Note that element
(m+1) points to the first empty element.

IA = 1 2 3 5 6
↓ ↓ ↓ ↓ ↓

RA = a11 a23 a31 a32 a41

JA = 1 3 1 2 1

(2)

Notice that the column indices in JA are ordered within a given row. It is
worth to emphasize that certain applications don’t require an ordered row-
wise format, e.g some sparse matrix multiplications [5]. In our case, we use
sparse ordered row-wise, because we must ”find” quickly non-zero elements
placed in the inferior half triangle of the A matrix.

In the same way it is also used the sparse order column-wise:

JA = 1 4 5 6
↓ ↓ ↓ ↓

RA = a11 a31 a41 a23 a32

IA = 1 3 4 2 1

(3)

Notice tat JA and IA interchange their roles with respect to the row-wise
representation. A is stored in sparse row-wise scheme.

3 Givens rotations and row ordering

We propose to solve the linear system AX = B by QR factorization based on
Givens rotations [3], [6], [7], [8]. Givens-based QR decomposition factorizes
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Figure 1: Effect of row ordering algorithm in a (1600 x 1600) matrix.

the m × n matrix A into the product QR, where Q is orthogonal and R is
upper triangular (or upper trapezoidal if m < n).

In order to reduce the number of Givens rotations and consequently the
number of fill-in, is important to use a new row ordering strategy [9].We
propose a very simple algorithm which reduces considerably the number of
eliminations and consequently the number of fill-in.

The proposed ordering algorithm assign to each row a label with the
column number of the first non zero element in that row. Then it orders
rows by increasing label number. By permuting rows, we can reduce 70%
the number of eliminations. Eliminations could produce fill-in which needs
more rotations and so on. Permuting rows is a quasi-instantaneous process.

Fig. 1 shows the final result effect obtained with the proposed ordering
algorithm for a sparse matrix of 1600×1600 with a 2% of non-zero elements.

The new order for rows is stored in an array P of m elements, which is
stored in an external file to save RAM.

4 Algorithms

Two new algorithms for sparse matrix are decomposition are developed. The
first algorithm, computes R matrix and stores data in order to compute Q

matrix. The second algorithm computes Q matrix. These algorithms are
implemented in two separated programs, although both algorithms share a
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common data structure.
Finally a backward substitution strategy has been used to solve upper

the triangular system and obtain the final solution for

R · X = QT B (4)

4.1 Discussion and Conclusions

We are tested the proposed algorithm with LAPACK [10] library SGELSS

to compared results. We have compared result for a matrix A of 108 elements
in (20000× 5000) with a 2% of non zero elements. It has been used a 32 bits
2GHz microporocessor with 2 GB of RAM.

Differences between both results are negligible within the significant dig-
its, but computing time, and maximum size of system matrices are quite
differents.

It isn’t possible to solve bigger systems with our PC with LAPACK

dense format, but computing time are very good; LAPACK only need ≈ 75
min to solve a (20000×5000) system. Our algorithm works more slowly (600
min for the same system) but we haven’t limit in the size of matrix A. The
real limit (and could be improved) is the number of the non-zero elements.
We have managed up to 109 non-zero elements. This implies that assuming
a 1% of sparsity, our matrix in dense format have 1011 elements.

We have used the algorithm to reconstruct images of computed tomogra-
phy (CT) obtaining results of similar quality than classical techniques as
MLEM (Maximum Likelihood Expectation Maximization) [11], [12], and
FBP (Forward Back Projection) [13], [14]. It should be noticed that al-
though QR factorization is a very slow process, this must be made only one
time for a specific geometry of a CT system. Then it could be stored and all
we need to reconstruct the CT image is to solve an upper triangular systems
and to make a product (quasi-instant procedure).

References
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Universidad Politécnica de Valencia,

Edificio 8G, Piso 2, 46022 Valencia, España.

December 10, 2009

1 Introduction

The behavior of the internal nozzle flow has a strong influence in the spray
and its atomization characteristics [1]. A good understanding of the internal
flow physics inside the nozzle is fundamental to predict spray development.
This is particularly true when cavitation occurs within the nozzle passage.

Cavitation can occur when a fluid with high velocity passes through a
contraction. Due to the abrupt change in flow direction, the flow tends to
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separate from the wall at the inlet section. As a consequence, a recirculation
phenomenon appears accompanied by a pressure fall due to the acceleration
of the fluid. If conditions in the nozzle are such that static pressure de-
creases under saturation pressure of the working fluid, local change of state
from liquid to vapour takes place, this phenomenon is called hydrodynamic
cavitation.

Under the injection conditions in modern Diesel engines (where injec-
tion pressure can reach up 180 MPa) cavitation often occurs in fuel injector
nozzles, introducing vapour bubbles into the flow, increasing the maximum
velocity in the center (liquid core). The velocity is increased for two reasons
when the fluid is cavitating. Firstly, if there is vapour along the wall the
liquid will not have a no-slip condition boundary thus allowing the velocity
of the liquid to increase [2, 3]. Moreover, due to the formation of vapour bub-
bles the liquid cannot fill the entire channel (geometrical diameter), and so,
the diameter (effective) is reduced with regard to the geometrical one [2, 4].
Furthermore, cavitation increases spray cone angle and so it is expected to
improve the air-fuel mixing process [2, 5, 6].

Up to now, the numerical simulations performed to study cavitation phe-
nomena have shown serious difficulties when simulating the internal nozzle
flow in Diesel engine conditions. Nevertheless, a new code has been devel-
oped by OpenCFD r Ltd [7], which has been validated for small pressure
drop conditions [8, 9], but not at high injection pressures in small orifices,
which are both typical characteristics of Diesel injector nozzles. The goal of
this study has been to evaluate the potential of the code to treat cavitation
in such as conditions by comparing the results from numerical simulations
with experimental measurements.

2 Description of the CFD approach

Due to high pressures and velocities that occur in diesel injectors, the use
of a homogeneous equilibrium model with a barotropic equation of state is
the most suitable method to model cavitation. In this code, it is assumed
that liquid and vapour are always perfectly mixed in each cell (homogenous
equilibrium) and the compressibility of both phases is taken into account.

To calculate the growth of cavitation, a common barotropic equation of
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state, which relates pressure and density, is used:

Dρ

Dt
= Ψ

Dp

Dt
, (1)

where Ψ is the compressibility of the mixture, which is the inverse of the
speed of sound squared:

Ψ =
1

a2
. (2)

This equation can be used directly in the continuity equation to formulate
a pressure equation. The barotropic equation of state should be consistent
with the liquid and vapour equations of state both at the limits when there
is pure liquid or pure vapour, and at intermediate states when there is a
mixture of them. Both phases can be defined with a linear equation of state:

ρv = Ψv p, (3)

ρl = ρ0

l + Ψl p. (4)

The amount of vapour in the fluid is determinated using the parameter
γ. It is worked out as:

γ =
ρ − ρl sat

ρv sat − ρl sat

, (5)

where
ρv sat = Ψv psat. (6)

It can be seen that in a flow with no cavitation γ = 0, whereas for fully
cavitated flow γ = 1. In equation (6), Ψv is the compressibility of the vapour.

These equations together form the mixtures equilibrium equation of state:

ρ = (1 − γ) ρ0

l + (γ Ψv + (1 − γ) Ψl) psat + Ψ(γ) (p − psat), (7)

with
ρ0

l = ρl sat − Ψl psat. (8)

As far as the mixture’s compressibility is concerned, it is modeled by a
simple linear model:

Ψ = γ Ψv + (1 − γ) Ψl, (9)

with Ψl equal to the compressibility of the liquid.
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As done for compressibility, it is possible to obtain the viscosity of the
mixture with a linear model:

µ = γ µv + (1 − γ) µl. (10)

The methodology used by the solver starts solving the following continuity
equation for ρ:

∂ρ

∂t
+ ∇ (ρ u) = 0. (11)

The spatial discretization of ρ in the divergence term ∇(ρ u) is made
by using a Gauss upwind numerical scheme. It is well known that a first-
order scheme leads to a much stable numerics, but it is more sensitive to
mesh coarseness and it normally presents more numerical diffusion than a
second-order scheme. Nevertheless, because of large gradients in pressure
and density present in Diesel nozzles, stability is a main argument and so, an
upwind scheme has been used. Numerical diffusion and grid-independence
have been controlled by an adequate-mesh refining done in a previous set up
of the model, where a mesh sensitivity study was performed.

It’s important to remark that the numerical schemes used by default have
been changed to improve the numerical convergence, trying several ones, such
as the MUSCL scheme or others options available in the code to solve the
different terms included in the equations above, allowing to chose the most
suitable.

The value of ρ obtained, is used to determine preliminary values for γ and
Ψ by means of equation (5) and equation (9), and also, for solving momentum
equation (equation (12)) which is used to get the matrices used to calculate
the pressure-free velocity, u:

∂ρ u

∂t
+ ∇ (ρ u u) = −∇p + ∇ (µf ∇u) . (12)

The same Gauss upwind numerical scheme is used for the velocity diver-
gence scheme and a Gauss linear corrected scheme (second order) is used for
the Laplacian term discretization.

Following, an iterative PISO algorithm is used to solve for p and correct
the velocity to achieve continuity. The equation solved for the PISO loop is
the continuity equation transformed into a pressure equation by use of the
equation of state (Eq. (7)):

∂Ψ p

∂t
−

(

ρ0

l + (Ψl − Ψv) psat

) ∂γ

∂t
− psat

∂Ψ

∂t
+ ∇ (ρ u) = 0. (13)
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Once continuity has been reached, the properties ρ, γ, and Ψ are updated
by means of equations (7), (5) and (9) respectively which are taken into
account to solve again momentum equation, and so, repeating the algorithm
until convergence.

The time step is limited by both the Courant number and the acoustic
Courant number, defined as:

Co = max

( |u|
∆x

)

∆t, (14)

Coacoustic = max

(

1√
Ψ∆x

)

∆t. (15)

The Courant number was chosen to be limited to 0.125, while the acoustic
Courant number was limited to 12.5.

Taking into account the important velocities that are normally found in
Diesel applications (due to severe pressure drops) and the small size of the
cells, as a result of a preliminary study that allowed the appropriate mesh
fineness to be chosen, time steps used are around 10−9 s in both simulations.

3 Simulated geometries

Firstly, the results included in the report “Comprehensive hydraulic and flow
field documentation in model throttle experiments under cavitation condi-
tions” [10] were used as a reference to validate the code implemented for
OpenFOAM, where the behavior of the flow is studied in a throttle eroded
into 0.3 mm thick steel sheet (see Fig. 1).

On the other hand, Fig. 2 shows the one-hole nozzle geometry used in
the second validation, whose diameter at the orifice inlet is 163 µm and
whose outlet diameter is 165 µm. In order to compare with stabilized flow
conditions, the geometry representing of fully needle lift conditions (i.e. 250
µm) has been modeled.

The calculation for the one-holed nozzle and simple contraction nozzle
was done for a 1/4 of the whole geometry, thanks to the nozzle symmetry
in both cases, breaking up the physical domain into 15789 and 121820 cells
respectively.
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Figure 1: Geometry used in the first validation.

Figure 2: Geometry of the nozzle used in the second validation.

4 Results

Despite of large volumes of information obtained with the CFD code ex-
plained before, only mass flow and velocity at the outlet section have been
compared in the simple contraction nozzle validation. The operating condi-
tions have been fixed to reproduce critical cavitation conditions, adjusting
the pressure inlet to 100 bars and the pressure outlet to 25.65 bar.

The mass flow, defined as

ṁf =

∫

ρ u dA (16)

is compared using a time-averaged value of the last 25 µs, although the oscil-
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lations of the numerical results time step to time step are perfectly negligible.
Numerical simulation predicts a mass flow of 7.76 kg/s, whereas the report
used as reference indicates 7.72 kg/s.

On the other hand, the second parameter to be evaluated, the velocity at
the outlet section of the channel, has been obtained integrating the velocity
in the direction of the flow using the following equation:

uxmean
=

1

A

∫

ux dA. (17)

The outlet velocity was calculated for several time steps and averaged
in time over the last 125 µs, predicting a value of 104 m/s. The cavitation
model shows again a negligible overestimation of the velocity about 0.01%
relative to the value given in the report (103.3 m/s).

As far as the one-hole nozzle is concerned, measurements of mass flow
and momentum flux (impact force of the spray) and effective velocity were
also used to validate the model.

As can be seen in Figure 3, the results obtained with numerical simula-
tions using three different levels of injection pressure (30, 70 and 110 MPa)
and adjusting the discharge pressure to 4 MPa, are very closed to experi-
mental data. These differences increase at high injection pressures, where
the deviation between both values of momentum flux reaches up 8%.

Figure 3: Comparison of experimental and numerical results in terms of mass
flow, momentum flux and effective injection velocity as a function of

√
∆P .

5 Conclusions

From the realized study the following main conclusions can be drawn:
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• A code to model cavitation phenomena has been applied for the simula-
tion of 3D cavitating flows assuming the nozzle flow as a homogeneous
mixture of liquid and vapour.

• An extended validation of the code has been performed in two differ-
ent geometries: a simple contraction nozzle and a real Diesel injector
nozzle.

• With regard to the simple contraction nozzle, the code has been able
to predict variables as important as mass flow or velocity at the outlet.

• As far as the one-holed nozzle is concerned, the code showed a fairly
good agreement with respect to experimental results, in terms of mass
flow, momentum flux and effective velocity at the orifice exit.

NOMENCLATURE

a: speed of sound
A: area
ṁf : mass flow / mass flux
p: pressure
Pback: discharge back pressure
Pinj: injection pressure
psat: vaporisation pressure
t: time
u: velocity
ux: velocity in the x direction
uxmean

: mean velocity in the x direc-
tion
Greek symbols:
γ: vapour fraction

∆P : pressure drop, ∆P = Pinj−Pback

∆t: time step
∆x: cell size
µ: fluid viscosity
ρ: fluid density
ρl sat: liquid density at saturation
ρ0

l : liquid density at a given temper-
ature condition
ρv sat: vapour density at saturation
Ψ: fluid compressibility
Subscripts:
l: liquid
v: vapour
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1 Introduction

In this work, we present an epidemiological-type mathematical model to
study the transmission dynamics and evolution of the alcohol consumption
in Spanish population (See Table 1 [1]). This type of epidemiological models
also have been used in the study of another social epidemics (ecstasy or
heroin addiction [2, 3]) and in the approach to another topics that spread by
social contact like obesity or extreme behaviors [4, 5].

2 Mathematical model

2.1 Building the model

In this paper we assume the proposal showed in [6, 7] and treat alcohol
consumption as a disease that spreads by social contact. We suppose that
these contacts influence in the probability of transmission of the consumption
habits.

213
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Table 1: Evolution of the proportion of A(t) (Non-consumers), M(t) (Non-
risk consumers) and R(t) (Risk consumers) subpopulation for different years.

A(t) M(t) R(t)
1997 36.2% 58.1% 5.7%
1999 38.3% 57.8% 3.9%
2001 36.3% 58.1% 5.6%
2003 35.9% 58.8% 5.3%
2005 35.4% 59.1% 5.5%
2007 40.0% 56.6% 3.4%

For model building, 15-64 years old Spanish population is divided into
three subpopulations [8]:

• A(t): Non-consumers, individuals that have never consumed alcohol or
they infrequently have alcohol consumption.

• M(t): Non-risk consumers, individuals with regular low consumption.
To be precise, men who consume less than 50 cubic centimeters of alco-
hol every day and women who consume less than 30 cubic centimeters
of alcohol every day.

• R(t): Risk consumers, individuals with regular high consumption, i.e.,
men who consume more than 50 cubic centimeters of alcohol every day
and women who consume more than 30 cubic centimeters of alcohol
every day.

Furthermore, we consider the following assumptions:

1. We assume population homogeneous mixing. That is, each individual
can contact with any other individual [9].

2. The transitions between the different subpopulations are determined
as follows:

• We consider that the new recruited 15-years-old individuals be-
come members of the A(t) subpopulation.
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• Once an individual starts regular alcohol consumption he/she be-
comes a non-risk consumer, M(t). If this person increases his/her
consumption habit he/she can become a risk consumer, R(t).

• Individuals of subpopulation R(t) becomes a member of subpopu-
lation A(t) if the alcohol consumption is reduced at an appropriate
rate.

3. The transitions described above can be modeled as follows:

• An individual in A(t) transits to M(t) because people in M(t)
or R(t) transmit the alcohol consumption habit by social con-
tact at rate β. Therefore, this is a nonlinear term modeled by
βA(t)(M(t)+R(t))/P (t). We consider P (t)= A(t)+M(t)+R(t).

• An individual in M(t) transits to R(t) at rate α proportionally to
the size of M(t) if his/her alcohol consumption increases. Hence,
this is a linear term modeled by αM(t).

• An individual in R(t) transits to A(t) when decides to give up
the alcohol consumption and to go into therapy. An individual in
R(t) transits to A(t) at rate γ proportionally to the size of R(t).
Hence, this is a linear term modeled by γR(t).

Under the above assumptions, dynamic alcohol consumption model for Span-
ish population is given by the following nonlinear system of ordinary differ-
ential equations:

A′ (t) = µP (t) + γR (t) − dAA (t) − βA (t)
[M (t) + R (t)]

P (t)
(1)

M ′ (t) = βA (t)
[M (t) + R (t)]

P (t)
− dM (t) − αM (t) (2)

R′ (t) = αM (t) − γR (t) − dR (t) (3)

P (t) = A (t) + M (t) + R (t) (4)

where the constant parameters of the model are:

• µ, birth rate in Spain.

• γ, rate at which a risk consumer becomes a non-consumer.
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• dA, death rate in Spain.

• β, transmission rate due to social pressure to increase the alcohol con-
sumption (family, friends, marketing, TV, etc.).

• d, augmented death rate due to alcohol consumption. Accidents at
work, traffic accidents and diseases derived by alcohol consumption are
considered.

• α, rate at which a non-risk consumer moves to the risk consumption
subpopulation.

2.2 Scaling the model

Data obtained in Table 1 is related to the percentages of population mean-
while model (1) − (4) is related to the number of individuals. It leads us to
transform (by scaling) the model into the same units as data, because one of
our objetives is to fit data with the model. Hence, following ideas developed
in [5] about how to scale models where the population is varying in size we
obtain:

adding equations (1) − (3) one gets

P ′ (t) = µP (t) − dAA (t) − dM (t) − dR (t) (5)

Dividing both members of (5) by P (t) we have that

P ′ (t)

P (t)
= µ

P (t)

P (t)
− dA

A (t)

P (t)
− d

M (t)

P (t)
− d

R (t)

P (t)
(6)

If we define the rates (depending on time)

a =
A

P
, m =

M

P
, r =

R

P
(7)

equation (6) can be transformed into

P ′

P
= µ − dAa − dm − dr (8)

On the other hand, we compute the derivative of a, defined in (7) . Using
(8) we obtain that,
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a′ =
A′P − AP ′

P 2
=

A′

P
−

A

P

P ′

P
=

A′

P
− a[µ − dAa − dm − dr] (9)

In an analogous way, we also have that,

m′ =
M ′

P
− m[µ − dAa − dm − dr]

r′ =
R′

P
− r[µ − dAa − dm − dr]

Now, consider equation (1) . If we multiply it by 1/P, we have

A′

P
= µ

P

P
+ γ

R

P
− dA

A

P
− β

A

P

(M + R)

P

using (9) and substituting by the corresponding rates defined in (7) one
gets

a′ = µ + γr − dAa − βa(m + r) − a[µ − dAa − dm − dr] (10)

Remainder equations can be scaled in the same way to obtain

m′ = βa(m + r) − αm + dAam − dam − µm (11)

r′ = αm − γr + dAar − dar − µr (12)

2.3 Estimation of parameters

Now, the estimation of the parameters, for time t in years, is presented:

• µ = 0.01 years−1 is the average Spanish birth rate between years 1997-
2007 [10].

• dA = 0.008 years−1 is the average Spanish death rate between years
1997-2007 [10].

• d = 0.009 years−1 is the average Spanish alcohol consumption death
rate between years 1997-2007.We considered that approximately 4% of
mortality is due to the alcohol consumption [11, 12].
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• γ = 0.00144 years−1 From [13] it can be obtained that around 32%
of risk consumers begin a therapy program every year. Furthermore,
using data from Table 1, corresponding to National Drug Observa-
tory Reports [1], we obtain that the mean value of population with
risk consumption is 5.2%. Moreover, the conclusion obtained in [14]
is that a risk consumer takes around ten years before to go into ther-
apy. Therefore, the percentage of risk consumers in therapy per year
is 0.16% (0.052*0.32*1/10=0.0016). On the other hand, [15] concludes
that around 45% of the individuals on therapy recover in six months.
Then, γ =0.0016*0.45*1/0.5=0.00144. Hence, we can consider γ =
γ1 ∗ γ2 ∗ γ3 ∗ γ4 ∗ 1/0.5, where γ1= 0.052, γ2= 0.32, γ3 =1/10 and γ4

=0.45.

Additionally, taking as the initial condition of the scaled model (year
1997, i.e., t=0), A(t = 0) = 0.362, M(t = 0) = 0.581 and R(t = 0) = 0.057,
the parameters β and α have been estimated by fitting the model with data
from Table 1, and we obtained β =0.0284534 and α =0.000110247.

In order to compute the best fitting, we carried out computations with
Mathematica [16] and we implemented the function

F : R
2 −→ R

(β, α) −→ F(β, α)

which variables are β and α and such that:

1. Solve numerically (NDSolve[]) the system of differential equations (10)−
(12) with initial values (A(t = 0) =0.362, M(t = 0) =0.581 and
R(t = 0) =0.057),

2. For t = 1997, 1999, 2001, 2003, 2005 and 2007 evaluate the computed
numerical solution for each subpopulation A (t) , M (t) , R (t).

3. Compute the mean square error between the values obtained in Step 2
and the data from Table 1.

Function F takes values in R
2 (β and α) and returns a positive real num-

ber. Hence, we can try to minimize this function using the Nelder-Mead
algorithm [17, 18], that does not need the computation of any derivative or
gradient, impossible to know in this case.
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In order to find a global minimum the feasible chosen domain is

D = [0, 1] × [0, 1] ⊂ R
2,

and it is divided in disjoint subdomains where, in each one, Nelder-Mead
algorithm is applied. We stored all the minima obtained and, among them,
the values of β and α that minimize the function F are

β = 0.0284534
α = 0.000110247

(13)

3 Numerical simulation

In Table 2, some of the predictions are presented. It can be noted an increas-
ing trend in non-risk consumers population (M(t)) and a decreasing of risk
consumers population (R(t)).

Table 2: Evolution of proportion of risk consumer (R(t)) and non-risk con-
sumers (M(t)) subpopulations for the next few years. Percentages are defined
by the deterministic model.

Y ear R(t) M(t)
2011 4.9% 58.7%
2013 4.8% 58.8%
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[4] L. Jódar, F.J. Santonja, G. González-Parra, Modeling dynamics of infant
obesity in the regin of Valencia, Spain, Computer and Mathematics with
Applications 56 (3) (2008) 679-689.

[5] F.J. Santonja, A.C. Tarazona, R.J. Villanueva, A mathematical model
of the pressure of an extreme ideology on a society, Computer and Math-
ematics with Applications 56 (3) (2008) 836-846.

[6] S. Galea, C. Hall, G.A. Kaplan, Social epidemiology and complex system
dynamic modelling as applied to health behaviour and drug use research,
International Journal of Drug Policy 20 (3)(2009) 209-216.

[7] D.M. Gorman, J. Mezic, I. Mezic, P.J. Gruenewald, Agent-based model-
ing of drinking behavior: a preliminary model and potential applications
to theory and practice, American Journal of Public Health 96 (11) (2006)
2055-2060.
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Extreme behaviour is produced by small groups but their actions have an
impact in a large amount of people. The fear is the strategy developed by
these groups to influence the decisions of the whole population in order to
achieve their political goals.

The understanding of the transmission dynamics of such a type of extreme
behaviours increases the knowledge of the mechanisms behind the evolution
of cultural norms and values. Moreover, it can give us tools to know their
evolution a priori, eventually disappearing or getting their objectives.

To our knowledge, the antecedents of mathematical modelling approaches
where the spread of fanatical behaviour is considered are [1, 2, 3, 4]. Recently,
the reference [5] about mathematical methods in counterterrorism has been
published.
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In [1] the dynamics of the spread of extreme behaviours is studied as
a type of communicable social contact process (recruitment) that may be
under the influence of friends, mates, environment, fear, menaces, terrorism,
propaganda, law enforcement, etc. Thus, a mathematical model is built and
its equilibrium points, thresholds and bifurcations are studied. One of the
most interesting conclusions obtained in [1], is that the eradication of these
groups may be a long time task and before they begin to decay, can still
experience grow and expand in finite time.

In [2] and [3] the authors consider a discretization of the continuous model
in [1] over some classes of scale-free networks obtaining similar conclusions
exploiting features easily applicable to networks but not in the continuum,
as the range of interactions between people.

Other interesting reference is [4] where it is developed a quasi-predator-
prey model to be applied to Colombia scenario, with insurgent groups that
kidnap, traffic with drugs, etc.

In [6] we propose a type-epidemiological mathematical model applied to
the situation in the Basque Country [7], a northern Spanish region where the
armed Marxist-Leninist nationalist organization ETA (Basque for ”Basque
Homeland and Freedom”) [8] acts for getting Basque independence. ETA
was founded in 1959 and evolved from a group advocating traditional cultural
ways to an armed group using the violence (murders, kidnapping, vandalism,
etc.) to demand independence. From [6] we recall some statistical studies
that will permit us to build the network mathematical model. These results
are described in Section 2.

The parameters of the network mathematical model are unknown and
our goal is to find the best parameters in such a way that the network model
fits real data. To do that an intensive computing procedure is designed.
Note that fitting network models is a difficult issue that depends strongly on
available computational resources.

Usually, the model sensitivity analysis is done locally, and only for a
parameter and the others fixed. However, these methods do not accurately
assess uncertainty and sensitivity in the system. Thus, Latin Hypercube
Sampling (LHS) appears as a technique that allows a global study of multi-
dimensional parameter spaces in order to identify uncertainties [9, 10] and
measure the variations in the model output.

This paper is organized as follows. In Section 2 we build the stochastic
network model recalling some relevant results obtained in [6]. In Section 3 we
present a method to fit the network model with the available electoral data.
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The result of the fitting procedure and a simulation to show the next few
years trend are also presented. Model sensitivity using the LHS technique
is studied in Section 4. Finally, in Section 5, results and conclusions are
discussed.

1 The stochastic network mathematical model

In [6], using as a source data results of the general elections to the Spanish
Parliament in the Basque Country, we applied statistical techniques of cor-
respondence analysis to justify the ideological division of the population into
the following four subpopulations:

1. Subpopulation E: people non-nationalist, against independence and
the violence of ETA.

2. Subpopulation N : people nationalist agreeing with the idea of inde-
pendence but disagreeing the use of the violence to get this goal.

3. Subpopulation V : people agreeing with the use of the violence to
achieve the independence of the Basque Country.

4. Subpopulation A: the rest of the people. This population includes
people who do not share any of the above ideas or people who abstain.

Grouping votes, in Table 1 we can see the percentage of votes of each
subpopulation in each election. Taking into account that, in Spain, only
people older than 18 can vote and supposing that children and teenagers
have the same ideology as their parents, let us assume that data in Table 1
is an ideological landscape of the whole population in the Basque Country.

For the sake of simplicity we assume that the total population T =
E + N + V + A is constant in the Basque Country, i.e., nobody borns,
nobody dies and there are not migration movements. Now, let us determine
the transition terms among subpopulations. In [6] we carried out the com-
putation of the partial correlation coefficients. These coefficients study the
linear relation between two variables under the influence of a third variable
[11]. Then, we took data from Table 1 corresponding to elections from March
1st 1979 to March 3rd 1996 (where the major part of time the Socialist Party
(PSOE) was in the Government of Spain and it can be supposed the same
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Table 1: Pecentage of votes per subpopulations E, N , V and A in each
election.

Election date E N V A

Jun 15th, 1977 0.435392 0.266825 0.0316636 0.26612
Mar 1st, 1979 0.278466 0.233303 0.0967287 0.391502
Oct 28th, 1982 0.347978 0.306366 0.114331 0.231325
Jun 22nd, 1986 0.294959 0.245271 0.117587 0.342183
Dec 17th, 1989 0.246631 0.283516 0.111871 0.357982
Jun 6th, 1993 0.330461 0.234575 0.100969 0.333994
Mar 3rd, 1996 0.364871 0.236203 0.0872077 0.311718
Mar 12th, 2000 0.364974 0.239676 0. 0.39535
Mar 14th, 2004 0.382756 0.299592 0. 0.317652

policy against terrorism) and we found that there is a linear inverse relation
between E and A under V , that is, under V an increasing of subpopulation
E implies a decreasing of subpopulation A and vice versa. Moreover, the
linear correlation coefficient between E and A without the presence of V is
not significant. Therefore the transition between E and A is modelled by the
non-linear term β1EV , where the transmission rate β1 > 0 indicates that the
transition is due to the pressure of violent acts and β1 < 0 indicates a law
strict enforcement.

Analogously, a similar situation occurs between subpopulations N and A

under the influence of E, and A and V under the pressure of V . Then, the
transition between subpopulations N and A and A and V are modelled by
β2NE and β3AV , respectively. Note that the model parameters β1, β2 and
β3 are unknown.

Under the above assumptions, the diagram of the compartmental model
is depicted in Figure 1.

Now, let us discuss the implementation of a social network model for the
ideological evolution of the people in the Basque Country under the pressure
of ETA. We consider that every person occupies a node of a network of
relations among individuals. These individuals could be in any of the four
states: E, N , V or A. Our approach relies upon the complete graph, i. e.,
every person is potentially connected with any other person, and the graph
starts with T people (constant along the time) at t0 = March 1st, 1979.
27.84% of the nodes have the state E, 23.33% of nodes have the state N ,
9.67% of nodes have the state V and 39.15% have the state A. Time steps
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Figure 1: Flow diagram of the compartmental network model for the evo-
lution of ideological subpopulations in the Basque Country. The boxes rep-
resent the subpopulations and the arrows represent the transitions between
the subpopulations. The signs of β1, β2 and β3 determine the sense of the
arrows.

are set to one month. Thus, evolution rules are as follows:

• The transition from E to A under the presence of V is simulated by
a mean-field procedure. The probability of transition at a given time
step is:

if β1 > 0, P (E → A) = 1 − (1 − β1)
V ,

if β1 < 0, P (A → E) = 1 − (1 + β1)
V ,

where β1 is the transition rate between subpopulations E and A.

• Analogously, the transitions from N to A under the presence of E and
from A to V under the presence of V are given by

if β2 > 0, P (N → A) = 1 − (1 − β2)
E ,

if β2 < 0, P (A → N) = 1 − (1 + β2)
E,

if β3 > 0, P (A → V ) = 1 − (1 − β3)
V ,

if β3 < 0, P (V → A) = 1 − (1 + β3)
V .

The mean-field approach has been successfully applied in other network
models [12] and it yields good results in comparison with the correct, but
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very computational intensive, procedure of visiting every pair of nodes with
different states to determine the spread of each ideological group at the next
time step. The required condition to this simplifying procedure to be valid
is that the transmission rate β << 1.

The transition processes have been simulated by a constant probability
of transition from a state to the next independent of the time that the indi-
vidual has remained in the initial state. This is equivalent to the standard
exponential distribution of remaining times which plays a main role in the
traditional classical continuous mathematical epidemics models [13].

2 Fitting the stochastic network model with

data

Once defined the network model and the evolution rules, for a given β1, β2

and β3, we run the model (carrying out a realization) obtaining, for each
time step 0, 1, 2, . . . , n, the number of people in subpopulations E, N , V and
A. Due to the randomness of the network evolution and, in order to avoid
possible extreme results, several realizations should be done, the number of
individuals in each subpopulation are computed for each realization and the
mean of the realizations are calculated. In our case, after some empirical
tests, we decided to take T = 10000 individuals and to carry out 4 realiza-
tions.

Now, our objective is to find β1, β2, β3 such that the network model fits
electoral data in Table 1. To do that, let us take β1, β2 and β3 from −0.25 to
0.25 with steps 0.02 in order to generate 17576 3-tuples (β1, β2, β3). For each
3-tuple we compute the mean of the 4 realizations, as we described above,
for time steps 0, 1, 2, . . . , 204, i.e., from March 1st, 1979 to March 3rd, 1996.
Thus, the best fitting parameters (β∗

1
, β∗

2
, β∗

3
) satisfy that the electoral data

at time steps 43 (Oct 28th, 1982), 84 (Jun 22nd, 1986), 129, (Dec 17th,
1989), 171 (Jun 6th, 1993) and 204 (Mar 3rd, 1996) in Table 1, multiplied
by T = 10000 are the closest (in least square sense) to the mean of the four
model realizations carried out for parameters (β∗

1
, β∗

2
, β∗

3
). Thus, the best

fitting has been achieved with

(β∗

1
, β∗

2
, β∗

3
) = (−0.15,−0.03, 0.19). (1)

In Figure 2 it is depicted the results of the fitting for each subpopulation
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and the trend for the next few years until December 2015. The model predicts
an increasing in subpopulations E (until 37.19%), N (until 27.01%) and V

(until 14.2%) at expense of A (until 21.6%).

Figure 2: Best fitting for the network model for a total population of
T = 10000 individuals. Points are the electoral data of Table 1 and the
lines the number of individuals in each subpopulation for each time step.
Also, in the graphs appear the prediction trends of the evolution of the four
subpopulations until December 2015. Note the increasing of subpopulations
E, N and V at subpopulation A expense.

3 Sensitivity analysis

We performed several simulations varying the parameters β1, β2, β3 of the
model around the fitted values (β∗

1
, β∗

2
, β∗

3
) = (−0.15,−0.03, 0.19) in order

to find out what the influence of the changes on the final solution is, and
therefore, the effect on the considered subpopulations. We carry out these
variations (sensitivity analysis) to analyze the political strategies of violence
(pressure of V ) in opposition to the law enforcement (pressure of E). Take
into account that a total pressure of violence implies β1 > 0, β2 < 0, β3 > 0,
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and a total law enforcement β1 < 0, β2 > 0, β3 < 0. But, as in this case,
it may have mixed combinations where the pressure of V or E is enough for
certain transitions but not for others.

In order to perform the sensitivity analysis, let us use the technique called
Latin Hypercube Sampling (LHS) to vary parameter values in the proposed
model. Latin Hypercube Sampling, a type of stratified Monte Carlo sam-
pling, is a sophisticated and efficient method for achieving equitable sampling
of all input parameters simultaneously [14, 15].

Each parameter for a model can be defined as having an appropriate
probability density function associated with it. It is usual to use the uniform
distribution centred at deterministic parameter estimators in absence of data
to inform on the distribution for a given parameter [10, 16]. Then, the
model can be simulated by sampling a single value from each parameter
distribution. Many samples should be taken and many simulations should
be run, producing variable output values.

To vary β1, β2 and β3, we assume that all of them follow a uniform proba-
bility distribution with support on the intervals [−0.225,−0.075], [−0.045,−0.015]
and [0.095, 0.285] respectively. The intervals are chosen assuming that the
value of the parameter may have a perturbation not greater than 50%.

LHS was used to generate 5000 different values of the parameters β1, β2

and β3. Then we used these samples to run 5000 evaluations of the model.
The results of these evaluations allow us to determinate the 90% confidence
interval (90% c.i.), the mean value of the 5000 realizations (Mean realz.) and
compare them to the model predictions (Model pred.). The results obtained
for December of year 2015 after the variation of the parameters are (the
values in the following tables are in percentages):

1. Variation in the transition between E and A at December of 2015, i.e.,
β1 ∈ [−0.225,−0.075]. β2 = −0.03 and β3 = 0.19 remain constant.

E N V A

90% c.i. [33.08, 40.41] [26.96, 27.69] [13.24, 14.44] [18.99, 25.15]
Mean realz. 36.85 27.33 13.82 21.99
Model pred. 37.19 27.01 14.20 21.58

2. Variation in the transition between N and A at December of 2015, i.e.,
β2 ∈ [−0.045,−0.015]. β1 = −0.15 and β3 = 0.19 remain constant.
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E N V A

90% c.i. [36.36, 37.50] [25.55, 29.10] [13.40, 14.23] [20.67, 23.17]
Mean realz. 36.94 27.33 13.81 21.91
Model pred. 37.19 27.01 14.20 21.58

3. Variation in the transition between V and A at December of 2015, i.e.,
β3 ∈ [0.095, 0.285]. β1 = −0.15 and β2 = −0.03 remain constant.

E N V A

90% c.i. [36.44, 37.40] [26.91, 27.73] [11.68, 16.43] [19.29, 24.14]
Mean realz. 36.92 27.32 13.91 21.83
Model pred. 37.19 27.01 14.20 21.58

4. Variation of β1, β2 and β3 (all together), i.e., β1 ∈ [−0.225,−0.075],
β2 ∈ [−0.045,−0.015] and β3 ∈ [0.095, 0.285],

E N V A

90% c.i. [33.10, 40.48] [25.53, 29.11] [11.66, 16.62] [17.72, 26.29]
Mean realz. 36.85 27.32 13.92 21.89
Model pred. 37.19 27.01 14.20 21.58

The mean of each of the 5000 realizations are very similar to the model
predictions in all cases. On the other hand, large variations in confidence
intervals imply more margin to influence on a subpopulation and the pre-
diction is more uncertain and unexpected. In this case is when apropriate
policies may lead to get the desired ideological objective. Under the point of
view of this reasoning, we have that,

1. The variation of β1 produces changes of 7.32% and 6.16% on subpopu-
lations E and A, and very small variations in the other subpopulations.

2. The variation of β2 produces changes of 3.55% and 2.49% on subpopu-
lations N and A. The variations due to changes on β2 are smaller than
the ones of β1.

3. Variations on β3 cause noticeable changes of 4.74% and 4.85% on V

and A, respectively.

4. The variations in all the parameters show changes of 7.38%, 3.58%,
4.95% and 8.57% in subpopulations E, N , V and A.
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Therefore, the subpopulations more affected by the changes in the pa-
rameters are A and E. There is a noticeable effect on V when β3 moves and
N is the subpopulation less sensitive to parameter changes.

4 Conclusions

In this paper, we propose a type-epidemiological social network mathematical
model to study the ideological evolution of a society where a group pressures
to get political goals. This model considers the ideology as a communicable
proccess that is spread by social transmission. The population is divided into
four subpopulations of interest, E, N , V and A, where certain parameters
determine the transitions between these subpopulations.

We also present a method to estimate the unknown model parameters
with intensive computation and without using any equivalent or similar con-
tinuous model.

Model sensitivity has been studied and the effect of the changes in the
parameters on the model output for December of 2015 tells us that the most
affected subpopulations are A and E, in this order, and N hardly suffers the
parameter variations.
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